
Advanced Calculus
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1.1 Euclidean space and vectors
Def: 1) The set of all ordered n-tuples of real numbers is called n-dimensional.
Euclidean space and is denoted by nR .we will denote such n-tuples either by
writing out the component or by single boldface letters

1 2( , ,................., )nX x x x

2) The n-tuple whose components are all zero is denoted 0
0 (0,0,0,0,0,0,.........,0)

When n = 2 or 3, we shall often write ),( yx or ),,( zyx unstead of ),( 21 xx or ),,( 321 xxx

but we use X as a single symbol to denote the ordered pair or triple .

3) Addition ).,..........,.........,( 2211 nn yxyxyxYX 

Scalar multiplication 1 2( , ,...................., )ncX cx cx cx

Dot product )....................(. 2211 nn yxyxyxYX 

4) If nRx , then the norm of X is defined to be XXxxxX n ..................|| 22
2

2
1 

1.1 (Cauchy’s Inequality). For any nRba , , |||||.| baba 

Proof: If b = 0 , then both sides are 0 , otherwise Let Rt and consider the function
2222 ||.2||)().(||)( btbatatbatbatbatf 

' 2( ) 0 2 . 2 | |f t a b t b  

f has its minimum value when 0)(' tf

 2' ||2.20)( btbatf so f has the min value at
2||

.

b

ba
t 

And the min. value is
2

2
2

2 ||

).(
||)

||

.
(

b

ba
a

b

ba
f 

On the other hand , 0)( tf , for all t ,so 0
||

).(
||

2

2
2 

b

ba
a

2 2 2( . ) | | | | | . | | | | |a b a b a b a b   

1.2 The Triangle Inequality
For any ||||||,, babaRba n 

Proof : we have 222 ||.2||)).((|| bbaabababa 

By Cauchy inequality , this last sum is at most
222 |)||(|||||||2|| babbaa  , so the result follows by taking square roots

|||||||)||(||| 22 babababa 
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Def : The distance between two points X and Y in 3-space is given by

||)()()( 2
33

2
22

2
11 YXyxyxyx 

We shall take this as definition of distance in n –space for any n.
Distance from X and Y = || YX 

By taking ZYbandYXa  in the triangle inequality we see that

|||||| ZYYXZX  For all , , nx y z R

Def: The angle  between two vectors X and Y is

],0[)
||||

.
(cos 1    where

YX

YX

Def: If 0. YX , then X and Y are said to be orthogonal to each other.

Remark : Let ).......,,.........,( 21 nxxxX 

Let M be the largest of the numbers ||........,|,........||,| 21 nxxx

Then 22
2

2
1

2 ............... nxxxM  because 2M is one of the numbers in the righte and
222

2
2
1 ............... Mnxxx n  because each number on the left is at most 2M

In other words ,
|)|........,|,........||,max(|||)||........,|,........||,max(| 2121 nn xxxnXxxx 

Cross product
Let 3

321321 ),,( Rkajaiaaaaa 
3

321321 ),,( Rkbjbibbbbb 

The cross product is defined by



















321

321

bbb

aaa

kji

ba

Remark : 1) )()()( 22112211 bacbacbacac 

)()()( 22112211 bacbacbcbca 

2) commutitvenotabba 

cbacba  )()( in General

3) ( ) ( ) ( ) 0a b c b c a c a b Jacobi identity        

4) 2222 ).(|||||| bababa 
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If  is the angle between a and b where )0(   , then cos||||. baba 

So,  sin||||||)cos1(|||||| 2222 babaorbaba 

5)  || ba the area of the parallelogram generated by a and b .

6) 0).().(  babbaa

7) ba  is orthogonal to both a and b .

EX. Page (8)

1) Let )0,1,2,2(,)1,1,1,3(  yx compute the norm of x and y and the angle between
them

6

5
)

32

3
(cos)

32.3

9
(cos)

912

0126
(cos)

||||

.
(cos 1111 

 








 

yx

yx

6) Show that |||||||| baba  for every nRba ,

Solution : )1.....(|||||||| bbabbaa 

)2.....(|||||||| abaaabb 

||||||)1( babafrom 

||||||)2( baabfrom 

|||||||| baba  for every nRba ,

7) Suppose that 3,a b R

a) Show that if 00.  baandba , then either a = 0 or b = 0

Solution : If zeroisboraeitherorbandabetweeneitherba
2

0.


