Advanced Calculus

1.1 Euclidean space and vectors
Def: 1) The set of all ordered n-tuples of real numbersis called n-dimensional.
Euclidean space and is denoted by rR" .we will denote such n-tuples either by

writing out the component or by single boldface letters
X =

2) The n-tuple whose components are all zero is denoted O
0=(0,0,0,0,0,0,.........,0)

Whenn=2 or 3, weshall oftenwrite (x,y) or (x,y,2) unstead of (x,, x;%0r (x,, X,,%,)
but we use X as a single symbol to denote the ordered pair or triple'.

3) Addition X +Y =(x, + y,, %, + Y,
Scalar multiplication cX = (cx,,cx,
Dot product X.Y = (xy, + X,y, +

4) If xe R", then the norm of X is defined to beX | /x? + x2#

1.1 (Cauchy’sInequality). For any a,b&§R" ¢ _lab|<|aLib]

Proof: If b=0, then both sidesare 0 (ofrierwise et t < R and consider the function

f(t)=|a—th|’=(a—th).(a—th)=|a|> -2t a0 4t |b]?

f'(t)=0-2ab+2t|bf

f hasits minimum valu¢ when, ¥(t) =0

f'(t)=0=—2ab+2t|bf#= SO= ha'stheminvalueatt=|2':’2
2

And the min. yawe e, £ (22)-jap - @D

|b? |b|?

On the ginerhava’, f(t)>0 ,foralt,so |a|2—@zo

b|?

— (ab)?<|a¥lb P=lab < |a||b]

1.2The Triangle Inequality

For any a,beR",|a+b|<|a|+|b]

Proof : we have |a+b|?=(a+b).(a+b)=|a|* +2ab+|b[?

By Cauchy inequality , thislast sumisat most

la]? +2|a| |b|+|b]*=(la]+|b])? , SO theresult follows by taking square roots
la+b]?P<(lal+|b])>=]a+b|<|a|+|b|
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Def : The distance between two points X and Y in 3-gpaceis given by

V04— Y07+ (6 = ¥,)? + (% = ¥5)* = X =Y |

We shall take this as definition of distance in n —space for any n.
Disgancefrom X and Y =|X -Y|

By taking a=X -Yand b=Y -z in the triangle inequality we see that
IX-Z|<|X=Y|+|Y-2z]| Foradl x,y,zeR"

Def: Theangle ¢ between two vectors X and Y is
L, XY
6 = cos (|><I IYI) where 0 €[0, 7]

Def: If Xy=0,thenX andY are said to be orthogonal to eath other.

Remark : Let X =(x,x,

Let M bethelargest of the numbers |x, ||, |

Then M2 <x? +x2 + +x? because M? iggne of theiumbersin the righte and
+x2 <nM? because eachygunideron theleft isat most M2

In other words,
max(|x, |1 %, |

Cross product
Let a=(a,,a,,a,)=a,is a,j Magc R®
b=(b,,b,,b,) =di +1%j + bke RS
The cross prodaesisdefined by
i J
axb=|2a L a,
b, b,
Remark : 1) (ca, +c,a,)xb=c,(a, xb)+c,(a, xh)
ax(cb, +c,b,)=c (axh)+c,(axb,)

2) axb=-bxa  not commutitve
ax(bxc)=(axbyxc in Generd

3) ax(bxc)+bx(cxa)+cx(@xb)=0 Jacobi identity

4) Jaxbl*=|al’|b[* —(ab)®
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If 0 isthe angle between aand b where (0<0<xz), then ab=|a||b| cos6
S0, |axbP=]al® |[b|* 1-cos’6) or |axbl=|a||b|sing

5) |axb|= the area of the parallelogram generated by aand b.
6) a(axb)=h.(axb)=0
7) axb isorthogonal to botha and b.

EX. Page (8)

1) Let x=3-1-11) , y=(-2210) compute the norm of x and y and the &gle between
them

X.y /4

0 =cos™(—2—) =cos*(— 6-2-1+0

el _3):
I x|yl V12 /9

) = cos ™ (—

—9) = C09 ~( _
3.24/3 23 6

6) Show that |a|-|b|<|a-b]| for every a,beR"

Solution : |alla—b+b|<|a-b|+]|b|
|bE|b-a+al<|a-b|+]|a]

from (1) |a|-|bla-Db]|

from (2) |b|-|akla-Db]|

=|la]-|b|l<|a-b]| for every a,bar"

7) Supposethat a, e R®
a) Show that if ab%0knd axb=a&, then eithera=00rb=0

Solution : Ifé&b=0% ether 9=%between a and b or either aor bis zero

|f 9:7_; —|ax bl a||b|sing =0 contradiction So,a=00orb=0
b) ac=bc=%Xa-b)c=0

cz0=a-b=0=a=b

axc=bxc=(a-b)xc=0

c#0=>a-b=0=a=>b

C) (axa)xb=ax(axb) iff aand b are proportional

Let b=ra
(axa)xb=(axa)x(ra)=r(axa)xa=ax(axra)=rax(axa)=0
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1.2 Subsets of Euclidean space R"

Def: The set of all points whose distance from afixed point a is equal to some
number r is called the sphere of radiusr about a and the set of points whose
distance from a islessthan r iscalled the (open) ball of radius r about a.

We use the notation B(r,a) for the ball of radius r about a.

B(r,a)={xeR":|x—alkr}

Inaspace R' of onedimensional aball isan open interval ,and in dimeasion 2 , the
words*“ disc” and circle used in place of ball and sphere.

A set scR" iscalled bounded if it is contained in some bal¥ alsaut tive origin, that is,
If thereisaconstant C such that |x|<C for every xes

Where | X |=/x2 + x2 +

Def : Let Sbe asubset of R

1) The complement of Sisthe set of al paintsin R" that\arenot in S, we denote
itby R"/Sor by S°, S°=R"/S={xcR"\ %% §

2) A point xe R" iscalled an interior peint or Siiald points sufficiently close to x
(including x itself) areadso in &, figtisif S.contains some ball centered at X.

3) The set of dl interior pointgORSwe'callgnthie interior of S and is denoted by
S™ , S™={xeS:B(r,x) .6 fchmmer »0

4) A point xeR" iscaled abgundarypoint of Sif every ball centered at x
contains both points in Sfand paiiitsin s° (Note that if x is aboundary point of
S, x may belghg to etiier S<at+s®). The set of all boundary points of Siscalled
the boundar, of/S and is denoted by
OS={xeX"RIM) NS#¢p and B(r,xX) " S ¢ for every r >0}

5) Siscawad opanif it contains none of its boundary points.

6) S/5caleGvdiosed if it contains all of its boundary points.

7) Thelosure of Sistheunion of Sand al its boundary points. It is denoted by
S:S=Suds

8) Finaly, aneighborhood of apoint x< R" isaset of which x isan interior point.
That is, Sisneighborhood of x iff x isan interior point of S.

Remark :
1) The boundary points of S are the same as the boundary points of s°
2) If x isneither an interior point of S nor an interior point of s¢, then x must be
aboundary point of S.
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3) Given sc R" and xeR" , there are exactly three possibilities: x is an interior
point of Sor x isaninterior point of s¢, or x isaboundary point .

1.3Proposition : Suppose Sc R"

a) Sisopen < every point of Sisan interior point .

b) Sisclosed < S° IS open

Proof : Every point of Siseither an interior point or boundary point ,thusS is
open < every point of Sisan interior point and Sisclosed < it contass all of s,
which isthe same as 4(s°) ; this happens when s° contains none,of ifs squridary
points, that is s° isopen.

Examplel) : Let Sbe B(p,0) , the ball of radius p aboutth&origin . First given
xeS .Let r=p—|x| , If |y—xkr, then by the trianglgfnequality we have
lyKly-x|+|xkp , Sothat B(r,x)c'S

Therefore, every xe S isaninterior point of Sy, so Sisopen.,

Second a similar calculation shows that if [xbeo then B(r. 0« S where r = x|-p

So every point with x> p iSan interior poirtOf i5° .

On the other hand , if | x|z p ,then cxe SJTONO<c<1 @d cxe S° for ¢>1, and
lex—x|=|c-1] p can be as small as we pléase, sox's aboundary point .In the other
words, the boundary of Sisthe sbhhére of racitis p about the origin ,and the closure
of Sisthe closed ball {x:|x!s g

Example 2) : Let S be thexhall/of radivs p about the origin together with the upper
hemisphere ,of itscboundary : S=R(p,0) u{xe R":|x|= p and x, >0}
S™ =B(p,0) , 39m{XUX[=p}

And S={x:Ix%o0}
The set&is/eitiver open nor closed .

Example3) : Inthereal line(n=1), let Sbethe of al rational numbers ,since every
ball in R -that isevery interval contains both rational and irrational numbers, every
point of R isaboundary point of S.The set Sis neither open nor closed , itsinterior
Isempty ,and itsclosureisR .
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1.3 Limitsand continuity
Def: A function f(x) of one variableis said to approach alimit Le R asx

approach aif and only if for any positive real no.
£>0,306>0,>whenever O<|x—akdo=|f(X)—L|<e¢

In symbols we write lim f (x) =L

Example:

limy/x =1

Let ¢ >0, wewill find s >0 such that whenever
0<|X—1|<5:>|\/;—1|<8

—e <X —1<¢

l-e<vVX <1l+¢

(1-¢)® <x <(l+¢)?

(1-¢)’-1<x -1<(1+s)* -1
S=min{l1-(1-¢)*,(1+&)* - ={2s — &% &° + 2¢}

Another solution :
Let ¢e>0,lets=¢

We have |Vx -1 X1

| VX +1]

If 0<|x-1é=¢ weolitan |-/>\-—1|<-7_f“—<g
!\/X+1|

Example: Shovaiiat f(x):sin§ hasnolimitas x—»0

Solution, :"Suppse that f(x)=sin§ hasalimit as x— 0, then chooseg%,wecan

find a%¥5 0 such that |sinl—L|<% whenever 0<|x|< &
X

Let n be any integer whose absolute value is so large that bothe points

X, = 1 ,andx2=;1

B 1
(2n +§)7r (2n —5)7[

belong to the neighborhood 0<|x|< s, then

sini:sin(2n+£)n:sin1n:1
X, 2 2
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while sini:sin(Zn—%)n:sin—%n =-1

2

It follows that |sini—L|:|1—L|<% and |sini—|_|=|—1—|_|<%:>|1+ L|<%
X X

1 2

Then|1—L|<3:>—3<1—|_<3:>—§<—|_<—3:>1<|_<§:>L>E
2 2 2 2 2 2 2 2

and|1+ L|<l:>—l<1+ Ll 3ot d
27 2 2
Contradiction , Thus the assumption that sin% hasalimit at x =Qleslisio a

contradiction , therefore sin% does not have alimit at x =4

Def: f(x) issaid to aapproach LR as x— a from/the, right and denoted by
lim f(x)=L provided that for each ¢>0,35 >0, 0<x-axs=|f(x)-Lke andissaid
to approach LeR as x—afrom left , denotedav %im f (x) =, provided that for each

X—>d

£>0,36>0,50<a-x<0=3|f(X)-Lke

X+1 for | x4
0 forl |51

Example: Let f(x) ={

Then lim f(x)=2

X—1"

lim f(x) =0

x—1"

= lim f (x) does néiex'st .

Remark s&ora fusiction f(x), we can define the one sided limits as x — a from right
and left'as Am f(x) =lim f(x) and lim f(x) =1imf(x),

X>a X<a

Remark : Theordinary limit as x—» a for f(x) iscaled thetwo sded limit and
lim f(x) exists whenever leT f(X)= X'LT f(X)=L

Def of Continuity : A function f(x) iscalled cont. at X = a provided that
Liﬂf (x)=f (a), and wewrite f (x) eC.
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Thefunction f(x) belongsto the class of cont. function or we can write for
e>0,36>0,3|x—akdo=|f (X)-f(@)|e

Def: f(x) iscalled cont. fromright at X = aprovided that Iim f(x) = f(a)
And f(x) iscalled cont. from left at x = aprovided that lim f(x) = f (a)

If f(x) iscont.atx =a,wesay that f(xeC ax=a.

If f(x) iscont. a each x of theinterval (a,b) wesay that f(x)eC for

a<x<b orf(x)eC(@b).

If f(xeC,a<x<b and f(x) iscont. at afrom theright and cont. c&k% from the left
wesay that f(x)eC , a<x<b Or f (x)eC[a,b]

Theorem : lim  (X) existsiff lim f(x)=lim f(x)

Proof: Let limf(x)=LeR

X—a

Ve>0,30>0,50<|x—-akdo=|f(X)-Lke

S0 ,if 0<x-a<d=0<x-aks=|f(X)-Lkag
So, lim f(x)=L

Also,if 0<a-x<8=0<x—aks=| (¥ Noke

S0, lim f(x)=L

< suppose that lim £ (x)= lim 1Y =L
Ve>0,36,>0,50<x—-a<{, =|f k)-L |«<
Also, 36,>0,5 0<a—-»<J, =) - Li\e
Let 5§ =min.(5,,5,)

If 0<|x-—aks A TxNa<s or O<a-x<§8
If 0<x—a<sW0</l-a<s, =|f(XY)-Lke
O<a-xgdo = 0<¥=x<9,=>|f (X)-Le
S0, limf(R{=L

Functions of several variables:
Def: A function f(x,y) approachesalimit LeR as x approachesa and y
approaches b, denoted by lim f(x,y)=L provided that

Ve>0,36>0,5|x-akd ,|y-bkdand (x —a)’+(y -b)*>0=|f (x,y)-L |<e¢

Example: f(x,y)=x*+y?
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Show that lim f(x,y)=0

y—0

Proof: Let ¢>0, choose6:\/%

Let |x—0|<6=\/E : |y—0|<5=\/%

=>x*+y’<s

:>|f(XaY)—0|=|X2+y2—0|£X2+y2<%+%:g

=Ilimf(x,y)=0
o8

Remark : It isnot truein genera that lim(lim f (x, y))=lim(lim 1%, v))
y—b x—a (—>a y—o

X-y
Example: Let f(x,y)=<x+y
1 X=—

X# -y

limlim>2=Y)=1limZX=1 but lim(lim 3 iim- Y43

x>0 y—-0 X 4 y x—=>0 X y—0 x>0 X 4~ y y—>0_‘y

Thelimit (im*=Y) does perexists.

-0
y—0 X+ y

Let y =mx
i ]x(l— m) €y m
x>0 X+ Yy o x(1+ m)_(1+ m)

along theline y = mx

So, the limites (x,y) approaches (0,0) dong theliney = mx is 4=™ which

@+m)
changesas4n change .So, the limit does not exist .

|
N

Note: (I

mf (x,y) exists when the limit along any path passes through the point (a,b)

—|

Isaunique.

Xy .
Example: Let f(x y)={x?+y? it (xy)#(00)

0 if (x,y) =(0,0)
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Show that limf (x, y) does not exist .

y—0

Solution : Let y =cx

XY g XX . x? c c

= lim = lim=; =
Zry? xo0x?4(ex)® x0x%1+(c)® 1+(c)?

lim
X =0 X
y—0

The limit changes as ¢ changes, so the limit does not exist .

x*y .
Example: Let g(x,y)={x*+y? if (x,y)#(0,0)

0 if (x,y)=(0,0)
Solution : Let y=cx?

4

. T cX ¢
limg(x,cx”) =lim————= 5
x>0 0 X" +c°X" 1+cC

The limit changes as ¢ changes, so the limit{decs,not exist).

Def: we say that f(x,y)<C a (ab) ifffligh ()= (&b)

y. b

Example: ¢(x y) = 31+ 2% {Qeont. evefywhere except along the parabola y = x?

X% —

TH : Thesum, prgduct , or diffeferice of two cont. function is cont. , the quotient of
two cont. function #g/Cont. on the'set where the denominator is nonzero .
Xy (X% - y?)
Exampia bix,y)=1 x%+y?

0 if (x,¥)=(0,0)

if (x,y)=(0,0)

Ixy [[x*~y?|
Ix*+y?|

S0, h(x,y) iscont. at (x,y)=(0,0) asthe limit approaches O.

Thelimit of h(x,y) existson any path and equal to zero, so it iscont. at (0,0) and at

any point .

- -y?)

>— =0dncelh(x,y)[< <|xy |
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Ex. 1.3 page 19
1) For the following functions f ,show that ( lim )f(x, y) does not exist.

X,y)—(0,0
X2 +y

Let y=nmx

X2+ mx _X(X+m) om

0 IxZimix? *Ox1em? A1+ m?
The limit changes as m change so , the limit does not exist .

a) f(xy)=

2) For the following function f , show that( lim f(x¥)=0
X,y)—>(0,

2.,2
a) f(xy)=—
X" +y

Let y=mx

2242

2

2

2 2
For (x,y)#(0,0), wehave0<f (xqV) =" 2y 32 2%: 2
X4y xX“+y9)

since limx?=0,s0 lim \(x,y)=0.
x—0 (x.y)—(0,0)

A4 4
i XOX —yT)

X )\4 + y4

_ X(B3-m*
:Ilmgzo
x>0 1+ m*
3x° —xm*x®) . 3x-m*'x®
M g = lm———=
X" +m’X x>0 1+ m™X

Ve>0,36>0,3|x |<8,|]y kd and x*+y?>0

W -xy* L Ix|x*
x4 4 |<“’ 4 4
+Yy X +y

4

y

= i)

+|x|x 433|x|+|x|=4|x|.
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Aslim4|x |=0, SO, the limit exist by sandwich theorem for any path and equals to
zexo.

3) Let f(x,y)=x"sin(xy) for x=0 .How should you define f(0,y) for yeR So asto
make f acont. functionon all of rR??
Solution: f(0,y) isacont. if limf(x,y)=f(0,y)

smxy:”mysmxy:

X Xx—0 Xy y

im £ (x )= iy
0, f(0,y)=y
4) Let f(x,y)= ny ~ asin Example 1. Show that , althougn aisdrscont. At (0,0)
X" +y
f(x,a) and f(a,y) arecont. functionsof x andy , resp, for anydacR (including a=0).
we say that f isseparately continuousin x and Y.

Xy

=1y

2

Xa

2

f(x,a)= 5
X +a

. . xa 0 .
lim f(x,a) =lim———=—=8%if {20
x—0 anX +a a

If a=0= f(x,a)= L, f 45, a) = £ (»0)

x24L0

S0, f(x,a) iIscontfyadR Similady f(a,y)

2
5) Let ooV X) it ocyax® , f(xy)=0
X

4

Otherwise¢At which pointsis f discont. ?
Solution : along y= mx

2 — — .
~lim ™Y i ™MX) Goes not exist .
x—>0 X x—>0 X

The limit changes as m change so the limit does not exist .

12
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So, f(x,y) not cont. at (0,0)
For any other point f(x,y) IS cont.

6) Let f(x)=x if xisrational , f(x)=0 if xisirrationa
Show that f iscont. at x = 0 and nowhere else.
Solution:
Notethat f (0)=0. Let ¢ > 0 be arbitrary. Take 5=¢.
Let x € R such that |x|<6.
If x isrational then [f(x)-f(0)|=|x-O=[x|<d=¢.
If x isirratinal then [f(x)-f(0)|=0<e.
In both cases, we have [f(x)-f(0)|<e whenever |x|<&.
Therfore, f is continuous at O.
To show that f is discontinuous at any point a = 0.
leta=0.
Case 1: If aisrational, then f(a)=a. Take ¢, =|a|/2> 0. L& 6>0 be arbitrany.
Choose x; to be an irrational number in the interval (8/879+0), then wa have
Ix; —al< s and [f(x;)—f (a) F|0O—al=a &,.
therforef is not continuous at a.
Case 2: If aisirrational, then f(a)=0. Take £, =|@ | iz> 0.
Let >0 be arbitrary. choose x; to be ar{tignal numberinthe intervbal
(&d,ato) N (arg,,a+g,), thenwahaie x; —al< g~AI%0 [X; —al< &,
we obtain
IF0¢,) —f (@) FIx, Blal;1x, ~Wlaf -2, <fafr 2=z,
therforef is not contixiuousst a.
CH 2 Differential“aé@lculus
2.1 Differentiabilizy rn one variable

Def: 1) 5 (@)= g f‘a’Lhr)]—_f(a) iIsthe derivativeof f(x) at a.

f(a+hr)]_f(a) isthe derivative of f(x) a x =afromright .

2) 1,8)= lim

3) f (a)=lim (@) isthederivative of f(x) a x = afrom left .

h—0"

f(a+h) -
h

Def: f (@) =Ilimf (x) .
xzsinl

Example: Let f(x)= X
0




Advanced Calculus

Find f(0) and f'(0%)

1

fO+h-f . Msn -0 1
=lim == lim hsin—=0 (by sandwich theorem)
h h—0* h h—0* h

Solution : f;(O):hnm
—0"
f'(x)=2xsinl—cos1
X X
f(0")=lim f' (x) = lim oxsin® — cos: =0~ limcos> does not exist .
x—0" x—0" X X x—>0" X
Def: £'(x)=(f (X))
f7(x)=(f"(x)) for n>0

Def: we say that f(x)eC” provided that f"(x)eC" nf1,23,......

The mean value theorem :
Proposition: Suppose f isdefined on an opeq interval Leqd ac1 . If f hasalocal

maximum or minimum at the point ac1 anC\« isdifferentiableat a,then f'(a)=0

Proof: Let  hasaloca min. valueal  #*a Inihe difference quotient (a+hr?‘f @

f(a+h)— f(a)>0 for al h neargzex®d
Since f(a+h)> f(a)=

, h) — 1
For h>0=> f.(a)= lim fagh - 1@ . 4

) ('4 _ \
For h <0:>f(a):l_||.0~I %f(a; 20

=f, (@)>0,f(a)<C), Since f (a)=f, (a)=f_(@a)=f (a)=0
The samerepulagStained if £ haslocal max. at x = a.

Lemma : (Roll’stheorem ) Suppose f iscont. on [ab] and differentiable on (a,b).
If f(a)=f(b), thenthereisat least one point ce(a,b) suchthat f'(c)=0

Proof: Since f iscont. at [a,b] , then f assumes a maximum value and a minimum

vaueon[ab]
Case 1) If the max. and min. values occurs at an end point , then f isconstant on

[ab] , because f(a)=f(b) SO f'(x)=0 Vxe(ab)
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Case 2) Otherwise at least one of them occurs at some interior point ce (a,b) and
f'(c)=0, by previous proposition .

Theorem : (Mean value theorem |) Suppose f iscont. on [a,b] and differentiable
on (ab) . Thereisat least one point ce(a,b) such that

()= f(b;:;(a)

Proof: Let L(x) = f(a) + f(bg : ; (a) (x — a)

Let gx)=f(X)-L(X)=f(x)- f(a)

1) 9@ =0 ,9(b)=0
2) g(x) iscont. on [a,b] and diff. on (a,b) so, g(x) satisfies the conditions of
Roll’stheorem so, 3ce(a,b) 59'(c)=0
9'(Q)=0=f(¢)-0- Q=@ _g

f(b)- f(a) )
b-a

(x-a)

_f)-1()
b

f'(c)=

Def: We say that afunction f isgCreasing {res. Strictly increasing ) on an interval
|. If f(a)< f(b) (resp. f(a) <)) wheneveriasbel and a<b. Similarly for decreasing
and strictly decreasing .

Theoreni: Juppgse f isdifferentiable on the open interval |
a) If [%W(xkc foral xel, then |f(b)- f(a)kC|b-a| for all abel
b) If ' (x)=0 forall xel, then f isconstanton| .
c) If £'(x)>0,(resp. f (x)>0,f (x)<0, orf '(x)<0, foral xel, then f is
increasing (resp. strictly increasing , decreasing ,or strictly decresing) on|l .

Pr oof:
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Q) Let abel =3Ce(ab)> f'(c)=w
f(b)- f(a)=f (c)(b—a)

=|f)-f@HKf (©)] |(b-a)|<C|b-a]
Since |f '(x)|<C foral xel.

If £'(c)=0
b) If f'(c)=0=|f(b)- f(a) 0= f(b)=f(a) Yabez ,then f iscont.

C)If £'(c)>0= f(b)-f(a)=0 for b>a
= f isincreasing and similarly for the other cases.

TH: (Mean valuetheorem I1): Supposethat f and'y are continuouson [a,b] and
diff. on (ab),and g'(x)=0 for al xe(a,b) .Thenthere existce (a,b) such that
f'(c) f(b)-f(a)

g'©) 9b)-g@)

Proof: Let h(x)=[f (b) - f(a)][g(x) - g(a)] £18) — o1 (X) — f (a)]

Then h iscont. on[ab] and diff for(7,0) ,antiti(a) = h(b) =0, Soh satisfiesRoall’s
theorem. Thereisapoint ce (al) sueh that

0=h'(c)=[f(b)- f()]g (c)fa(b) - ()] f (c)

Since g =0 on (a,b) ,we have /g’ (c) £8vand g(b) - g(a) = 0 ( by mean value theorem)
Since g(b) - g(a) =€ ()b —a) for_seme ce (a,b) . Hence we can divide by both these
guantities to oktaintae desired result .

f(0) _ L4 9f (&)
g(c) gwva(a)

Theorem : (L'Hopital Rulel ) .Suppose f and g arediff. functions on (a,b) and
lim f(x)=lim g(x)=0

If g'(x)=0 on (ab) and the limit limﬂzL exists, then g never vanishes on (a,b)

x—a* g (X)

and lim 09 _ L exists

x—a* g()()
The same result holds for the left hand limit 1im,if f and g arediff on(d,a)

X—a~

16




Advanced Calculus

Thetwo sided limit 1im ,if f and g arediff on(d,a) and (a,b)

X—a

Thelimit lim or lim, if f and g arediff onaninterval (b,«) or (—x,b)

Proof: If f(a) and g(a)=0, then f and g arecont. ontheinterva [aX] for x<b, by
preiviousth. vxe(a,b) ,3ce(a,x) (depending on Xx) >

F(0-0_f(x)-f@ _f(c)
gx)-0 g(¥)-g@ g(c)

Since ce(a,x) , C approaches a*, as x does, so lim —= T _ i f'((’—?. L
wat g(x) < gic)

The proof for left —hand limit issimilar , and the cass,of two —sided imitsis
obtained, by combining right — hand and left —hang likaits.

Finaly, for the case a=+«, we set y:% and consider the f{Jinction

1 1
&) 9 ()

F= () and G =0() - Since F e s (y)=-

2

1

f il

We have ) _ (y)
G'(y) g( )

y

1
_ f (=) ,
S0 tim 1) _ im &2 i F OO y _im )

SRGX) BN G (y) g L) g (x)

Remarky I#'may well happen that f'(x) and g'(x) tend to zero also, so that the limit

of % can not be evaluated immediately

In this case we apply the previous theorem again to evaluate the limit by examining
f (%)

g

More generdly , if thefunctions f, f' .0, 9 g“* dl tend to zero as x

tend toa’ Ora oOr +w , butf ) 1 then lim 100 _
0" (x) M e )
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Example: Let f(x)=2x-sin2x , g(x)=x*sinx, &0, then f,g and their first two

derivatives vanishes at x = a, but the third derivative do not , so
. 2X—-s8n2x . 2— 2c0s2X . 4sin 2x

lim———— =lim . 5 =lim e
x>0 x“ginx  x»02XSINX+ X“COSX x>0 (2—X“)sSin X+ 4XCoSX
lim 8cos2x 4

x=0 (6 — X?) COSX — 6XSiN X e

TH: (L’Hopital’sRulell) Previoustheorem remains valid whenfthahypothesis
that, limf(x)=limg(x) =0(as x—»a" , x—>a ,etc. ) isreplaced by¢hetfypothesis
lim|f (x) Elim]|g(X) | .

Proof : we consider the case of left —hand limitsas x — a

Given ¢ >0 ,we must show that |%— L<e provided that x sufficiently closeto a

on the left. Since f,éxi — L and |g(x) >« , wegarrchoose. x, x a
g (X

Sothat|ﬁ—|_|<f and g(x)#0 for x <A<a

.
g9 (¥ 2

If x,<x<a we have, by previous thearas,

FO)-T(x)_ f (o)

900 -9(%) 9’0

hence , since x,<c<a,

for some c«(x,, 4~ and

|f (x)—f (x)
9(x)—9(X,)
Next , divisaaGintopand bottom by g(x) yields

f(X) J (%)
FO)— %) 1) 9™ 9(¥)
9 -9z ;1 9(%)

9(x)

Since |g(x)|»» as x »a , then the quotients % and % can be made as close to
zero awe please by taking x sufficiently closeto a. It follows that for x sufficiently
closeto a, we have

fFO)-106) f(¥ _€
g —a(x) 9(x) 2

&
Ll<zf for x,<x<a.
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f(x)_lelf(x)_f(x)—f(><o)+f(x)—f(xo)_LI
a(x) g(®)  g(x)-9(%) 9g(x)—9(x%)

f(x)—f(xo)_ f(X) N f(x)—f(xo)_L|<g+g

<| &

TM-00%) 90 g(0-g() 2 2
And hence by the proceeding estimates (1,2), :>|%—L ke whichiswhat we

needed to show

Corollary : For Any a> 0 ,we have
~1im1%9X
x—0" X
That is, the exponential function e* grows more rapidly siign any,power of X as
x — o, Where as |logx| grows more slowly than any positive pgwer of X as x— «
and more slowly than any negative power of x as £—.0"

Proof: Let k bethesmallest integer that is >%,. If we apriy.the previous theorem
for k -times, we have,

a _ a-k
im X i (@a-k +Dx

x—o @%

since a<k <uv=f thelater limitiszero .

logx . 1 . logx oS
9% _lim— =0 ) lim-29% _ fum X o
X—»00 axa x —0" X*a el a

lim

X—>0 Xa

Remark : By raising thewauant'ties prévious corollary to apositive power b and
replacing a by % e obtain the mere general formula,

a > b b
lim2 | im 8T |.m@:0 (a,b>0)
X

X—® ebx X—> X2 x—0"

Vector —watued functions:
If f=(f,f, f yeR" isavector valued function then its derivative at the point a
f(a+h) - f(a)

h

isdefined to be f'(a) = lim
Thejth component of the diff. quotient on theright is

/(@) lim fj(a+h:]— f (a)
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* f isdiff. iff each of its component functions f, isdiff. and that diff. is sSsimply
performed componentwise : f ‘(@)= (f, (@),f,(@),........., f (@)).

If¢ isascalar function and f isavector valued function f, then
(@F)=¢f +4f’

If f and g aretwo vector valued functions, then

(f.g) =f .g+f .g.

(f xg) =f xg+f xg.

Remark 1): The mean value theorem is not valid for avector/alued functions.
Example:

1) f(t)=(cost,sint) satisfies f(0)= f(2z) but f (ty~£ (- sint,cost) , SO thereisno point
t where f'(t)=0

2) If | f'@t))cM for all te[a,b], then |f(b) £Tha) oM |b o)

Remark 2) : If f'(a)=0 , then the cuprgmiay not haize tangent line at f (a)

Example:
ft)=@>%|t*]) ,f (0)=(0,0) butthe\curveis y ~lx+, doesnot have atangent line at x=0.

Ex. Sec.2.11,2,3 ,4,5,6,7,2

2.2 Differentiability in several variables:
Def: The partial derivative of afunction f(x,,x,

variable x, is

Provided that the limit exists.
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It may be denoted by f, or f or o, f or of

e> sinxy

1+5y-7z

_ 3e™sinxy + e ycosyx

- 1+ 5y -7z

_ (1+5y - 7z)e*xcosxy — 56 sin yx
(1+5y-72)?

Example: Let f(xy,2) =

I _g

_ 7e¥sinyx
(1+5y-72)%"

Xy
Example: Let f(x,y)=1x*+y?
0 if (x,y)=(0,0)
f isdiscont. at (0,0) , it approaches different imits as (x,y-approachesthe origin a

long different straight lines.

¢ i -0 . 0-0_,

if (x,y)#(0,0)

X

=i
h—0 h h—0 h

i fOn-f©00 . 0-0_,
h—0 h—0 h

= f,=f,=0 existsbut f(x,y) igdigCori. at (€,8).

f

Def : A function f(X) ,(se RY)isdiffégentiable at apoint X =a=(a,,a,
If there isalinear function L(X) &4Ch that L(a) = f (a) and the difference f (X )-L(X)
approaches to zerOfaster than (x¥-a) as x approaches a .

iIsagenera linear function of n variables such that,
L@=f(@=b=f(@-Ca
Then L(X)=f (a)-C.a+C.x =f (a) +C.(x —a),
And f (X)-L(X)=f (X)-f (a)-C.(x —a) tendsto zero faster that (X -a) as X —a.

Def: A function f defined on an open set s< R"is called differentiable at a point
aeScR",
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if thereisavector c e R" such that
f(a+h)- f(a)-Ch
m =0,
h—0 Ih|
of of of

where C =vf (a)=Vf, ,=(——,—

_)me,----,xn>=(a1,a2 ------- a,) "
OX, OX, OX J.

If E(h)=f(a+h)— f(a)-Vf(a)h then f(a+h) = f(a)+Vf(a)h+E(h)
where lim——= E(h)

-0 |h|
f(a+h) isthelinearization of f at x =awhich equa f(a+h)= f(a) 4Via)»
near h =0 ,( h=x-a).