 

If 0sin||||||
2

 


 baba contradiction So, a = 0 or b = 0

b) 0).(..  cbacbca

babac

cbacbca

babac







00

0)(

00

c) )()( baabaa  iff a and b are proportional
Let rab 

0)()()()()()(  aararaaaaaarraaabaa
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1.2 Subsets of Euclidean space nR

Def: The set of all points whose distance from a fixed point a is equal to some
number r is called the sphere of radius r about a and the set of points whose
distance from a is less than r is called the (open) ball of radius r about a .
We use the notation ),( arB for the ball of radius r about a.

}|:|{),( raxRxarB n 

In a space 1R of one dimensional a ball is an open interval ,and in dimension 2 , the
words “ disc” and circle used in place of ball and sphere .

A set nRS  is called bounded if it is contained in some ball about the origin, that is,
if there is a constant C such that Cx || for every Sx

Where XXxxxX n ...........|| 22
2

2
1 

Def : Let S be a subset of nR

1) The complement of S is the set of all points in nR that are not in S , we denote
it by cn SbyorSR / , }:{/ SxRxSRS nnc 

2) A point nRx is called an interior point of S if all points sufficiently close to x
(including x itself) are also in S , that is if S contains some ball centered at X.

3) The set of all interior points of S is called the interior of S and is denoted by
intS , }0),(:{int  rsomeforSxrBSxS

4) A point nRx is called a boundary point of S if every ball centered at x
contains both points in S and points in cS (Note that if x is a boundary point of
S , x may belong to either S or cS ). The set of all boundary points of S is called
the boundary of S and is denoted by

}0),(),(:{  reveryforSxrBandSxrBRxS cn 

5) S is called open if it contains none of its boundary points.
6) S is called closed if it contains all of its boundary points.
7) The closure of S is the union of S and all its boundary points . It is denoted by

_

S : SSS 
_

8) Finally, a neighborhood of a point nRx is a set of which x is an interior point.
That is, S is neighborhood of x iff x is an interior point of S.

Remark :
1) The boundary points of S are the same as the boundary points of cS

2) If x is neither an interior point of S nor an interior point of cS , then x must be
a boundary point of S .
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3) Given nRS  and nRx , there are exactly three possibilities: x is an interior
point of S or x is an interior point of cS , or x is a boundary point .

1.3 Proposition : Suppose nRS 

a) openisS every point of S is an interior point .

b) cSclosedisS  is open
Proof : Every point of S is either an interior point or boundary point , thus S is
open  every point of S is an interior point and S is closed  it contains all of S ,
which is the same as )( cS ; this happens when cS contains none of its boundary
points , that is cS is open .

Example 1) : Let S be )0,(B , the ball of radius  about the origin . First given

Sx .Let || xr   , If rxy  || , then by the triangle inequality we have

 |||||| xxyy , So that SxrB ),(

Therefore , every Sx is an interior point of S , so S is open .
Second a similar calculation shows that if || x then cSxrB ),( where  || xr

So every point with || x is an interior point of cS .

On the other hand , if || x ,then Scx for 10  c and cScx for 1c , and

|1|||  cxcx can be as small as we please , so x is a boundary point .In the other

words , the boundary of S is the sphere of radius  about the origin ,and the closure

of S is the closed ball }|:|{ xx

Example 2) : Let S be the ball of radius  about the origin together with the upper

hemisphere ,of its boundary : }0|:|{)0,(  n
n xandxRxBS 

)0,(int BS  , }|:|{  xxS

And }|:|{
_

 xxS

The set S is neither open nor closed .

Example3) : In the real line ( n = 1) , let S be the of all rational numbers ,since every
ball in R -that is every interval contains both rational and irrational numbers , every
point of R is a boundary point of S .The set S is neither open nor closed , its interior
is empty ,and its closure is R .
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1.3 Limits and continuity
Def: A function )(xf of one variable is said to approach a limit RL as x
approach a if and only if for any positive real no.

  |)(|||0,0,0 Lxfaxwhenever

In symbols we write Lxf
ax




)(lim

Example:
1lim

1



x

x

Let 0 , we will find 0 such that whenever

2 2

2 2

2 2 2 2

0 | 1| | 1|

1

1 1

(1 ) (1 )

(1 ) 1 1 (1 ) 1

min.{1 (1 ) , (1 ) 1} {2 , 2 }.