=0.

If n=2,then z=f(X) with X=(xy) represents a surfacé€ 1n\3-space , and the graph
of theeq. z=f(a)+ Vf(a).(x—a) (X isvariable, a isfixad), represents aplane. These
two objects both pass through the point (a, f (a))

and nearby the points x= a+h , we have

z = f(X) - f(a) - Vf(a).h=E(h) and (h)—>0ash—\b,

surface pI ane

and the surface z= f(a) + Vf (a)(x—a) iSthittal .j‘?’nt planeio the surface z =f (X) at X
=—a.

Theorem : If f isdiff. at a, thenithe partial\gerivatives ¢, f (a) all exists, and they
are components of the vegter C\ vt (a)

Proof: Suppose f igdiff. d=e= (a %).ccoonnnnr, a,) ,If h=(h00........., 0) ,heR, we
have,
Ol

C.h=Vf (a)h#Eh = aa)h of @h  and |hl=zh.

. e (RG]
Thus lind 290"

of

=

lim

h—0

c,=0,f(a)=

Slml|ar|y,cj:ajf(a):$for i =23, n

j
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TH:If f isdiff.at a= f iscont.at a.

Proof: f isdiff.at a = 3c eR”thingf (a+h)|_r:|(a)_c'h -0

Multiply by |h|, we have limf(a+h)-f(a)-Ch=0
But limCh=0
~limf(a+h)-f(a)=0=limf(a+h)=f(a)

f iscont. aax=a
The converse need not true .
Example: f(x)=|x| iscont. at X = 0 but not diff at x=0

Example: Let f(x y)=x*+y? show that f isdiff. <t every point (a,b) in plane

Solution : ‘2—f|(a,b)=2a ,%|(a,b)=2b
X

o of
f (@b)+ (.- (@ +b%p- |, b+ |.. h
f@rh)—f @)-vf @h | @PIFIRZE 0G50 an Nt lan M)
m =lim C

h—0 |h| h—0 |n|
Iim(a+h1)2+(b+h2)2_(a2+b2)—23.h1> ?'Jﬂz

h—0 |h|

2 2 202
Iim2ahl+h1 +2bh, + h; —2ah, 2bh;:”n‘”n1 +h, _limynZ +hZ =0
h—0 |h| >0 \/h12+h22 h—0

S0, f(xy)=x2m W6 diff. at every point (a,b).

Remark :
1) diff = cont.
2) The existence of partial derivative of f does not imply the differentiability of
f.
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Xy
Example: f (x,y)={x2+y? (X'y)i(o’o),

0 (x,y)=(0,0)
has partial derivatives at (0,0) .
f,(0.0) = f,(00) =0,
but it is not cont. at origin so it can not be diff. at the origin..

TH : Let f be afunction defined on an open set in R" that contains theyoint acR" .
Suppose that the partial derivativese, f all exists on some neighborhgodar a and

that they arecont. a a .Then f isdiff.at a .

Proof: Letn=2
Wewill show that = 3¢ = vf (@) <R" 5lim -+ -T @RV @D _

0,
In|

fla+h)-f(a)=f(a, +h,a, +h,)-f(a,a,)
=[f(a,+h,a,+h)—f(a,a, +h)]+[f(a,a, + h)z T{&,a,)]
Since the partial derivatives o, f exist whenaser g x—al i, so by the mean value
theorem of one variable and if we set g4) A f (t,a, + i), we have
f(a, +h,a, +h,) - f(a,a, +h)=9g(a + h)F o)
=g'(a +c)h, =0 (a +c.,a,+h,)h forfsariecye (0,
and f (a,a,+h,)-f (a,a,) =d,f (aga, +op#, for'sdime ¢, € (0,h,)
Substituting these resultsfinto eg¥1) we get
. f(a+h)— f(a)-Vf(a):
=lim
h—0 |h|

_ “malf(al TG a, +_H’:']1 +0,f(a @, +¢,)h,-0,f(a,a,)h, - 0,f(a,a,)h,
h—0 |h|

—limlof (e B ) - of (al,az)%uhirg[azf (3.3 +C,) - 05f (3] %=obecause 5,1 are

cont. at a“gnd % : % are bounded by 1

= f isdiffat a

Def: If f haspartial derivatives o, f al exists and are cont. on an open set Sthereis

saidtobeof classc' on S.
I.e. f eC'onSorf eC*S).
If f eC'=f isdiff .= patia derivatives exist.

24
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The converse need not true..
2 gn L
Example: f(o=i% 9"y X0
0 x=0

Isdiff.at x =a,butf f «C* because limf '(x) does not exist .

Differential
Suppose f isdiff. a a SO f (a+h)-f (a) = Vf (a).h +error. Wherethe error > G%s h — 0.
vf(a)h=f(a+h) - f(a) iscaled thedifferentail of f at a and isderotec sy
df (a,h) or df(h).
And df, (h)=Vf(a)h=0,f(a)h, +0,f(a)h, +
If u=f(X),h=dX =(dx,,dx,
Then du:idx1 +idx2 +
oX, 0X,
d(f +g)=df +dg
d(f .g) =fdg + gdf
gdf —fdg

2

andd(f /g)=

Example: A right Circular cone has hgigw 5 aatbhase radius 3.
a) About how much does the,volumeiticrease if the height isincreased to
(5.02) and the radidis iséacreasedito (3.01)?
b) If the height /S incressed to,(5;02) , by about how much should the radius
be decreased o kesp thedrume constant ?
Solution : @) v =_3L-r2h:dv =§m- hdr +%nr2 dh

o 9
If r=3,h=5=sGr"0.0¢, dh=0.02
= dVv =§7r @ (9N0.02) +%n(3)2 (0.02) =0.167 ~ 0.5

b) If r =3\¢(=5=dr =?,dn=0.02

:>dV:27rrhdr+Enr2dh
3 3

If dv =0=§n(3) (5) dr +%7r(3)2 (0.02) = dr = -0.006

Directional derivatives:

If a isapointin R" ,and uis aunit vector in the direction of aline passing through
the point a, then the parametric egs. Of theline are given by g(t)=a+t(u).

Then the directional derivativeof f at ainthedirection u isdefined to be

25
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provided that the limit exists.

o1 (a)zg_tf (a+tU)n:o=[iggf (a+tut)—f (@)

If u=(0,001.....,0) isaunit vector in the positive jth coordinate , then o, f(a)=0, f (a).

TH: If f isdifferentiableat a , then the directional derivativeof f at a all exists,
and they are given by 4, f (a)=Vf (a).u.

Proof: Since  isdiff. a a,
= lim f(a+h)- ;‘éT)—Vf(a).h:

0.

f(a+tu) - f(a)
t

Let h=tu,if t>0=|h|=t and =Iim —vf(@)u =0

:>Iimf (a+tu)-f (a)

h—0 t

= Vi (a)u

If h=tu, if t<0=|h|=-t and = -lim

f(a+tu)— f(a)
t

f(a+tu)— (& Vi (@)U =0
t ' ‘

then 1im =Vf(au=20,f(a)

S0, o,f(a) existsand equa vf (a)u.

If  vf@)=0,then |a,f(a) | Viga)&l and Vi(a.t=|Vf(a)||ulcosé Where o isthe angle
between the vectors vf (ay’and u
=|0, f(a) K| Vf (a) | |cosh < \Wf (a), for ev&r'y unit vector u .

1) 6,f(a)=|Vf(a)| wMen uinthedirection of vi(a) and o,f(a) hasthe largest
directional deérivativeof f at a.

2) 0, f(ap=+#1Vf(a)| when uintheopposite direction of vi(a) and o,f(a) hasthe
smallest ditectional derivative of f ata.
3) 4,f(a)=0 where u L Vf

Example: Let f(x,y)=x*+5xy? ,a=(-21)
a) Find the directional derivative of f at adirection of v=(125)
b) What isthe largest of the directional derivative of f at aand in what
direction doesit occur ?
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Solution :@) vf =(2x+5y?10xy) so, Vf (-2,1) = (1,-20)

The unit vector in the direction of v is u=(%,1—53) , SO the directional derivativein

this direction is vf (a)u= (1202, 2) ==

13'13° 13 °
b) |vf(a) =401 isthelargest directional derivativesat aand occursirathe direction

fu——1 (1-20).
Oum(l )

Ex. 1,2,3(a),5,7

2.3 The chainsRule

Let f(x, X .0, x) beafunction of variables x,, x,
1,2,3,..£.....n%nd let X =g(t) =(g,(t), 9,(t)

¢(t) = f(9(UA= f(9,(t), 9, (1)

g (1) =(g, 1), g, (1)

i

69, ' 09,
¢ (t)=VE(t).g () =—g__ &

TH: Chain Rulel . Suppose that g(t) isdiff . att = a,

27
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f(X)=f(x, % x,) isdiff.a X =b=g(a)=(g,(a).9,(a) g,(@) thenthe
composite function ¢(t) = f(g(t)) isdiff. at t=a , and itsderivativeisgiven by
¢'(a)=Vf(b).g'(a) or on Lelbniz notation , with w= f(X)

ow dx,

+—.
8x dt ox, dt

Proof: Since f and g are diff. at the points b and a resp. then
E, (h)
|h]

g(a+u)=g(@)+ug (a)+E,(u) (2) where Elu(tlj)—>0asu >0

f(b+h) = f (b) + VFf (b).h + E, (h) (1) where —~0ash—0

Let h=g(a+u)-g(a) intthe first eq.(1)
Thenfrom (2) h=ug'(a) + E,(u), SINCe b= g(a) SO,
#(a+u)=f(g(a+u))=f(b+h)=f(b)+ Vf(b).h+E(h)
= f(g(a)) + Vf (b).[ug (a) + E,(u)] + E, (h)

=¢(a) +uVvf(b).g (a) + E,(u) )

Where E, =Vt (b).E, (u) + E, (h)
We claim that E,(u) satisfies ——

inequality, we have
|Ea(U)|=|Vf(b)-EZEJU)+E1(h <[ VD) IElf'IJ)l |E|l5f|\)l

E (U) »0as'u — 0. Now by using the triangle

—-0 as u—0 , Snce

E, )
u

—0as u—0,40E.(u)<u, then

|hFug'@)+EAu)RYg a)+1)||u|:m__|gﬁ)|+1|

- ‘”’ (1(9%@) +1) >0 as h >0
|

From (3) oot ”3 ~9@ _vim).g'(a)+ E3T(“) S Vf(b).g'(a) asu—0

S0, ¢'(a)=Vf(b).g ()

Example: w= f(xy, 2 isdiff. functionof (x,y,2) and x=t*-t, y=sin3 and z=e?®

W _d e Ztsingt e ) = (8, F).(4t° —1) + (0, T).(3cos3t) + (3, F).(~2¢%)

dt dt
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tn) OF X =g(t)
If f isdiff. function of x ,we have ¢(t) = f(g(t)), and to find partial derivative of ¢
with respect to t, , wefix all but one of those variables and apply the Chain Rule

2 0
KD =105 o= g(a)

Or w= f(X)
oW 0X,
= . + —\—+
. OX ot ox, ot

Th: chain Rulell .Supposethat g,, g,

and f isafunction of X =(x,x,

Let b=g(a) and ¢=fog.If g,,0, g, arediff. at ¢ (resp. of class c* near @) and
f isdifferentiable at b (resp. of class c* near b),\then ¢ isailf. a a(res. of classc!
near a) , and its partia derivatives are giverf by

op of ox, of 0x, of ox,
— =+ ——=+ +

ot, ox ot, 0x, ot, oX, ot

n

whese the devi \,'atlveﬁi areevauated at b

OX j

k

) ) OX. iy
and the derivatives o9 and — ==
ot o, an

> are evairlated at a.

Example : Suppose that (f isaiditf. futiction of x andy and that x =slog(1+t?) and
y=cos(s® + 5t) , thensthe paria derivatives of the composite function
z= f(slog1+t?),cof’s® #5t)) are given by

0z of ox _. 61_ _83{

os ox o’ oy oS
oz_Of XNt oy _ ¢ 2t | f, (-5)sin(s® + 5t)
ot oxot dyét 1+1t?

= £, log@+1t?) + f (-3s%)sin(s’ + 5t)

Let w=f(X), X=(x,X%,
dW:a—WdX1+ﬂdX2 +
oX, 0X,

If each of x,x,
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axJ OX
dx, = —Ldt, + —-
o,
And dw =%dtl+ﬂ

1

8xn ]
at

m

awax

If w=f(x,y,zt), where (x,y,2) arefunctionsof t ,then
w=f (x(t),y@)z({)t)

dw ow dx+6w dy+8w dz ow

dt ox dt oy dt oz dt at

If w=f(x vy,t,5) wherex ,y arethemsaelvecaretanctionof t, s
ot ox ot oy ot ot
ow _ ow 6x+ oW 8y ow
s Ox 0s oy as 0s

If w=Ff (x,y,t,s),x =4(t,s) =y (t,sh-then
@:af__a¢+6f 5'/ 8‘ — =T+ + 1,

Ot X Ot Ovemdt at

Def : A funciion f Jon R" iscalled (positively) homogeneus of degreea (acR) if
f(tX) =t (X) Teedl t>0 and x=0.

Example: et f(xy) =x*+y?, show that f ishomog.

Solution : f(txty) =t?x® +t%y? =t2(x® + y?) =t>f ()

Then  ishomog. of degree 2.

TH : Euler’stheorem . If f ishomog. of degree a, then at any point X where f is

diff. we have
X, 0 (X )+x,0,f (X)+ +x,0.f (X)=af (X).

Proof : Let ¢(t)=f X )=t (X ). Now differentiate with respect to, we get

30
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o t)=at**f (X)=at’t'f (X)=a'f (tX).

We have from definition, ¢'(t) = vf (tX ).j—t(tx ) =X .Vf (tX).

Let t=1, then
¢ () =X Vf (X).
x,0f (X )+%,0,f (X)+ +x.0.f (X)=da (X)

Def: The differentiable function F(x,y,z) =0 is called smooth surfagg, ra tive set
scre,if & F gg

oX oy 0z
Let g(t)=(x vy, 2) iSaparametric representation of a smoot!i eyrveen S = F(g(t)) =0,
and

Wwf (9(t).g (©)=0.

Then v isorthogonal to the tangent vector of ‘®ay curve on'S at each point on the
curve.

I.e. At any point a, the vf isorthogonalyo tie tangentiector g'(t) of any curve
git)onS.

exist, and all are not zero.

Th: Suppose that F isadiff. funciien en soméepen set uc« R®* ,and suppose that the
set S={(x,y,2)eu ,F(x y,2) =04sasviooth&face. If acs and
VF(a) =0 , then the vectol vf (a), IS perpendicular , or normal to the surfaceSat a.

Corollary : Unde#theconditions'oi*the theorem the eg. of the tangent planeto S at
a IS VF(a).(x— a)=0"

Ex.(6) FizGthetangent plane to the surface in R® described by the given eg. at the
given pCinffac R°.
a) z=x*-y% a=(2,-15)

F(x,y,z)=x?-y*-z=0
VF |,=(2x,-3y%,-1) .= (4,-3,-1).
The tangent planeis
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VF(a).(x —a)=0

(4,-3-D((x -2),(y +1,(z-5) =0
4x -2)-3(y +)-Yz -5 =0

Z =4x -3y 6.

Ex.sec.2.3: 1,2,3,5,6.

EX(3) ¢) Show that u= f(xz,yz) satisfies xo,u+yo,u=20,u

Solution : 6, u :g—“: f.z+f,0=1.z
X

ou
5= f,z+ f,.0=1,z

ou
E:xfﬁyfz

=>xou+you=xfz+yf,z=z(xf, +yf,)=z08a%
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2.5 Functional Relations and implicit functions. A first look

X,,Y)=0 where y=g(x, x,
If we differentiate with respect to x, we have
OF,F N g F__OF %

ox, oy ox;  ox, 9y X
o+

Example: Let F(x,y)=x-y-y® =0 wherey jsg tuaction-aix

Find &
X

Solution : a—F oF oy _

ox oy dx

—(1+ 5y4‘ (11 5y )

2) Let fix,vz)=x*+y*+2°-1=0 wherezisafunctioninx andy
Find &
OX

F 4 Fg_o oz_ F _ 2x_ X
£ Ox ax F 22 z

z
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x.,y)=0 can be solved fory , say
x.),then w=g¢(x,, x,

oF oF &g
evaluated by theeg. — +— .2 =0
y < OX; +ag OX;

Now , Suppose w=¢(x,y,z) Where x,y,z are constrained t0 Sgtisfy*F(x,y,z2) =0 , and
suppose we can solve the letter eg. for any one of thegthree variablesin terms of the
other two .

If we take x asindependent variable , the mearing of % denends on whether we

takey or z as the other independent variabler:

Example2) : Let w=x?+y?+z and Flmy, Ds x+ v42=0
If we take x ,y as independent variabled thien z~(x+ y) is dependent variable

S0, w=x?+y? —x—y and (2—W=2':—>‘
X

If we take x ,z as indeperident Y arialresthen y=—(x+ z) isdependent variable

S0, w=x?+(x+2)°d z=2x* + 2xz+ #2+ z and Z—W=4x+22
X

Z—W|y= derivalive Gi whwith respect to x when y isfixed, then from the pervious
X

exampla we have 8—W|y=2x—1 : a—W|Z=4x+2z
OX OX

Let F(x,y,u¥ =0
G(x y,u,v)=0
If u, v isadep. Variables with respect to the independent variablesx ,y then to

find 4, % wediff. both of F, G with respect to x by helding y fixed ,we have

ox ' ox
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From (1)
udk  ovoF _
OX U  OX ov
UG vaG_
OX ou  Ox ov

Example3) : Suppose the quantities x, y and z ase initiallyequal to 1,0,and 2 resp. ,
and are constrained to satisfy theeq. x* + x(¥* #0)z22yz° £3 "and yz=sin(2x+y-2) .
By about how much do y and z change i*'X is'eianged t0 1.02 ?

Solution : Let F(x,y,2)=x° + x(y® +&a-2v® - 320
G(x,y,z)=yz-sin(2x +y —-z) =0.
Wewill find & and %
dx dx
In thetwo eq. y ,z are depandsit varianles and x isthe only indep. variable .

By differentiating e two egs. Witi respect to, treating vy, z are dept. variable
We have

5x* + (y* + 1)z 3xy v ¥x(y:+1D)z —2z°y —10yz*z =0
7y + YZ — OO Y, -z).(2+ y — z'):O

At (x,y,2=4.02) we have

5+1)2+1.2%2.(32)y -0=0

64y -z =7 ..(1)

2y -1.(2+y -z)=0
y+z =2 (2
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Summation (1) with (2)
65y =9=>y = S

If dx=0.02

9
dy =—(0.02) =——
y 65( ) 3250

Ex. 1,2,3,4,5,6

121 002
65

vl
3250




Advanced Calculus

2.6 Higher —order Partial Derivatives:
Let f beadiff. function on an open set sc R" .Thefirst partial derivativeof f with

respect to x; isdenoted by a%:ajf

J

The partia derivative of s—f with respect to x, isthe second order derivative

J

0 ,of
— =1
OX; OX,

Or can be written as

2
ﬂ, fowr £i0%0% T,0,0,
OX.OX; 2
o° f ) ,
Anda—XjZ’ ijxj’ .I:jj1a Xjf,a jf

Def: If thefunction f and all its partial aarivasves of order <k exist and cont. on an
openset u, then f ec* (Theclass c{awlitisofClass ¢~ if and al itspartia
derivatives of all order cont. on uy.

Def: fori=j 0,0,f iscallgdmixgd secorid order, partial derivative of f
Remark: It isnot truein generg 6,6:26,0, f

Example: if g(x, yhwrxsin(x® + ey, we have

0,9 =sin(x® +&7) + k* Cos(x® + &%)

0,9 =2xes(X+47)

Differenating 0,9 with respect toy and o,g with respect to x yields
9,0,9(x y) =2e” cos(x* + e”) - 6x°e” sin(x* + ) =9,0,9(x, y)

0,0,9(% Y)=0,0,9(x,Y)

Example:Letf(x,y)=w if (xy)#(00) f(0,0)=0

+y?

f(x,00=1(0,y)=0 VxvVy
0,f(00)=0,1(0,0)=0




Advanced Calculus

x'y+4xPy? —y°
(x* +y?)*
x> —4x°y? — xy
o,f(xy)=
y ( y) (X2+y2)2
0,f(0,y)=-y ,and o,f(x0)=x foradl x,y.

S0, 3,0, (00) = lim 2 @M =0, 1O _p =h_ 4
h—0 h h—0 h

o,f(h0-0o, (0,0

y F(h,0)-0, f( ):Iimhzl

h—0 h

o, F(xy)=

0,8,(0,0)=lim

0,0,f(00)%0,0,f(00 but oo f(xy)=0,0,f(xy) ¥V (xy)=(00).

Th:Let f beafunction defined in an open set Sc R" ald Swopose ac S and
i, je{l2 n} .If thederivative o.f ,0,f ,0,0,f andf@ 0, f existinS, and if
0,0,f and 9,0,f arecont. at a,then ¢,0,f(a)=0,0,f(a)

Proof : see the book .

Corollary : If f isof class c* on an opga s, then 06 f(a)=0,0,f(a) on S, for all
i and |

Th: If f isof class c* on an opel séty then. oy, 0, f(a) on
S, whenever the seq. {j,, igm..."

If w=f(xy), xy arefunciamof sz
Assumethat all th furictions beigngsto c? by chain Rule
ow_owox  owdy
0s @
oW O AWAXNAW O°X O .OW .0y ow 0%y
o5 o 0P o5 ox 52 asloy as oy o5
_ow ox ow oy
ox? 0s oxoy 0s
0w 8_x+82vv oy
0s 0y~ 0Oxoy 0s oy’ os
o°w

Now , we subgtitute eq.2) and eg.3) in eg.1) to obtain -
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Example: Let u=f(x,y), x=5? -t ,y=2s

2,
Assume f isof class c?, find ;;—;t in terms of derivative of f

Solution: Mot Xt Y xf 4o,
ot Xt ot
S0, DU L _oiog s af 1aos[2sf 42 4 2f
v e A2 + Al [ 2[28F A ] 2,

=—Astf, +4(s? —t?) f +4stf +2f,

Example: Let u=f(x,y), feC?
Let x=rcosd ,y=rsind

Then, %zf ox, fy(;—a?/:(cose)fx+(sin9)fy

*or
ou OX oy ;
—=f —+f —==—(rsin@)f, +(r cosO)f
00 “06 Voo ( ot *

Proceeding to the second derivatives:
o%u of, . of, ) e v * N
7:(0059) p» +(S|n9)E:(cos 0) f, +(2ugso ), + (S o)f,
2

803 =—(rcosO)f, —(rsing) ngx
6_2u+}@+i62u =f +f
a? ror rfop* Y ¥
The expression is called | apladian of

_ of,
—(rsinO)f, {r(20s0)
04

Propostion: supptsesisa c? finction of f(x,y) insomeopen setin R? If (x,y) IS
related to (r,)"Uyanxcosh , y=rsingd ,we have

Ou, o 2B\ 131 1 0%

ox* oyl o Wor r? 062

Multi index Notation :
Def : A multi index isan n-tuple of nonnegative integers multi — indices are
generally denoted by the Greek letters « or g

n ’ﬁz(ﬁl’ﬁZ’

y al=a ol N
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6°f = 8,0,

Def : lalra, +a, + +a, 1S caled the order or degree of «
If feC*= thenthek-th order partia derivative 6“f with |a|=k exists.

Example: I[fn=3,and X =(x,y,2 ,wehave

5030 =a f X(215) y25

x ;hand'any positive integer

ST~
YY) lXZ = >_J - 4 722,
i Mk =])! ik 01t
Where o, = j , a, =k-j (a2 =(a}a,)
By induction suppose the restit istive for n<N and X =(x,,x,

By using the resuraforn = 2 andfiie result fron = N-1, we obtain

> L

i+j= kII J' |Bl= lﬁl

Whereﬂ:(ﬂl’ﬁz Pn-1) and X:(Xl’XZ
If a= (BB, Bnar 1) S0, Bljl=al and )ZBX,{, =
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Observing that « runsover all multi-index of order k when g runsover all multi-
indicesof order i =k-j and j runsfrom Otok , we obtain Zﬁxa

ee|=k a:

EX. 1,2,34,56,7,9,11
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2.7 Taylor's Theorems:
Def : TheTaonr polynomia of order k for f at a isdefined by

f(J)(a) j
P (h) = ;—J! h'.
Def : The Taylor remainder of order k is defined as

R, () =f(@+h)-P, (h)=f(a+h)- zf‘<3)h‘

TH: (Taylor'stheorem with integral Remainder 1)
Supposethat f isof class c** (k>0) onaninterval | cR,and acl fTAwRthe

remainder r,, (h) isdefined aboveineq.(1) given by

R, (h)=f (@a+h)- zk:fmﬁ‘)h' hkﬂf(l £)4F D (@ 4 th)dt

Proof: Fork =0
R, =Tf(a+h)-f(a)= hj f'(a+th)dt

If u=a+th = du = hdt :dru=dt

a+h

hjf (a+th)dt = jf W)du =f (a+h) - &)

The result holds

1
Let | = hj f'(a+th)gl , [Hwe integeate by parts choosing
0

u=f (a+rth) #dv At
du =f (a+fmbhan, =t —1=—(1-t).

Then| _h1 (@a+th)dt = h(t -1f ‘(a-+th) [ hj(t ~1)f "(a+th)hdt

0

=f ‘(a)h+h2j(1—t)f "(a+th)dt

—=f (@a+h)-f (@) =f (@h+ hzj(l—t)f "(a+th)dt
Fork=1

f(a+h)— f(a)- f'(a)h:hzjl.(l—t)f"(a+th)dt
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R, (h) = f(a+h)—P,(h)=h? j(1 t)f"(a+ th)dt

So we obtain the result for k=1.
If we integrate again by parts

hzjl'(l—t)f "(@+th)dt = hz(_(l—_t)z)f "(@+th) +h2j%f "(a+th)hdt

f"@h®  h*
— j(l t)%f “(a+th)dt

We obtain the threorem for k = 2. Theresult holdsif we integratetu parts k- time .

TH : ( Taylor’stheorem with integral Remainder 11).

Supposethat f isof class c* (k>1) onaninterval #c R ,and ac! , Thenthe
remainder r,, defined abovein eg.(1) isgiven by

hk h k-1 k k
Ra’k(h):m}[(l—t) [f ®(@+th)—f ©(a)]dt

Proof: By previous theorem .If we replage k¥ith (k-1 we get

(i) k 1
R.xa(h)=f (@+h)- Zf @pi__h r(1 VI (Aot

Sustracting (a) h* from both @ gives

f @+h)— Z (a) '=(Th_TJ(1-t)K‘1f (¥ % th)dt — -

Y _ k-1 _4 (_1_lk l: _1

Slncej(l t)* Lt = ” B 043

hk hk ]; k ) hk

m (I/ 1)-’ (k—1)|k substiuting in (2)
hk

We haveR, , () = | j L-t)<f ®(a+th)—f © (a)]dt.

2
k
1
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. R, (h
Corollary : If f isof classc*on|, a’r:k( ) 50 as hoo0

Proof: f® iscont.at a ,sofor ¢>0,36>0,5|f ¥ (y)-f ®¥(a)|<ewhen |y —alk s
=|f(@+th)— f*(@)|<e for 0<t<1when |h|<§.

since |R, , () H (h—_kl)!i(l—t)"‘l[f © @+th)—f © (a)ldt |

1
j1 t)"‘ledt=%|h|" for |h|<s,
) !

(k 1)

hk

1
:W j (1-t)*dt whenever |h|<3.

—->0 as h—>0

Corollary : If f isof class c** onl and |f ©2&p<M forxel then

M +.
IRa,k(h)ls(k +1)I|h|k '(a+hel)

hk+l

Proof: since |R,, (h) | j(l t)f CUtTt |

|h|k+1 1

IR (M= ] A-0"M o

. k+1 k+1 1 Yok < N -
Since, h—= A FE TS
(k+Dt ki (KESK+1 ° (k +1)!

Then |Rak(h)'/|h'+l M
: N (k +1)!

f(1 t)M dt |=

| |k +1

LemmaySyppose g isk+1 differentiable on [a,b] . If g(@=g(b) and g'(a)=0 for
1< j<k , then thereisapoint ce(a,b) suchthat g<*(c)=0 .

Proof: g satisfies Roll’ s theorem , thereisapoint c, (a,b) suchthat g'(c,)=0. Since
g iscont. on [a,c,] and diff. on (a,c,) and g'(a)=g'(c,) =0, thereisapoint c, <(a,c,)
such that g'(c,) =0 . Proceeding induction , we find that for 1< j <k +1 that isapoint
c, e(ac,,) suchthat g’(c;)=0 , and thefinal casej = k+1 isthe desired resuilt.
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TH: (Taylor'stheorem with Lagrange Remainder )
Suppose f isk+1timesdiff. onaninterval | cR, and acl , For each he R such

k+1

that a+hel , thereisapoint ¢ between O and hsuchthat R, ()= 1" (@+0) o

Proof: Fix aparticular h, and suppose for now that h>0.

R k h k+1
Let g(t) =R, () -— 0

h k+1

f“@t* R (h)t""
o kl o hk+l
g(hy=0 ,and g(0)=0, Somilarly for j<k we have

ey g - f @t R, (h)(k+Dt:
gJ(t)_fJ(a+t)—fJ(a)— ...... — (k_j)[ — i A
S0, g'(0)=0, Therefore by preivious lemma, thereis apoint ce<(0,h) such that

R, (h)(k +1)!
O:gk+1(c):f (k+l)(a+c)_ a,k(h)ksl + )

—f (@+t)—f (@) —f (@)t —-rorrs

..... —(K+2—j)tk,

f (k+1)(a+c)hk+1

(k +)!
The case h<0 is handeled similarlyhy ¢ors deririgthe function g(t) = g(-t) on the
interval [0,|h|]

Ra,k (h) =

Propostion : The Taylon polynpmiaséf degree k about a= 0 of the functions.
e, cosx , sinx, (1-x™" araLey.
:‘T/%_(—:.)szj | Snxz(k_llz(_l)szm

, COSX=2 : .
“on (2] o (2] +1!

, 1-x7 =Zk:x‘ .

2 H 2
Exampl€: U'se Waylor expansion to evauate lim——>1 %
x>0 x* (1—- cosX)

x? —sinx® = x* — (x° S
6
x*(1—cosx) =x"*(1- (1—%x2+

Where the dots denote error terms that vanish faster than x® as x— 0 , therefore
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1 )
= =_(byL'Hopital rule
x-0 x*(1— cOSX) 3( Y P )

Agenerlaization of function on R":

Def: A set seR" iscalled convex if wherever a,be s, theline segment fromato b
dsoliesinS.

Suppose f:R"— R isof class c* on aconvex open set S. we witl derive a Taylor
expansion for f(X) about apoint acS by looking at therestrigliorigf f to theline
joining a and x.Thatis weset h=x-a and g(t)= f({"(x—a)) = f(a+th)

By he chain Rule

g (t)=hVvf(a+th)y=h,

af(a+th)+hz of (a+th) 4, Vf(a+th)
0X, 0X, OX,
g’ (t)=(hv)' f(a+th) where (hv)! denote the resilt of applyirig.the operation
h.vzhli+h2i+ ntimesal #
X, 0X, OX

The Taylor formulafor g with a= 0 apghh 1

g = imy‘ + remainder

f(a+h)= z_(hV) f(a)

Whereformulafor R, «(h)“sane ohtained from previous formulas and theorems.
By appling the myitingmia thecyam of (h.v)!' we get

vy =3 L hse

i O

Substitutiigghigis (1) we obtain the following theorem.