x x

x

x

x

x

 

 

 

 

 

      

     

   

   

   

      

       

Another solution :
Let 0 , let  

We have
|1|

|1|
|1|






x

x
x

If   |1|0 x we obtain 






|1|

|1|
x

x

Example: Show that
x

xf
1

sin)(  has no limit as 0x

Solution : Suppose that
x

xf
1

sin)(  has a limit as 0x , then choose
2

1
 , we can

find a 0 such that  ||0
2

1
|

1
sin| xwheneverL

x

Let n be any integer whose absolute value is so large that bothe points

1 2

1 1
, and x

1 1
(2 ) (2 )

2 2

x

n n 
 

 

belong to the neighborhood  ||0 x , then

1
2

1
sin)

2

1
2sin(

1
sin

1

 n
x
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while 1
2

1
sin)

2

1
2sin(

1
sin

2

 n
x

It follows that
2

1
|1||

1
sin|

1

 LL
x

and
2

1
|1|

2

1
|1||

1
sin|

2

 LLL
x

Then
2

1

2

3

2

1

2

1

2

3

2

1
1

2

1

2

1
|1|  LLLLL

and
2

1

2

1

2

3

2

1
1

2

1

2

1
|1|  LLLL

Contradiction , Thus the assumption that
x

1
sin has a limit at x = 0 leads to a

contradiction , therefore
x

1
sin does not have a limit at x = 0.

Def: )(xf is said to a approach RL as ax  from the right and denoted by

Lxf
ax




)(lim provided that for each   |)(|0,0,0 Lxfax and is said

to approach RL as ax  from left , denoted by Lxf
ax




)(lim provided that for each

  |)(|0,0,0 Lxfxa

Example: Let









1||0

1||1
)(

xfor

xforx
xf

Then 2)(lim
1




xf
x

0)(lim
1




xf
x

)(lim
1

xf
x

 does not exist .

Remark : For a function )(xf , we can define the one sided limits as ax  from right

and left as )(lim)(lim xfxf
ax
axax







and )(lim)(lim xfxf
ax
axax







.

Remark : The ordinary limit as ax  for )(xf is called the two sided limit and

)(lim xf
ax

exists whenever Lxfxf
axax


 

)(lim)(lim

Def of Continuity : A function )(xf is called cont. at x = a provided that
lim ( ) ( ), and we write ( ) .
x a

f x f a f x C


 
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The function )(xf belongs to the class of cont. function or we can write for
0 , 0, | | | ( ) ( ) |x a f x f a           

Def: )(xf is called cont. from right at x = a provided that )()(lim afxf
ax




And )(xf is called cont. from left at x = a provided that )()(lim afxf
ax




If )(xf is cont. at x = a , we say that Cxf )( at x = a .

If )(xf is cont. at each x of the interval (a,b) we say that Cxf )( for

a < x < b or ( ) ( , )f x C a b .

If Cxf )( , a < x < b and )(xf is cont. at a from the right and cont. at b from the left

we say that Cxf )( , bxa  or ( ) [ , ]f x C a b

Theorem : )(lim xf
ax

exists iff )(lim)(lim xfxf
axax  



Proof: Let RLxf
ax




)(lim

  |)(|||0,0,0 Lxfax

So ,if   |)(|||00 Lxfaxax

So , Lxf
ax




)(lim

Also , if   |)(|||00 Lxfaxxa

So , Lxf
ax




)(lim

 suppose that Lxfxf
axax


 

)(lim)(lim

1 1

2 2

0 , 0, 0 | ( ) |

Also , 0, 0 | ( ) |

x a f x L

a x f x L

   

  

          

        

Let ),.(min 21  

If   xaoraxax 00||0

If   |)(|00 1 Lxfaxax

20 0 | ( ) |a x a x f x L           

So , Lxf
ax




)(lim

Functions of several variables :
Def: A function ),( yxf approaches a limit RL as x approaches a and y

approaches b , denoted by Lyxf
by
ax





),(lim provided that

2 20 , 0, | | , | | ( ) ( ) 0 | ( , ) |x a y b and x a y b f x y L                   

Example: 22),( yxyxf 
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Show that 0),(lim
0
0





yxf
y
x

Proof: Let
2

,0


  choose

Let
2

|0|


 x ,
2

|0|


 y

0),(lim

22
|0||0),(|

0
0

2222

22










yxf

yxyxyxf

yx

y
x






Remark : It is not true in general that )),(lim(lim)),(lim(lim yxfyxf
byaxaxby 



Example : Let

















yx

yx
yx

yx

yxf

1

),(

1lim)lim(lim
000





 x

x

yx

yx
xyx

but 1lim)lim(lim
000





 y

y

yx

yx
yxy

The limit )lim(
0
0 yx

yx

y
x 






does not exists .