TH: (Taylcrs'stheorem in several variables)
Suppose f:R"—» R isof class c* onanopenconvex set S. If acS and a+hesS, then

farh =Y @he iR ()

lo|<k al

Where R, () =kY aj(l t)*1[0" f (a+th) —8° f (a)]dt

luok &

If f isof class c** on S ,we aso have
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Ra (h=(k+21 Z —aJ.(l t) 0“ f(a+th)dt
lee|= R o
And
Ra (h) = z a“f(a+ch)— for some ce (0,1)
lar|=k+1

The Taylor polynomia of second order of f at x = aisgiven by
az(h)—f(a)+28 f@h, += Za o, f(ah, h,

]kl

P,,(h)= f(a)+28 fah, += Zﬁzf(a)h2+ 38,0, #ah, hy

I<j<n
Example: If f (x,y)eC™,x-a=h, y-b=h, ,h=(h,h) a=(ab)
f(a+h):f(a+hl,b+hz):zi(hli+hzi)jf(i,t",+R (h)
jl tox ‘oy R ¢

The Taylor poly. Of second order
_ ) 2 M & 2 ¢ (ab)’
Payz(h)_f(a,b)+ll(hl8Xf(a,b)+hza a,10) 2(hl(»(r(a,b)+hzayf(a,lo))

0 , O ¢, 1 , 0°
P,,(h) = f(a,b)+(x—a)a—f a,b) + ,y—b)—ﬁ—f\a,b)+§(x a) —f(a b)
Y X QY

1 0? \ \ <
+ E(y—b)2 W f (agdd) + (‘;—a)(y—b)-ﬁ—xg f (a,b)

Example” Hinttke 3 order Taylor polynomia of f(X,Yy) = e about
(x,y)=(O0~La,(a=0,b=0)

_ 1nhe 9 1no 9 2
Fas(hyh;) = 1(00) + 3 (h — 1(0.0) +h, Y F00) +5 (h— (00 +h, Y f(0,0))

Solution : 15 5
+§(hl&f(0,0)+hzaf(0,0))




Advanced Calculus

202

P..(h)=f(0,0)+(x- 0)—f(00)+(y O)Ef(00)+ (X 0)° — f(0,0)

2 2 3
s o(y-0 ° -
2777 oy

£(0,0)+ (x— 0)(y - 0) 8yf(0,0)+§(x ~a f00)

3 3 63

+3x%y axazay f (0,0)+ 3y°x 8x68y2 f(0,0)+y®— o f (0,0))

X+y_

1+ (X2 +y)+= (x +y)2+= (x +y)® + (order > 3)
:1+x2+y+§(x4+2x2y+ y2)+g(x6+3x4y+3x2y2+y3)+(order > 3)

=1+ y+x2+%y2+x2y+%y3+(order >3)
If we have thrown the terms x*,x®, x“y and x2y? Singe ¢re themselves of order >3
Thusthe answer P, (x,y)=1+y+x* += y + Xy 1y

Ex.1,245,6,7
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2.8 Critical points:
Def: Suppose f isadiff. function on some openset scR". Thewoiltaes iscalled
acritical point for f if vf(a)=0.

To find the critical pointsof f we solvethen.egs. 94 (x)=0,6," (x)=0 0,f(x)=0
Simultaneoudly for the n quantities x,, x,

Def: wesay that f hasalocal max (or local minpat aif f{x)< f(a) (or f(x)>f(a) )
for all x in some neighborhood of a

Proposition: If f hasalocal max. Of panat aard,f isdiff. at a, then vi(a)=0
Proof: If  hasalocal max. Or minyal*e; themlor any unit vector u, the function
g(t) = f(a+tu) hasaloca max..Or iais'at t =0 S0,

9'(0)=0,f(a)=0 In particiar 5 1%a) =0 for al j, so vi(a)=0 .

Def: we say that f40n an open seiii R" hasasaddle point at if f has neither a max.
nor min., and itsgrawn goes up It one direction and down in some other direction.

Th: Suppaes Wisaf class ¢c? on an open setin R? containing the point a, and
SUPPOSEWffa)=0, Let a=02f(a), f=0,0,f(a), y=02f(a). Then

) If ay-p™<0, f hasasaddlepointat a.

b) If ay-p2>0,and «>0, f hasalocal min. at a.

C)If ay-p*>0,and a<0, f hasaloca max. a a.

d) If ay — g2 =0, no conclusion can be drawn .

Example: Find and classify the critical point of the function f(x, y) = xy(12 - 3x — 4y)
Solution: we have
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0.f =12y —6xy —4y? =y (12-6x —4y),

d,f =12x —3x*—8xy =x(12—3x —-8y).

Thusifa, f =0, then y=0 or 12-6x-4y=0and ¢,f =0, then x=0 or 12-3x-8y=0 ,
so there are four possibilities

x=y=0,y=12-3x-8y =0 (y=0=>x=4)

x=y=0,x=12-6x-4y =0 (x=0=y =3),and

12-6x -4y =0, 12-3x -8y =0=X :g, y =1

Solving these given the critical points

(0,0),(4,0) ,(0,3) ,(4/3,1)

Since a=0?f(a)=—6y , y=02f(@Q)=-8x , B=0,0,f(H)=12—-6x
By pervious Theorem

At (0, 0) wehave ay - p?=0-(12%<0
(0, 0) isasaddle point

At (4, 0) we have ay-p%=32—-(12-6(4)¥<R
(4, 0) isasaddle point

At (0O, 3) isasaddle pointy
But (4/3, 1) isalocal mas, beciuse x> g% =48>0, a<O0.

Example: Find arid g¥assify the¢ritical points of the function f(x,y)=y* - 3x%y

Solution aef R-6x, 0, f =3y* - 3x°
If 6, f =O=A=00r y=0
And o, f =0 x> =y* = x=y=0

S0 (0, 0) isthe only critical point
a=02f(a)=-6y,B=0,0,f(a)=—6x y=02f(a)=6y al arevanishesat (0, 0), so by the

previoustest isfailure.
Since f(x,y)=y(y—3x)(y++/3x)
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and thelines y=0,y=+/3x, y = —/3x Separate the plane into six region on which f is
alternatively positive and negative , and these region all meet at the origin . Thus f

has neither amax. or amin. at theorigin, So f hasasaddle point called * monkey
saddle” .

Ex 1) ab,c,d,e

2.9 Extreme value problems::
Th: Let f be continuous function on an unboundéd ¢ .osed set ScR".

a) If fx)>x as|xl>x (xeS), then f hasas absol Gie minimum but no absolute
maximumon S.

b) If f(x) >0 as |xl>x (xeS) and there(sé@point x =& where f(x,)>0 ( resp.
f(x,)<0 ), then f hasabsolute maximuin (resp.-minimum) on S.

Example : Find the absolute max/ard ivin. velties of the function

X "
f(x,y)= on the€ rst gaadraatns = {(x,y):x,y >0
Y=o 0724 qa S={(x,y):x,y 20}

Solution : for x,y>0, f(&y)>/ and~18,y)=0,
so the minimum iszero . acriievegai dl points on the y —axis.

X
f@d’)—m{_: S

1
So,f(x,y)/x ad 4(xy)<

y_1? f(x,y) >0 as|(xy)|>»

S0 by prewtous theorem f has a maximum value on S which must occur either in the
interior of Sor on the positive x — axis

of _ (X* +(y=1%+4) - (29(x) _0
OX (x> +(y-1% + 4)?
(X*+(y-D?+4) - (29(x) =0
(y-)?-x>+4=0
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o -x@y-1)
oy (X*+(y-1)*+4)°
x=0,y-1=0=>y=1

If y=1=x’=4=x=2

So at (2, 1) thereisacritica point and f(2) =%
X

x> +5

ﬂ_(x2+5)—2x2 0

OX (x* +5)?

Also, f(x,0)=

x*+5-2x*=0= x* =5= x=4/5 isacritica point and f(+/5,0) 1_‘/; %

So the max value of ¢ onSis% .

L agrange multiplier method:
Let f and g have acontinuousfirst partial derivatives on an.open set containing the

surface or the curve S which is the graph of theey. g(x )=08.; Let vg(X)=0 on Sand
suppose that f (X ) hasaconstrained local,ertfenta at the point aof S, then thereisa

number 2 such that
Vf(a)=1Vg(a), that isthe gradientsor 4 arid g ale/parald at a

Example : what is the maximem ared of aiettangle with perimeter P

Solution : Let f(x,y)=xy
and g(x,y)=2x +2¢~p=0
Vi =(y,Xx)
Vg=(2,2

VI =AVO =4 =24 , X =24 ,2X+2y =p
Solving thafirst two equations give y = x , substituting into the third eg. given that

2X+2X=p=> x:%p:y

Sothemax of f is f(x,y):1—16 p?

The min. on thisset namely 0, isachieved when X:O,y:%por vise versa
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Example: Find the absolute max. and min. of f(x,y)=x?+y?+y onthedisc
x?+y*<1

Solution : f, =2x=0,f, =2y+1=0, thusthe only critical pointsis at (o,—%) lies on the

disc, at which f(0-2)=-1
2"

On the boundary we use L agrange multiplier method with g(x,y)=x*+y?-1.

Vg =(2x,2y)

vi =Avg we solvethe egs.

2x=2x4 and 2y+1=2y1 , x*+y?=1

Thefirst eq. implies

X(1-1)=0=x=00r A=1

If A=1= the second eq. 2y+1=2y hasno solution, So 2 =1 isirmpossible ,So x=0 ,
Then fromthethird eq. y=+1

= f(0)=2 ,f(0-1)=0, Sotheabs maxis 2 & (0,1) angthe abs. min.is

1 1
~Zat (0-3).
2 ( 2)

We can analyze f on the boundary by parameatring'te latter as
x=cos ,y=sind (because x* + y? = DmIhin /i (cos@&n0) =1+ cosd Which has amax.
vaueof 2at =0 anmin. vauecid &l 6=xr

Ex.1,2,3,6,7,11,12,14
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2.10 Vector —valued functions and their derivatives

The vector valued function from R"to Rjawvh@enn anf_m are any positive integers
is defined by bold face f :R" > R™ x&®"

Fx) = (1,04, 1,(¢).1,(x) f o (%92

f iscalled linear mapping from Rato k™ , if\if-satisfy

fax +by )=af(x)+bfer ) #/@bew,x Y «¢R™.And these maps can be represented by
anmxn matrix.

A=(A,) withmrowsand ricolumns

If the elements of Wb R™ are rep. as column vectors, f(x ) isjust the matrix product

AX,and =D\ X
k=1

Differ efiability of vector valued function :
A mapping, f fromanopenset scR" into R™ issaid to be differentiableat acs .
If thereisan mx nmatrix L such that

imlf@+h—f@-Lh|_
h—0 |h

The matrix L isaunique matrix defined as D f(a) ,f (a) and d f its called the Frechet
derivativeof f at a.

0

We define this matrix in the following proposition
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Proposition: An R™- valued function f isdifferentiableat a precisely when each of
its components f, f isdifferentiableat a . In this cases Df (a) IS the matrix

whose jth row isthe row vector vf, (a) . In other words
ooy o,
ox, ox, X,

0X,

Example: Let f(xy,2) =(u,v) = (xyz? - 4y? 3xy?=zj Lomptite 'Df (x, y, 2)
au QY.
X

2

Solution : Df (x,y,2) = 0 ?Z ‘=(yzz Xz -8y 2xyz)

al I ByR bxy -z -y

0X (/LJ
TH: (Chain Rule) Suppose ¢! R“%=R" isgliif. a acR* and f:R" - R™ isdiff. a
g@eR".Then H=f.gfR" > R%isdiff./a a and DH(a)=Df(g(a)) Dg(a) Where the
expression on the right isthe product et the matrices Df (g(a)) and Dg(a)

Example: Define %¢R* - R®* by® f (u,v) = (u? - 5v,ve®, 2u — log(1+ v?))
a) Compute Df \,v), what is Df (0,0)

Solution# et B=4° -5/, r=ve®, t=2u-log(1+r?),

o os
. o5
or

au

ot

ou

Df (u,v) =
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0
Df (0,0)=| 0

2

b) Suppose g:R* » R?* isof classC* , g(1,2) =(0,0)
1 2

and Dg(l2)=(3 4).

Compute D(f - g)(L2)

Solution : D(f -g)(L2) =Df (g(12)).Dg(1,2)
=Df (0,0).Dg(1,2)

S
I

Z

Jacobians : If m = n ,then the Frechet@e ermiriafit’ bf of afunction f:R" > R" iSan
nxn matrix of functions, defined br'the set Swhere f isdiff. , so we can form its
determinant on Sis caled =heacobian ¢ilie mapping f, itisdenoting by J, or if

Y =f (X) by -~ “1° = J =\Det Df

o,

oX,

oy,

40X,
Y.
ox, oX,

Andify =f(X) and X =g(t) ., XY eR"), then J, ()=, 40y, ) OF
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Examplel) : Let (u,v)= f(x,y,2) = (xyz® — 4y?,3xy? — yz)
o(u,Vv) o(u,v) o(u,Vv)
oxy) " ay.2) T ax2)

Compute

a o w
o(u,v) |ox oy| xz° -8y
o(xy) |ov | |3y Bxy - Z
OX oy

= yz* (6xy — 2) - 3y*(xz* - 8y)

Ex:1,2,3,4,8

EXx. 8) w=f(x,y,t,9) , x(t,9) , y(t,9) ,g(t,9) = ({t.9,y&9),t,6
w= f(g(t,9))=(f - g)(t,9)

D(f -g(t,s))=Df (g(t,s)) .Dg(t,s)
\((

(8

X oy ot Nos

ot
Sy
ot

:(@f o Ao 6f_6_x+af_g+8f_j

OX 0S oy 0s 0S

N
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CH3: Theimplicit Function theorem and its application :
3.1 Theimplicit function theorem: in this section we consider the problem of
solving an eq. F(x,,%,,%, x,) =0 for one of the variables x, asafunction of the
remaining (n-1) variables or more generally of solving a system of k such egsfor k
of the variables as a functions of the remaining (n-k) variables .
For thecasen =2, wearegiven an eq. F(x,y)=0 relating thevariablesx andy , and
we ask when we can solve for y as afunction of x or vice versa.
If S={(x,y):F(x,y)=0 } then our equations is when can S be representea'ss the graph
of afunction y=f(x) or x=g(y) ?
For the case n= 3, the set where F(x,y,z) =0 will usualy be asyrfage ;"and we ask
when this surface can be represented as the graph of afundiion
z=1(XY),y=9(x,2) or x=h(y,2)
Example: Consider F(x,y)=x?+y*+1 Q)
F(xy)=x"+y’ (2
F(xy)=x"+y*-1 €)

In thefirst eq.(1) , F(x,y)=0 did not satisfiec\for pany pairic’.
In the second eq.(2) , F(x,y)=0 satisfied fCax =y =G»,30 3y=f(x)at x=0 .
In the third eq.(3) , F(x,y)=0 satisfied @i < x «2v.and eq(3) does define two
functions y=+1-x? and y = —1- £ DuttheseFiinctions are not defined in atwo
sided neighborhood of x =1 orof x*=<1 because in this case F,(1,0)=0,F,(-10)=0
Now If the number of valiables ave n+1 and if we denote the last variable by y, we
have the problem .
Given afunction E{x,y) of class g™and apoint (a,b) satisfying F(a,b)=0, whenis
there

1) A function 1X)ydefined in some open set in R" containing a< R", and

2) Angnpaiset 4 < R™ containing (a,b) such that for (X ,y)eu,

FXE) ey =f(X)?

TH 3.1 Theimplicit Function theorem for a single equations. Let F(X ,y) bea
function of class c* on some neighborhood of apoint (@,b) e R"*
Suppose that F(a,b) = 0 and o, F (&b) =0 then there exist very small positive
numbers r,,r, such that the following conclusion arevalid .
a) For each X intheball |x —a|r, therisauniquey suchthat |y-b|<r, and
F(X,y)=0, we denote thisy by f(X) , in particular f(a) = b.
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b) The function f thus defined for |X -a|<r, isof class c?, and its partial
—0,F (X ,f (x))
8,F (X ,f (x))

derivatives are given by o,f (X)=

Summary of the theorem
If 1) F(X,y)eC*
2) F(@b)=0
3) F,(ab)#0
= 3! (aunique function) y =f (X )and 3r,,r,>05 foral X, [X-d<r,, |y —b l=n
A)y(a) =f(a) =b
B) F(X,f(X)) = 0, where [X-a|<r,.
-0,F(X,f (X))

C) f(x) ec*, on [X-al<r, and o,f (X)= SEX )

proof: see the book.

Example (1) : let F(X,y)=x-y?-1 for any point (a,b) e R¥¥0r which F(@b)=0,

1) F(x,y)eC!

2) F(a,b)=a-b*-1

3) F(ab)=1 ,F (ab)=-2b
First F (ab)=1=#0, S0 theimplici¥TnCaOn thaorem guarantees that the eg. F(x,y)=0
can be solved for X locally nefr anspoint{a;b) for which F(ab) =0, So
F(xy)=x—-y?-1=0, can he solved explicity as x afunction of y namely x=y?+1 and
this solution isvalid for cay pg.nt (a;k).
Next , F, (ab)=0 wien b =0, so thi@implicit function theorem quarantees that F(x,y)
= 0 can be solved Ggiqualy for y-hear any point (a,b) such that F(a,b)=0 and b0
In fact the pg&sibleystiutionsare y=+/x-1 and y=-/x-1.
For x very=eloge te” a only one of these solutions will be very close to b namely
Jx-1 ii{\by0 and -/x-1 if b<0 and these solutions are defined only for x>1 , so
r, =a-1 (1'% the therorem)
Finadly, we have F(1,0) = 0, but the eq. F(x,y) = 0 can not be solved uniqualy for y as
afunction of x in any neighborhood of (1,0), if x>1 there are two solution s ,both
equally closeto O, and if x<1 there are none.

Example2: let G(x,y) =x—¢e"* - y?
0,.G(a,b)=1+e? >1 for al (ab)
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So the implicit function theorem guarantees that the eq. G(x,y)= 0 can be solved for
x locally near any point (a,b) such that G(a,b) = 0.

Next, 0,G(@b)=-3?, o theimplicit function theorem guarantees that the eq. G(x,y)
=0 can be solved for y asa ¢’ function of x locally near any point (a,b) such that
G(ab) = 0 and b=0. In fact the solution is y=%/x-e~* which is globally uniquely
defined but fails to be diff at the point wheny =0, x = 1.

Ex3.1

Ex(1) : Investigate the possibility of solving the eq. x* - 4x+ 2y%- ye=1"Tor each of its
variablesin terms of the other two near the point (2,-1,3).400 this both by checking
the hypotheses of the implicit function theorem and by expliwitly computing the
solution :

Sol: let F(x,y,z)=x?-4x +2y2—yz -1=0.
1DF(x,y,z)eC*
2)F(2-13)=4-8+2+3-1=0
3) F (X y,2)=2x-4 |(2,71,3) =0

Fy(X, Y Z) =4y-z |(2,,1’3) =-4-54-1%0
F,(X,¥,2) ==Y lp15=12C

S0, F(x,y,2z) can besolved fory and zat the point (2,-1,3) but not for x.
Ex. 3) Cantheeg. ( + y* ™aa®)*® =sasz be solved uniquely for y intermsof x and z
near (0,1,0) ? For¢ inferms of xandy ?

Solution : IEGF (%, y 2) = (x* + y* +22%)*® —cosz = 0.
Then
WF (x,y,z)e C
2)F(010)=0
3) F, =05(x* + y* +22%) *°(2y) | p10= 0.5(0+1) °*(2) =1 0
4)F, =05(x*+y?+22%)%(42) +SNZ | 4,4 =0.

F can be solved for y in terms of x and z near (0,1,0) but not for z in terms of x and
y.
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Theimplicit theorem for a system of equations.

If we have k functions F,F, F. of n+k variables x,,x,
ask when we can solve the equations

FL(X sy D G VR Y.)=0

For they’sintermsof thex’s

We shall use the vector notation to abbreviate as F (X Y ) £0 W&assume F eC* near
the point (a,b) and F(a,b)=0, and we ask when F(x Yy )=0 GaterminesY asac*
function of X in some neighborhood of (a,b).

oF,

& o

Let the matrix B =

e R
Y,

be the partial Frech& derivative ci~% with respect to the variables Y evaluated at
(a,b).

We have thef0llowirig theorem.

Th : Theimpicit /-unction theorem for a system of equations:

Let F(X€Y) be ari R*- valued function of class c* on some neighborhood of a point

@,b) e R™\and let the matrix B isthe parial Frenchet deriavative of F with respect
tothevariables Y, evaluated at (a,b). Suppose F(a,b)= 0 and let detB = 0. Then there
exist positive numbers r,,r, such that the following conclusions are valid
a) For each X intheball |[x —a|r, thereisauniquey such that |y b |<r, and
F(X,Y) =0, we denote this Y by f(X) in particular, f(a) = b.
b) The function f thus defined for |[X -al<r, isof class Cc' ,and its partial
derivative o, f can be computed by differentiating the equations F(X,f(X)) =
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0 with respect to x; and solving the resulting linear system of equations for

Example 3: Consider the problem of solving theegs x-yu?=0 ,xy+uv=0....(1)
for uand v asfunctionsof x andy setting F = x—yu®? and G=xy+uv

we see that 256 _ det(_ e OJ = —2yu?,
o(u,v) % u

So the implicit function theorem quarantees alocal solution near any™polint
(X, Yo, Ug»V,) @ Which egs.(1) holds provided that - 2y,u? =0, thatis, ¥ #0 and u, = 0.
Notice that under this condition, thefirst eg. in (1) impliesiaiix, #9 and that x,
and y, have he same sign .

The second eg. then impliesthat v, 0 and that u, and v, have opposite signs.It's

not hard to find explicitly u:i\g , V= tyxy®

Thesign of u and v being the same as the signs'ef u, and'; resp. Thissolutionis
valid for al (x,y) in the same quadrants as (/v ).

EX. 5) Suppose F(x,y)eC" isafyneior suctpthat F(0,0) = 0.
What conditions on F will quatanteetnat thieeg. F(F(x,y),y) = 0 can be solved for y
asac! function of x neas(0,0)

Solution : 1) F(F(C),0) =0
2) F(F(x,N#)eC

3) ?r—\F(a’; Y _EF, 1+ F, = F,(F,+1) a (0,0)

F,(F,+D) =0 iff F,(0,0)=0 ,F,(0,0) =-1.

EX. 6) Investigate the possibility of solving the egs, xy+2yz-3xz=0, xyz+x—y=1for
two of the variables as a function of the third near the point (x,y,z) = (1,1,1).

Solution : Let
F(X,Y,2)=xy+2yz—3xz=0
G(X,Y,2)=xyz+ Xx-y-1=0
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DF@ELLY=0
2)G(1L1Y=0

2 2y-3 3 -1
8(F,G):OIet X+ 2z y—oX oy = et _340.
o(y,2) xz-1 Xy ~ 0O 1

Then F and G can be solved for y and z interms of x .

-3 2 -2 3
8(F,G):det y-3z Xx+2z - 640
a(xy) yz+1 xz—-1 . 2 0

F and G can be solved for x and y interms of z

o(F,G y—-3z 2y —3x -2 -1
( ) = det |10 = det =4
(X, 2) yz+1 Xy 2 1

F and G can not be solved for x and z interms oy

Sec3.1) 2,3,7,8,0.
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CH4 sec 4.6 Improper integrals
The two most basic Types of improper integrals are as follgwa:

1) Tf(x) dx wheref isintegrable over every finite subinterveiy[a,b|

1) T f(x)dx wheref isintegrable over [c,b] for every > a,but isunbounded near x

=a

I mproper integral of Typel
If fisdefinedon [a, oo] and integrab’e xa 1&,b] forevery b>a

Then jf(x)dx = Ilmjf(x)dx

If the I|m|t exist the mtegu comy. . If theJimit does not exist the integral div

Example: 1) J'e [ Ilmje dx_shm-e™ f=lim-e” +1=0+1=1

0 —>0

2) |cosx X :Limjcosxdx :LimsinxlgzLimsinb—O:doesnot exist
—0 —0 —>©

C

TH: SuppGssthat o< f(x)<g(x) for al suffeicently large x . If Tg(x)dx conv. So

doesTf(x)dx. If Tf(x)dx div SOdoeSTg(x)dx.

Proof : Assumethat 0< f(x)<g(x) foral x>a
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If Tg(x)dx conv., then there exists B>0 such that Tg(x)dx =B . It impliesthat

#(b) =T f(x)dx hasan upper bound as b — «, because

¢(b) :jlf(x)dx sig(x)dx ﬁTg(x)dx =B. Also ¢'(b)=f (b) >0, SO

¢(b) Isincreasing on [b,oo]:>Tf(x)dx conv. And !)Lrpojf (x)dx <B.

Corollary : Supposef >0, g>0and féxg—n aSx—wo M O«'<oo,thean(x)dx

and jg(x) dx are both conv. or both div.
If I =0, the convergence of Tg(x) dx implies ti4e convergenes of T f(x)dx .
If 1=, thedivergence of Tg(x) dx implies vae d'vergence of T f(x)dx .

Proof : If 0<l<o and X o 104 % f (32 g(x)
9(x) Ely \

And f(x)>0.51g(x) for sufficientlyargye x

If J'g(x)dx conv = 2Ijg(x) Jx conv. :>ff(x;dx conv.

AISO,Ing(x)dx div., +heno.5|jg(x)dx div. :>jf (x)dx div.
If 1=0= f(xLg(R andif =0 g(x)< f(x) for suffeicently large x

|f J‘g(x)d\ cmvw}f(x)dx conv when 1 =0

If Tg(x)dx 0.v.:>]of(x)dx div when | =

b L if p<1, sotheintegration div.
Example: Ifj—_lm & _ - TP tntegret
b= - (p-1* if p>1, sotheintegration conv.

If pzlz.[d— =lim [ =liminb = oo, so theintegration div.
1

b—
1 X
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Corollary : If o< f(x)<cx® for dl sufficiently large x where P>1 ,then for a>0,

jf(x)dx conv. . If f(x)>cx* (c>0) for al sufficiently large x , then jf(x)dx
dlverg&ee

Example 2:
Determine whether the integral conv. or div.

T2x + 14
[2X 1 o
y X° +1

Solution: sz +14, _izx +14, +sz +14

Sy
3 3 e
o X°+1 L%

214 behaves like 22 42
X X

f(x)=
() x3+1

Let g(x):iz: d—xz conv.
X 1 X

,, 3 a 2
_ m2(+1‘f/_ __:”mZ—X :"1)( =2, so by the limit comparison test,
LCHI[PXS o2 X +1

the integaation Tf (x)dx conv., so
1

sz +14OIX :j2x3+14dx +]° 2x +14

o X7 +1

- 1dx conv., because jﬂ'd IS proper integration
1 Xt

which converges and _[Md conv.
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TH: If j|f(x)|dx conv., then jf(x)dx conv.

Pr oof : If fisarea valued functlon
Let f*(x)=max[f(x),0] and f (x)=max][-f(x),0]

Then o< f*(x<|f(x)]| and Osf’(x)§|f(x)|SOTf*(x)dx and Tf‘(x)dxconv.. but

f=f*—f" sojf(x)dxconv.

If £ iscomplex valued function =|Ref (x)[<|f (x)| and [Imf (x)&|f )| Sothe

convergence of Tlf(x)|dx Implies the conv. of T|Ref(x).dx Wwd J1|Imf(x)|dx ,

and hence the conv. of thereal and imaginary parts of ? f (x)dx

a

Def: Theintegral Tf(x)dx Is called abs.convexgerit if T| f (X dx conv

Example: | SNX 4 i conv. but not 0. denv.
X

1

Solution : jﬂdx_nm SN X

b—w
1 X Y L

By integrating by parts I u=; dv=sin xdx

J' COSX dx

2

~lim
b <

b—w

COSX|<— conv. and lim=">"% = 0+ cost

X
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jﬂdx — 0+ cosl— j—dx conv.., to show j|—|dx div., by ex(8)

Jaconstant positive numberc >0, >— sl Sinx | for x € (n7z,(n+1)7) and for al n>1. Let mz>nz>1, then
X X

(n+)z -
J'|S'n_x|d —J.lﬂld n j |ﬂ|dx>
1 nx (m-1)=
(n+1)7r1
cj—dx+c _[ —dx + +C _[ —dx C —dx
(m 1)71'X
mm

= lim |ﬂ|dx >clim j —dx = limInmz = c. So the integration diverges:
X

m—o X m-—o m-—o
1

Tosinx . TSinx .

j | — | dx d|v.:_[—dx is conv. but not abs.conv.
X X

1

Improper Integral Typell
If f isdefined on (a,b] and integrable over[eral, tOr, every-C>a the improper integral

jf (x )dx _Ilmj'f (X )dx

If the limit exist then the improperiiegsa conws and if the limit deos not exist the
improper integral div.

b
TH: suppose that 0< f(x) %a(x for g« sufficiently closeto a. If jg(x)dx conv. .so

does [ f(dx .t M&ax div. 0 does [g(x)dx

1
(x-a)°

j(x a) Pdx _||mj(x —a)® =lim

c»a” 11— p

Exampia.Jet f(x) =

(x —a)*P pe (1-p)‘(b-a)® if p<1 sotheintegration conv.
¢ | if p>1, sotheintegration div.

b
Forp=1 j(x ~a)dx =limlog(x —a)f -« as ¢ —»a*, SO the integration div.
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Corollary : If o< f(x)<C(x—a)® for al x near a,where p<1, then jlf(x)dx conv. .If

f(x)>C(x—a)™* (C>0) for al x near a, then Tf(x)dx divergese.

1
Example : Show that J.x’z sin3xdx divergese.
0

Solution : 1im3N¥ _3, gp SN _1N3X_ 2 ¢or 4] x near 0
x>0 X X X X X

1 1
jx’zsin3xdx > j2x’1dx =2limInx f[— oo

c—0"
0 0
So the integration diverges.
1
Example : Show jx'o-Ssin(x‘l)dx that is abs. conv.
0

; -1
sin(x )|S 1
X0.5 XO.5

Solution : |

X %dx = lim2x°°f=2 conv.

c—0"

|sin(x™)|

X0.5

dx conv.

1
So, j x % sin(x Y)dx cenv. avesiutely
0

Other Typegof Iriproper integrals:
Various gtgr mings of improper integrals can be built up out of those of types| and
1.

For exampie: Tf(x)dx =Tf(x)dx +Tf(x)dx :

If both integrals on the right conv. Then the original integral Tf(x)dx conv.

Otherwiseit div.
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Example:
_[ o lim tan™ x|b+I|mtan X|g=0- (——)+E—o T

b——o0

Another way: the function in the integration above is even function so,

Todx 0 odx
j =2lim =2limtan*x P=7
J14x? bowslex? bow

Example: Tx'pdx isdivergent for every p

Solution : Txpdx:Jl.xpdx+ Tx’pdx
0 0 1

For p<1, [x™dx conv. but Tx’pdx div.
For p>1 [xdx div. but Tx"’dx conv.
For p=1 ,both [x ax and [x cx div.

So in all cases above Tx"’dx div.

0

Example: j — determins wiiether thieintegral conv. or div.

O

1dx 2 X

‘([X05+X' O X0 FR A 4 X

Solution :
conv.

1
conv., because Ix’°'5dx conv.

- j conv ., because j x dx Conv.
X2 4 x b

| mproper integration where j f (x)dx where f isunbounded near one or more

interior points of [a,b].
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-1

Example: Consider | :j(x3 —8x2)_5 dx | T(x3 —8x?) ® dx.

f(0=(x°—8x?)? isnot defined at 0 and at x = 8.

| = j f(x)dx+]3' f (X) dx+f f (x)dx, where (0<c<8).

-1 -2 -1 -2
f(X)]=|x®-8x?[3=x3 x—83§1x3forxnear0.
2
-1 -2

-1
If (x) = (x®-8x?)3 |Hx |3|x —8|§%|x -8]@ for x near 8.

c -2 1 1
and J.Ex Sdx = a3 |g=§c3 conv.
)2 2 2

t1 = 13 2 3 2 ° =
I—|x—8|3dx:——(x -8)3f=—->(c-8)° conv. And [=|x-8|° dx =
4 42 8 4

c 8

13 2o 3
~.=(x -8 == conv.
1 ,* 87 k=g

9 9
So,j|f (x)|dx CONV. SO, J'f(x)dx conv. abs.

8 8

f sl
On theother hand f(x)>0 for x>8 and —(_)9=(1—8x )3 51 as Xx— w
X

0 -1 o0
So, j(x3—8x2)?dx div. by limit cgmbaiéon tex. If g(x):%:jxidx div.
9 9

S0 Tf (x )dx =Tf (x )dx +Tf £)dx, ang

Exampie: J‘ldx Improper Integral does not exist
X

-1

1 0 1
1 1 1 . : . . . .
[=dx =[x+ [=dx =limIn|x |F, +limIn|x [E=limlog|c |- lim loga = —o0 + oo indeterminate value,
X X o X c—0 a—0" c—>0" a—0"

in this case the improper integral does not exists.

(if a=c :>Iog|c|—|og|a|=|og%:0).
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Since f(x) =% isodd function, then the Cauchy principal value of Jl';ldx p.V.

I%dx=0.

-1

Def: Suppose a< c<bandsuppose f isintegrable on [a,c-¢] and on [c+¢,b] for

all ¢>0. The Cauchy principal vaue of theintegral T f(x)dx IS

a

p.V. Tf (x)dx =Li£1;1[cj'£f (x)dx + T f (x)dx].

b
Provided that the limit exists of courseif j f (x)dx conv. @énaiits Cauchy principles

valueisitsordinary value, (i,ep.v. Tf (x )dx =Tf (x)6x.

Proposmon Suppose a<0 <b.If ¢ isgdn: on[abland differentiable at O then
p.v. j X p(x)dx exists.

Proof'Let¢ 1

p.v. j dx_llm['[—++£d?_llmlog, X |° +I05|x||_log%
For generalcase W2 WITEWTX) = 4O [¢(X) — ¢(0)]
obtaining p.v . [ X)dx $(0) pv“‘x IM

a a

Thefirst quartity g theright exists and the second one is a proper integral
If &X‘@)-zmm, then

[#(0)dx = (O)b —a) exists
= pVv. jl&):()dx exigts.
** The pu. Tf(x)dx: Iingj f (x) dX.