Let y mx

mxylinethealong
m

m

mx

mx

mxx

mxx

yx

yx
xxx




















 )1(

)1(

)1(

)1(
limlimlim

000

So, the limit as (x,y) approaches (0,0) along the line y = mx is
)1(

)1(

m

m



 which

changes as m change .So , the limit does not exist .

Note : (lim ( , )
x a
y b

f x y



exists when the limit along any path passes through the point (a,b)

is a unique .

Example: Let













)0,0(),(0

)0,0(),(
),( 22

yxif

yxif
yx

xy

yxf
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Show that ),(lim
0
0

yxf
y
x



does not exist .

Solution : Let y = cx

2

2 2 2 2 2 2 20 0 0
0

.
lim lim lim

( ) 1 ( ) 1 ( )x x x
y

xy x cx x c c

x y x cx x c c  


  
   

The limit changes as c changes, so the limit does not exist .

Example : Let













)0,0(),(0

)0,0(),(
),( 24

2

yxif

yxif
yx

yx

yxg

Solution : Let 2cxy 

2424

4

0

2

0 1
lim),(lim

c

c

xcx

cx
cxxg

xx 







The limit changes as c changes, so the limit does not exist .

Def: we say that Cyxf ),( at (a,b) iff lim ( , ) ( , )
x a
y b

f x y f a b





Example:
yx

yx
yx






2

)23sin(
),( is cont. every where except along the parabola 2xy 

TH : The sum , product , or difference of two cont. function is cont. , the quotient of
two cont. function is cont. on the set where the denominator is nonzero .

Example:

















)0,0(),(0

)0,0(),(
)(

),( 22

22

yxif

yxif
yx

yxxy

yxh

2 2 2 2

2 2 2 20
0

( ) | || |
lim 0 sin ce | ( , ) | | |

| |x
y

xy x y xy x y
h x y xy

x y x y


 
  

 

So, ),( yxh is cont. at (x,y)=(0,0) as the limit approaches 0.

The limit of ),( yxh exists on any path and equal to zero , so it is cont. at (0,0) and at
any point .
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Ex. 1.3 page 19
1) For the following functions f ,show that ),(lim

)0,0(),(
yxf

yx 
does not exist.

a)
22

2

),(
yx

yx
yxf






Let mxy 
2

2 2 2 2 20 0

( )
lim lim

1 1x x

x mx x x m m

x m x x m m 

 
 

  

The limit changes as m change so , the limit does not exist .

2) For the following function f , show that 0),(lim
)0,0(),(




yxf
yx

a)
22

22

),(
yx

yx
yxf




Let mxy 

0
1

limlim
2

22

0222

222

0





  m

xm

xmx

xmx
xx

Let 2mxy 

0
1

limlim
22

42

0422

422

0





  xm

xm

xmx

xmx
xx

2 2 2
2 2 2

2 2 2 2

2

0 ( , ) (0,0)

( )
( , ) (0,0), we have 0 ( , )

( )

since lim 0, so lim ( , ) 0.
x x y

y y x
For x y f x y x x x

x y x y

x f x y
 


    

 

 

b)
44

44

044

45

0

)3(
lim

3
lim

yx

yxx

yx

xyx
xx 









Let mxy 

0
1

)3(
lim

)3(
lim

4

4

0444

444

0










 m

mx

xmx

xmxx
xx

A long 2mxy 

0
1

3
lim

).3
lim

44

54

0844

845

0










 xm

xmx

xmx

xmxx
xx

2 2

5 4 4 4

4 4 4 4 4 4

0, 0, | | , | | 0

3 | |
| | 3 | | 3 | | | | 4 | | .

x y and x y

x xy x x y
x x x x

x y x y x y

           


     

  
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0
lim 4 | | 0,
x

As x


 so, the limit exist by sandwich theorem for any path and equals to

zero.