Example: j

+x)
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Asimproper integral, j

—j ax + [
+x) (1+x ) 1 (L+x7)

(x)— behavesllke 1 , S0 if g(x):;, then by limit comparison test,

Ex. 1,2,3,4,510,11
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CH5 5.4 Vector derivatives
Let v denote the n-tuples partial diff. operator o, :%

j

If Fisa C* vector valued function on an open subset of R", then the divergence of F

Is the function defined by
divF =V.F =0,F + 0,F +......... +0,F
V.F =(8,,0, d.).(F,,F, F.)=0,F +0,F +
Letn=3. If FisaC* vector valued function on an opengubsesof R* , thecurl of F
IS the vector defined
i ]k
Curl f=VxF=9, 8, 05 |=(8,F;—08,F,)i—(0,F,—0dsF ) +(@,F,-a,F)k
I:l I:2 F3

Properties: 1) grad(fg)= f grad(g) + g grad (1%
V(fg)=f Vg + gVf
Where f,g are scdar real valued functions

2) If F,G are vector valued furctiorthen
grad(F.G) = (F.V)G+ F x (cyf1 G) + (CW)F +G x(curl F)
=(FV)G+F x(VXG)+LEV)FR*Gx (VX F)

3) If f isascaar r'ea valued fuiiction and G isavector vaued function ,then
Curl (fG) = f QlrIG +Yigrad f)xG.
VxR =5(VxG)+(V)xG.

4) If F,G ae vector valued functions ,then
Curl (F x G) = (GV)F + (divG)F — (F.V)G - (divF)G
V x(F xG)=(GV)F + (V.G)F — (FV)G - (V.F)G

5) If f isareal function, then
div(fG) = f divG + (gradf).G
V.(fG) = f (V.G) + (V) .G
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6) If F,G are vector valued functions, then
div(F x G) =G.(Curl F) — F.(curl G)
V.(FxG)=G.(VxF)-F.(VxG)

Notel): FV=Fo, = oy
j=1 OX

1

And (FV)G= F1§+ F, %6,
oX, 0X,

Note 2) : Properties 1, 5arevaidin rR" for any n, and pigpeties 2, 3, 4, 6 which
involve cross products and Curlsarevalid in r®

Proof of property 1) : V(fg) = f Vg + gVf

ofg 0 fg

Proof: v(fg)=( o o,

of

ag
V(fg)=(f =2 +g2—, 12
(fg) =( ox, gaxl

v(fg)=(f 2—9, £ 29

1

49 a
v(fg)= &2 429
ol 0x,

V(fehi=f Vig+gVvf

Proof onoroperty 6) . V.(F xG)=G.(Vx F)-F.(VxG)
Proof : F,0e=R®
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o0 2 9

8X1 , 8X2 ’ 8)(3)-(F2Gs_ Fsezi F3Gl - F1631 Fle - F2G1)

Left Sde= v.(F xG)=(

_ 8(F2C53— Fse‘z) T 8(F3G1—F1G3) T a(FleZ — FZGl)
OX, OX, OX g
oF 0G, OF 0G, OF 0G, OF
=—2G,+F,—2-—32G,-F,—2+—2G +F,—-—1G
oX, oX,  0X oX, 0%, OX,  OX,
oF 0G, OF 0G
+—1G,+F —%2-—2 L
OX, OX;  OXg

=G.Curl F — F(CurlG)

Gl_FZ

. . . . 0 0 . 0 O\%.. 0 0
Right side= G,i +G,| +G.k).J(—F,—F)i +(—F ——1.)j +(—F -——F)k
g ( 1 2] 3 )[(8X2 3 3X3 2) (5X3 1 5X1 3)] (axl 2 axz 1) ]

R o o ... , 0 N , 0 3
—(Fi +F,j +FK)[(-G,———G,)i +(——G, ~—G N +(—G,;O—
(Fi +Foj + RIS, -85 BT +(5 8y -GN +(5 G 5 -

) Cashall = ) el sl 0@ L Aas o Call aay

Gk]

If fec?isascdarrea vaued functiorin™R® , @&’ F is vector valued function on
R® then

Curl (grad f ) =V x{\V =

0% 7-f 0% o . o°f azf)

+(

( )i =(

OX ,0X 4 _-axﬁxz OX ,0X 4 - OX ,0X O0X 0%, - O0X ,0X

because the mixed partial derivatives are equal (f <C?) aso,
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i j
div (Curl F)=V.(VxF)= (—| +ij +ik) 9 9
O0X;  0OX, oX, O 0X4

FRR Fs

8F2] 8[8F 8F] 8[8F 8F2]:0

OX3~ OX, OX5 OX;  OXy OX; OX,

grad Curl div
Scalar function — vector function —vector function — scalar function®.

If f isascalar rea valued function on R", then The Laplatian&f f isdenoted by
VZifor Af

VZ?f =div(grad f)=V.(V f)

R

OX; 0OX,

0%t o%f

The Laplacian for avectgf tunctign F whete F eR®

V?F = grad (divF) — &1 (Curl )
—V(V.F) - VY )
=V?F,i 4V P AW °F .k
oF,

Proof : grag=div .'):J(V.F):V(iJr_ )
X, OX, OX,4

_O'R | 0K, 82F3)i+(82F1 0°F, 82F3)j+(82F1 0°F, O0°F

=+ + +— + +—)k
OX;  OX.0X, OX,0X, OX0X,  OX;  OX,0%g OX0Xy  OX,0Xy  OX3

Curl (Curl F) = 2
OX

oF, oF,

OX, OX,
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Of i avenill aay

V?F =V(V.F) -V x(Vx F)=V?°Fji +V°F,j + V’FK.

Ex.1,23,.....9

CH6 infinite series
6.1 Definitions and examples

(infinite series)

Se =8y S, = By + Ay 5 cerereeerineiny S, =8y +a +. . a,, ae called partia sums
Theseqg. { s,} iscalled aseq. of partial sStms

The series Z a, conv. if g s’ { s.nOf partial sums conv.
n=0

If limS, =s=> a, =6

n—co
n=0

TH: @ Iftheserieszan ard fb,, areconv. withsumsSand T , then

i(an+bn) SO with sums S+T

n=0

b) If the Sglies ian IS convergent , with sum S, then for any c eR the series

o0

Y'ca, is conv.withsum cS.

n=0

¢) If the seriesY a, is conv. then lima, =0 equivalenty , if lima, =0 , then the

n=0

series ian divergent .

n=0




Advanced Calculus

Proof: let{s,} and{t, } betheseqg. of partial sums of the series ian and

ibm resp. if I'ggsq( =S and!(ijgtk =T then LILQS( +t, =S+T and limes, =cs
n=0 —0
—aandbare follows

From c) weobservethat a,=s, -S,_, .If theseriesconvergestothesumsS it
followsthat lima, =lims, —lims,_,=S-S=0

n—oo

Geometric series iax”:a+ ax+ax® + iscalled G.Swith {itst term a, and

n=0

x 1S the base or the ratio of the series.
Thek-th partial sums of i ax"

(1- XS, =a-ax“"=a@-x“")

~ a(l- Xk+1)
RN

If |x|<1 then imx* =0

Xx=1

lims =—2 it follows that the$eriesess” ax™~donv.to -2
L
k—0 1-x =0 1-x

If |x|>1, the series div.

TH : The geomefhicderies S a»™ conv. iff |x|<1inwhich caseits sumis -2

n=0 1-x
Taylor seri€s: If 11eCc” on (-C,C)
f (x)=fQ)+4 (0)Xx +ﬂ+
If R (X) >0%Us k-, [X|<C.
The Taylor seriesof f(x) ax=0is
f(x) = = f"(0) x"
n=0 n!
R, (X) » 0 as k — « follows from the estimate for the taylor remainder
|X |k+1

IR (x) Iéﬁjlglf ) I—(k D
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TH : Let f be afunction of class c* on theinterval (-c,c) ,where 0<c<w

a) If there exist constants a,b>0 such that | f *(x) < ab*k! for al |x|< cand k>0 ,then

f(x)= ZL

)X holds f in(c, =
nl olastor | x| mln(c,E)

b) If there exist constants A ,B >0 such that | f *(x) < AB* for &', |x|< c and k>0,then

r (O)X holds for [x|< ¢

f()Z

k+1gy,. N ) +1
Proof :a) If |f*(x)[<ab*ki=|R, (x) |2 \ik+:'\ulx' <al [
For x| <c, If |x|<b™=|xb|<1=|xb*"*—£0 J&S k =

=1limR, (x)=0
)= zf (O)x

ABY"
b) ——>O as k%S0 ,for anypositive A ,B and b ,the seq. — 0 as k >

Let abethe rrgest term of the set
EVyk
— ABX =} —Tj—]b"k!g ab*k!

So the estimiate | f “(x) < AB* , for agiven A and B implies the estimate | f *(x) < ab*k!
for every b > 0 (with adepending on b). Hence (b) follows from (a).

Example 1: f(x)=cosx
f¥(X)=+cosx  or +sinx
te(0,x) SO | f*(x) <1 foral x
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f k+lt X2k+1 X2k+1
ﬁjl Rox X Rox (x)—>0

Row (X) = (2k +1)!

0 n.,2n
And cosx conv. toitstaylor series cosx=2%
n=0 .
. . ) B 0 (_1)nx2n+l
Similarly for smx_;—@ml)!

Example 2: f(x)=e*

f¥(x)=e* forall k
for |x|<c=| f*(x)|<e°
_f k+1(t)xk+l< ecxk+l

R (X) =
(k +1! (k +1!

=R (X)>0a k >o

e :ZX— for |[x|<c but cis arbitrary forea!l
no Nl

Ex. 1,2,3

EX :1d) Find thevalues of x fori@hiZh each ef the following series converges and
compute its sum

logx+ (logx)® + (logx)® +

Solution : |logx|<€= #A<logx<1lse ' < x<e*

2) Tell whetitar each of the following series convergesif it does, Find its sum

a) 1.3 .38 Y =22 1
4 8 6 32 = 22"

a, = 22;1—>%¢0 so the series div.

C) (V2-1)+(W3-+2)+(/4-+3)

S, =Jn+1-V1>» sotheseriesdiv.
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3) Let f(x)=log@+x) show that the Taylor Lagrange remainder R,,(x) tendsto zero

(_1) n+1 Xn

as k—w for -1<x<1, and conclude that log(1+ x):i for —1<x<1

n=1

Solution : we use the lagrange Remainder formulafor R, (x)
f k+l(C) Xk+1

Row (X) = (K +1)!

c €(0,x) when —0.5<x <1

£(x) = log(L+ X). f'(x):rlx £(0)=1

F () =—(x+1) 2= f'(0)=-1
f (X)=2x +)° = "(0) = 2

f@x)=(-1*3(x +1)* =f ¥ (©0)=6
f D (x) = (=D "nIx +1)" "D = f ®D(c) = (D) Kk I(c + B+

kl k+1 ] )
IR, (X) < Ikxll 22«1 for —03& x%as| X
c+D)"(k+1)! c+1 (ol

|Rox () |—0

for —1<x<-05 we use the fornula

hk+l 1

o J'(l—t)kf D) ()it

Letu=th , o<t<3

Ro,k (h) =

1 h
J'(l—t)kf o faydt = (1)<t <k+1>(u)d—“
) . h h
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By the mean value theorem of integration 3 anumber
(DK U+ _(h —u) =Dk !u +n
h h*

u e(u,O)aj(l—%)kf ‘“”(u)%l:h.(l—%)

XX =x ) (x +)T
Xk

e Ix X =x

=x[|x=x||x +1 .
|X |1 [ | X +1F7

|Rox (X) <

'k ! 1
X1[X—=X X=X X=X
CIXUX=XE XX XX

<7 — , Ix =
[x +1||x +1] [x +1] |X +X |

k
IR, 0) 1< XX o (x,0) ) x e (x,0) X <X’ =X 41X 15| |<|—2A
‘ |x +1] X +1 $1+%

k +1 k +1

Xt _Ix]

. < —>0as k > .
[x +1] [1+x]

|Rox (X) <

6.2 Serieswith Non negative terms
Theintegral test

Kk
If a,=f(n) where f isafunctionfolfar&d vagigole, asum > a, can be compared to
j

an integra f f (X)dx

Theorem : Supposg f isapositivedecreasing function on the half —line [a,«),
Then for any inteGr94, k with a7 <k,
ki f(n)zjk‘ f(x)dx> i f(n)

Proof: &ince f Isdecreasing, for n<x<n+1 wehave f(n)> f(x)> f(n+1)
n+l n+l n+l

And hence v (n) = jf (n)dx zjf (x )dx zj f (n+2dx =f (n+1) adding up these

inequalities from

k-1 K k
n=jton=k-1 weobtainthe asserted f(n)zj f(x)dx= 3 f(n)
j

n=j n=j+1
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j+1

f(j)= If(x)dx >f (j +1)

f(j +1)2Tf x)dx >f (j +2)
f(j +2)2i.|t3f (x)dx >f (j +3)

j+2

kif (n)zif (x)dx > i f (n).

n=j+1

K+1 k+1

= > f(n)< jf(x)dxs k f (n).

Corollary : ( Theintegraitses ) Supose f isapositive decreasing function on the

half -line[1,«) ,Than e series i (n) convergesif and only if the improper integral

0

j f (x)dx convexges

1

Proof : Let s, :Zk:f (n). If Tf(x)dx<oo we have

S, = f(1)+if(n)s f(1)+j'f(x)dxs f(1)+]of(x)dx.

So the partial sums are bounded above and hence the series converges. On the other

hand if Tf(x)dx:oo we have s, :kif(n)+ f(k)zj.f(x)dx+ f(k)>was k—ow

1

So the series div.
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Theorem : The series in-" convergesif p>1anddiv.if p<i

n=1
1—p _1\1 H
Ix Pax = lim>— _J(P-1) _lf p>1
kool —p 0 if p<1

And _[x’ldx:ll(imlogx|'l‘=oo
1

General Comparasion tests

Theorem : Suppose 0<a, <b, for n>0
If > b, conv.,then so does > a,
n=0 =

|f ian div. ,then so does ibn
n=0 n=0

Kk k ©
Proof: Let s, =>'a, and t, =Y b, thuso<gs<t] foral,K.If > b, conv. Thenthe
n=0 n=0

segq{ t,} isbounded set , hence so th@f'sp. 7S, } = e seq . { éﬁ(} conv..
By monotone seq. theorem this prgvestbis firsi\assertion , to which the second oneis
logically equivalence .

Example: ThesenesZ- — /div.

n=1 I

1 00
Because - >—\fof n>1 besalse 321
2n—-1_=209 27N

Th.( Thediit *rvnparison test) : suppose{ a,} and{ b, } areseqof positive

numbers &4d that 2 b approaches a positive, finite limit as n— « , then the series

n

o0

d > b, areeither both convergent or both divergent .

n=0

Proof: If %—n as n—wo ,where o<l <w ,Weha\/e%|<%<2l when n islarge.

n n

That is a, <2Ib, and b, <(3()a,
The result therefore follows from previous Th. and the remark sfollowing it .

85
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Example 2) i (n* —6n+10)"

1

&, =—5———=
n“-6n+10

n

behave like iz
n

1
bn:_z

=1 . a
:Z—z conv. and lim—=1
n = n

n—o bn

The series ian conv. by limit comparison test.
n=1
Extension of previoustheorem :
If %—wasn—)oothen a, <b, forlargen, sothe cénviergence of >'b, will imply

n n=0

the conv. of ian ,adsoif %—)ooasn—mothen a. >b foraargen, sothe

n=0 n

-0

divergence of Sa, will imply the div. 8¢ S,

Th: ( Theratio test) Suppose { a}\i's a sequence of positive numbers

a) If %« forNdl| sufficiently largen, wherer < 1 then the series

n
o0
an +1

> argornerges. On the other hand | if

n=. n

>1 ,for al sufficiently large n, then

the sdsi esi a, diverges

n=0

b) Suppose that | =1lim 2 exists . Then the series ian convergesif | <1 and

N—o0 an -0

divergesif 1>1, No conclusion can bedrawn if 1=1
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Proof: Suppose %<r<1forall n>N , Then

n

Ay, <Tay ,8y,, <MAy,, <r’ay ,ay.;<lay,<r’a,,<r’a, .

SO a

N+m

<r™a, for al m>0 ,The series ian therefore converges by comparison to
n=0

the Geometric series i r
n=0

0
n=0

On the other hand , if %21 then a,,, >a, if thisis, So fogal g N then lima, #0 .

n

So ian can not converges, Thisprove (a) .

b) If 1<1,chooser withi1<r<1, if 1=lim2mN, then €} for largen, so

7

=" o ad

A 1
anu

1 forlargen, so > a, div.

N n=0

ian converges by part (a) If 1>1 , ther

Finally , if wetake a, =n*, wekrigw fnat iﬂn convergesif p>1 and divergesif

n=U

15l nopnattersithat pis
n+1

Hencethetest isiptonclusiveif 1«2 .

p<i butﬂ=[
a

n

TH : (Thergot text) Suppose{ a, } isaseq. of positive numbers
a) If 4(:” <raor dl sufficiently largen, where r <1, then the series

iam converges . On the other hand if an% >1 for all sufficiently largen, then

n=0

the series ian diverges.

n=0

b) Suppose that |=Lirgan% exists. Then the series ian conv. if | <1 and diverges

n=0

if 1>1.Noconcluson can bedrawnif 1 =1
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Proof : If an% <r ,wehave a, <r" , So we have an immediate comp to G.S

i r™ that given the convergence of ian where r<l.
— n=0

If a;">1,then a,>1 S0, lima, <0 and 3'a, div. (Thisprove (a))
Part(b) follows asin the proof of theratio test
If ar%—>l<1 ,let re() Soforlargen, an% <r<1  so ian cony.

If a» >1>1, then an% >1 for largen and ian div.

n=0
. v P .
Finaly . for a,=n" wehave a,"=n" —1foranv)) asn-w», sothetestisin
conclusive when | =1

Ex7): i% Determine whether the serieseepnv, or div:

. a n+1)! 10" . n+1
| =lim—L = | m( ). =lim =00 >
n—>o an naoo 10“*1 n! n—x 10

So the series div. by ratio test ,

Ex.12) le o

By root st

B v 1 .
U ree LTS e L
n

So the series conv. by root test.

TH : (Raabe'sTest ) Let{a,} be aseg. of positive numbers suppose that

and n[l- n+l]—>L as n— oo
a

n
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If 1 >1, then the series ian conv. and if 1 <1, then the series ian diverges

n=0 n=0

(If L=1, no Conclusion can be drawn)

Proof : If 1>1, chooseanumber p with 1<p<L ,thenwhen nislarge, we have

n[l—h]> p,thatis Goa g P
a a n

n n

(n+1)p=[1+%]"’=1—ﬁp+E . where 0<En<M-----(1)

Since, 2
2n

nP "

a

n+1 n

Then E<1_£<w r a .
a, n n-" (n+)® n°P

Thusthe seq. { %} Isdec. , soit isbounded above by acorigtant C . In other words,

a,<Cn’®,SoSince p>1, ian converges by comparison to in*"
n=0

n=0

On the other hand , if | <1, choose numbers p'aad q with L&g<p<l.

Then, when nislarge, we have n[1- 21y falthat is e TN
A 3 n

If dlso n> PP+
2(p-q)

pP—q S IO(IOJZrl)>E _
n 2n

Thus "9 " . r; Sothe seq. {557 is dec.
dn

n+1 n

Asbefore, tisgiyes’n P <ca, andp <1 inthiscase, so ian diverges by

n=0

comparizonso > n® .
n=0

2 13...(20-1)
Ex17) 2ye (2n+2)

n=1
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& i 1.3, (2n-1).(2n+1) 4.6................. (2n+2)

Solution - n— N0 4.6...cccceenn.n.. (2n+2).(2n+4) 13....ccennne (2n-1)
. 2n+1

=lim =
n—>e 2n + 4

1

>1

and n[1—ﬂ]:n[1— 2n+1]=n[2n+4—2n—211= n[3] _)g
a, 2n+4 2n+4 2n+4 2

By raabe’ stest , the S. conv.

Ex.19) Suppose a, >0 Show that if ian conv. ,then so does ia,? wrany p>1
Let b, =aP |

. b, . al .
lim—=lim—=lima’* -0

n—oo an n—oo an n—o0

So by limit comp. test The S .conv.

6.3 Absolute and Conditional convergence

Def: A series iam iscalled abs. conv. if the series i|an | conv.

Theorem : Every absolutely convergent seriesis convergent .

k

Proof: Let s, =>a, ,and s, :i|an | ,Theseq.{ s} isconv. and hence Cauchy.

n=0

90
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Sogiven ¢ >0 , thereexist an integer K such that |a,,, |+

whenever k > j>K.

But then

Is.—s;|=la., + +|a, [<e whenever k> j>K
Sotheseq. { s, } iscuachy seg., so conv. and hence the series ian Isconv.

n=0

Remark : The converse of the above theorem is false

Def: A seriesthat conv. but does not conv. absolutely is said tojbexcorwergent
conditionally

Example: i (_1:] -

This seriesis conditionally conv. because f i ar,

Example: Let
f (x)=log(l+x), for n>0,f ™ (x) =(-)"(n D+ X)" and
f O (x) = (=)™ nI+x) "7, sof M (@Fe(-(n —Likard the Taylor series of
f (x) isgiven by,
© _ n-1 _ |
log(1+ X) :ZLlnl)":' +R, (X}, Where
—~ n
1 () k! 1

sup — |= 4 0%as k >0 for -1<t<1, S0
(kK +D)! o=t @QA+45 T 14k

log(L+ )= T N
n=1 n

092 =% G 1

n=1

IR (x) <

It follows that i Hr)] i conv. tolog (2)

Ex. 33" show the series conv absolutely

2
n=1 n

innt 1 w1 <
Sol: |2 < = and the series > — conv., s0 >
n = N n=1

sin nt
n 2

abs. conv.
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Let ai =max(a,,0), a; =min(-a,,0)
Thatis a' =a, if a, ispositive, and a’ =0 otherwise and a; =|a, | if a, iSnegative
and a; =0 otherwise, the nonzero a’'’s are the positive terms of ian and the non

n=0

zero a, arethe absolute values of the negativeterms. So a) —a; =a, and a; +a, =|a, |

TH:If ian isabs. conv. , the series iag and ia; are both conva, If ian is

n=0 n=0

conditionally conv. then the series ia; and ia; are both divergert

n=0 n=0

Proof: The theorem follows from the followeing three factss
1) The conv. of i|an|:> The conv. of ian* and ia;

2) Thediv. of i|an|:> Thediv. of at leastQneof > a; -and ia;
3) If ian conv. conditionally it can,notib&ppen that,sne of iag and iag
conv. while the other one div.

Proof : 1) Since 0<a; <|a, | and G#a K|a, |

|f i|an | Conv.= both f‘d; and iag conv.
n=0 n= n=0

Proof : 2)since al\-af =|a, | if iiaﬂ div. = at least one of iag and ia; div.
n=0 n=0

n=0

K k.,
Proof ; Rrnat S -'-Zan : S :Zan be the kth partial sums = s; -S, =S, .
n=1

n=1

Suppose trigt iag = While ia; =S<w , then for any C>0 for large k we have
n=1 n=1
S, >C+sSwhiles, <s ,s0that S, >C+s-s=C=S, 5>
So Ya, div.
n=0

Rearrangement of ian i
n=0
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then if we forming a new series by writing the termsin
adifferent order such as a,,a,,a,,a,,a;, a,,a,,a,,a;, thisis called a rearrangement of
In;lO generd if o isany oneto one mapping from the set of nonnegative integers onto
it self , we can form the series iaa(n) , which we call arearrangemer,of ian :
"0

n=0

TH: If ian isabs. conv. with sum S, then every rearrangement ? dyn ISalsoabs.
n=0

n=U

conv. withsum S.

TH : Suppose ian is conditionally conv. Given anyteal numbers S, thereis

arearrangement iag(n) that conv.t0 S.
n=0

Ex. 1,2,3,4

Ex 3) Consider the rearrangement of the series iﬂ obtained by taking two

n=1
positive terms, one negative term ,two positive terms, one negative term and so
forth
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Show that the sum of this seriesis glog(Z)
(Hint: Deduce from Example 2 that 0+%+0—%+0+

Solution : (0+1+o_1+0+1+
2 4 6

Since log(2)=1-++1-1,1 1

2 3456
1Iog(2):0+1+0—1+0+l+0—£+i—
2 2 4 6 8 10

1
+ ——
7

1 111 11
log(2) +=log(2)=1-—+=-=+=—-—=+
9(2)+109(9) PR

2 3

=+
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6.4 Moreconvergence Tests

TH:a If |a,|<Cn™* for some C,s>0 , then iam conv. abs.

n=0

If |a,|>Cn* for some Cc >0, then ian either converges conditionaly or div .
n=0

b) ( Theratio test) if |%|ﬁ| as n—w then S'a, convergesabs. if | 41 and div. if

n

| >1

c) (Theroot test) If |a, |"—>I as n—w, then ian convgabs.if | <1 and div. if 1>1

n=0

Example: i(—Z)“

n+l
|% |:|% |F2>1=The Series.div.

Example: i';‘—”

2
n=1

Inn<n® for e >0 andlarge

. Inn 1 .
lim—-/—=lim
n—o N E n—ow

n

Since Z—; sOf, sb,by limit comp. test "1 cony.
n=1 n’2 o N

1

TH : ( Thg’alternating seriestest )
Supposethe seq { a,} isdecreasing and lima, =0 , then the series i(—l)”an IS

n—o
n=0

convergent . Moreover , If s, and S denote the kth partial sum and the full sum of
the series, wehave s >s forkeven, s <s forkodd and |S, -Ska,,, for al k
The summery of thetest :

1) lima, =0 2) a,>a, for n>N 3) a >0 foraln>N

n+1

Proof: Since a, >a,,, vall k, we have
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SZm+l = S2m—1 + 0~ 2 S2m—1 because (aZm i 2 0) ’
SZm+2 = SZm —ma T, < S2m because(_a2m+1 + &m0 < 0)

Thustheseq. { s, ,} of odd numbered partia sumsisincreasing and the seqg. { s,,.}
of even numbered partial sumsis decreasing . This monotonicity implies that

S, i=S,m = n,1<S,,,<S, because(-a,,,<0 and {S,,} is decreasing seq.
Alsos, =S, ,+a, >S, ,>S,, because (a,, >0).

So,{s, .} and{s, } arebounded above and below resp. . 3a by the monotone seq.
theorem these seq. both conv. and since Sy, —Snd=m —>0=

> (-1"a, conv.
n=0

The even — numbered partial sums decrecae toine full sSum S, while the odd-
numbered onesincrease. SO S<S,,, @d"$>S,, , (ordl m. In particular ,

0<S- SZm—l < SZm - SZm—l =y

And 0<S, -S<S, -S, .. =aal , &5 —Siga,, wherek iseven or odd

Remark : {a } iscalledigonofoneseq.” If a,>a,, vn>Nor a ,<a,, Vn>N

n+1 n+1

Example: f( a0 -1 conv by alternating seriestest .

Because 2y Wi (o7 — 1) - 0

2) (e% —1)2(e%+1 -1 for n>1

3) (e% ~-1)>0 forall n>1

The conv. is conditionally , because
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. ~1+ 1 forlargen
n 2n n

e —1=%+ R(i) for Iarge n

- div. and (1) conv . by comp. test

o0

Z(J -1) div.

But Z(—l)”(e% ~1) conv. conditionally by alternating seriesiest.

Interval of conv. for power series:

> C,(x-2a)" weusetheratio or fth roeitest
n=

. .a . .C
| =lim| L = fim| =2 [ x— a]<1
n—o an nwo  C

n

)"(x=3)"
Example: ZW

ANl n+l ) 2n+3
| =|im|a”+1 |:Iir‘i,(_*—' x=-3)"/(n%2)2 I:n+1|x—3|_>|x—3| 2SN s o,
el og ¢ pbe (W D)WX —3)" /(n+1) 22 (n+2) 4 4

1§ 1x=3l
4

<1 | A< 4, then theseriesconv. abs. If |x-3|>4, then the seriesdiv.

—4<x—-3<9=> -1<x<7
At end points
z( VEY s 1 gy,

d(n+Dn2" 24 n+1
(-D"(4)" -D"
= conv.
Z(n+1)22n+1 Zn+1
— -1<x< 7 theinterva of conv. and radius of conv. is R=4

Ex6.41,23,.....,14, 16-18.
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EX 6.4 ) Determine the values of x at which the series converges absolutely or
conditionally .

1) i(x+2)n

~ n*+1
By ratio test
(x+2)™ n®+1 n®+1

| =lim]| n+1| lim |=|x+ 2| lim———=—
el g e (N41)2 410 (X+2)" e (n+1)° +1

—1<x+2<1=-3<x<-1

x——3:>2( D" conv. abs.
non +1

=|x+2k1

x=-1= Z n2 — conv. abs.
n=0

— -3<x< -1 conv. abs.

2n

I

..(2n+17)

2n+2
| =lim]| n+1| lim|
ol e 13.......(2n+3)

— The S. conv. abs. for al x

- (D" (x=4)"
Z 5 (2" = 3)log(n +65)

| = ||m| n+1| I ( 1)I..71(X_4)n+1 (2n _3)|Og(n+3)|
non g (7 T _3)log(n+4) ()" (x—4)"

_lim|x-N 2" -3 .”mlog(n+3) | x — 4| Irn(n+3) |x—4|<1
oo 2.2" —3 m=log(n + 4) 2 e (n+4) 2

| x—4|

<l=|X-4|<2=> -2<X-4<2=2<X<6.

s (D't 3 2"
Al x= 23nZ:;(zn 3)|og((n+3)_§(2“—3)|og((n+3)
n+3 2" log((n+3) (2"-3) log((n+3)
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s 1 div

—n+3
_ N -2"" :
=6= ZO T3 log(n+3 aternating
lim (2)° =
o (2" —3)log((n + 3)
The series conv.
= 2<x <6 conv. absolutely , conditionally at x = 6

=1 x-1
6) ZT(X—H)

By the nth root test
L X=X then the series conv. for [x-4j<jic+1] then,

lim T |

n— x+1 [x+1
(Wnyr b2l

X?2—2X +1<X?+2X +1= 2Xx >0=x >0, sothe seriescomy. abs. for 58,

at x=0, the series >’ (-1)

n=1 \/ﬁ

Lemma : ( Summation by parts¥Gives‘twoxlumerical sequence{ a } and{b } ,
Leta =a,-a, , ,B =b,+b +

k k
Then 2.ab, =aB, > alB, |
n=0 n-g

Proof : we haves, =8, ,and b, =-B,_, + B, for n>1 S0,
+a.b, =B, +a(-B,+B,)+a,(-B,+B,) +
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TH : (Dirichlet Test) Let{ a,} and { b,} be numerical seq. Suppose that the seq. {
a_} isdec. and tendsto zero as n—»« , and that thesums B =b, +b +
bounded in absolute value by a constant C independent of n . Then the series

> ab, converges
n=0

k k
Proof: By previous lemma Zanbn =3B, - Zan B.#1 %0 it'is enough to show
n=0

n=1

that lima, B, exist and that the series ia;] B, conv. Since |B, kC and lima, =0 ,then

n=0

|a,B, [<C|a, |>0 as k— o, sSincetheseq. { a, jNisdec. ,thenwehave a, <0 vn, SO
k k k

12.a,B,al =218, 11B,,KC ) |a,|

n=1 n=1 n=1

=Cl(a-a)+(a,-a)+
=C(a—-a)<Caq VK

So0,> a B, isabs. convgand hance conw:

n=0

3o ianbn conv.
n=0

Lemma: If € isnnt dn integer multiple of 2z , then
303,1,(k+1)9 .sinlke
2 2

sn -0
2

sin < (k+1)0 .sin ~ ko
_ 2 2

énle
2
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k k k
Pr oof: D e" =" cosng+iY sinng
n=1 n=1

Left side=e'? +e'?? +e'*
: ik ik@

0 €0 _ e e e
ei9_1 el%[el%_e 9

=€

1 ,
1 1 sin = k¢
:[COSE(k +1)0 +1i sinz(k +1)0] -

e

an @
2

=right side.

.
K cosl(k+1)9 .8in '; ko
> cosnf = 2 -
- L

2

sin“y(k +1) .sinlke
zSian_— N2 4 2

n=l sn=0
2

Corollary : Supposethat theseqg. { a,} decreasesto zero as k —» « ,then the series

ia“ cosnd conv. for all o except perhaps for integer multiples of 2z , and the series

n=1
> a,sinne conv. forall o .
n=1

Proof : For 9 =27 j , forif b, =cosné or sinng

101
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. |aB;(k+DH.Qn;k9|
1B, H 3 cosne | -
= jsin20)

Slcsc%@l for al n.

k lsn L (k +10 .sntko|
or | sinnd = I 2

= |sn 0|

s|csc%0| for dl n.

S0, { B} isbounded and since{ a,} dec. to zero so by Dirichlet tes

= Y a,cosnf and > a, sinng, conv.
n=1 n=1

k k
If 0=27j=>'sinn@ -0 for al nsince, (sin2rj =0), 96'» sinng isbounded.,

]
n=1 nl

Then > a sinng conv.
n=1

0

> a,cosng perhaps conv. or div. on 6 =2z {s0egause ~ >cosnd unbounded.

n=1 n
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***Thank you ***