3) Let )sin(),( 1 xyxyxf  for 0x .How should you define Ryforyf ),0( So as to

make f a cont. function on all of 2 ?R

Solution : ),0( yf is a cont. if ),0(),(lim
0

yfyxf
x




y
xy

xy
y

x

xy
yxf

xxx




sin
lim

sin
lim),(lim

000

So, yyf ),0(

4) Let
22

),(
yx

xy
yxf


 as in Example 1. Show that , although f is discont. At (0,0)

),(),( yafandaxf are cont. functions of x and y , resp. for any Ra (including a = 0).

we say that f is separately continuous in x and y.

22
),(

yx

xy
yxf




22
),(

ax

xa
axf




00
0

lim),(lim
22200







aif
aax

xa
axf

xx

If )0,(),(0
0

0
),(0

2
xfaxf

x
axfa 




So, ),( axf is cont. Ra Similarly ),( yaf

5) Let 0),(,0
)(

),( 2

4

2




 yxfxyif
x

xyy
yxf

Otherwise .At which points is f discont. ?
Solution : along y= mx

204

2

04

2

0

)(
lim

)(
lim

)(
lim

x

xmm

x

xmmx

x

xmxmx
xxx










does not exist .

Along 2mxy 

)1(
)1(

lim
)(

lim
4

4

04

222

0








mm
x

mmx

x

xmxmx
xx

The limit changes as m change so the limit does not exist .
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So, ),( yxf not cont. at (0,0)

For any other point ),( yxf is cont.

6) Let xxf )( if x is rational , 0)( xf if x is irrational

Show that f is cont. at x = 0 and nowhere else.
Solution:

 Note that 0 0. Let 0 be arbitrary. Take = .

Let x R such that |x|< .

If x is rational then |f(x)-f(0)|=|x-0|=|x|< = .

If x is irratinal then |f(x)-f(0)|=0< .

In both cases, we have |f(x)-f(0)|< when

f   



 





 



0

ever |x|< .

Therfore, f is continuous at 0.

To show that f is discontinuous at any point a 0.

let a 0.

Case 1: If a is rational, then f(a)=a. Take | | / 2 0. Let >0 be arbitrary.

Choose x to be an irra

a





 





 

0

0

tional number in the interval (a- ,a+ ), then we have

|x | and |f(x ) ( ) | | 0 | | | .

therfore f is not continuous at a.

Case 2: If a is irrational, then f(a)=0. Take | | / 2 0.

Let >0 be arbitr

a f a a a

a

 

 

 





      

 

0 0 0

0 0

ary. choose x to be a rational number in the intervbal

(a- ,a+ ) (a- , ), then we have |x | . Also |x | ,

we obtain

|f(x ) ( ) | | | | | | | | | | | / 2 .

therfore f is not continuous a

a a a

f a x a x a a a



 

  

     

 

     

        

t a.

CH 2 Differential calculus
2.1 Differentiability in one variable

Def: 1)
h

afhaf
af

h

)()(
lim)(

0

' 



is the derivative of )(xf at a .

2)
h

afhaf
af

h

)()(
lim)(

0

' 



 is the derivative of )(xf at x = a from right .

3)
h

afhaf
af

h

)()(
lim)(

0

' 



 is the derivative of )(xf at x = a from left .

Def: ' '( ) lim ( )
x a

f a f x





 .

Example: Let












00

0
1

sin
)(

2

xif

xif
x

x
xf
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Find )0()0( '' 
 fandf

Solution : )(0
1

sinlim
0

1
sin

lim
)0()0(

lim)0(
0

2

00

' theoremsandwichby
h

h
h

h
h

h

fhf
f

hhh








 


xx
xxf

1
cos

1
sin2)(' 

xxx
xxff

xxx

1
coslim0

1
cos

1
sin2lim)(lim)0(

00

'

0

'

 

  does not exist .

Def: ''" ))(()( xfxf 

0))(()( '1   nforxfxf nn

Def: we say that nCxf )( provided that ,......3,2,1)(  nCxf nn

The mean value theorem :
Proposition: Suppose f is defined on an open interval I and Ia . If f has a local

maximum or minimum at the point Ia and f is differentiable at a ,then 0)(' af

Proof: Let f has a local min. value at x = a. In the difference quotient ( ) ( )f a h f a

h

  ,

0)()(  afhaf for all h near zero

Since  )()( afhaf

For 0
)()(

lim)(0
0

' 






h

afhaf
afh

h

'

0

( ) ( )
For 0 ( ) lim 0

h

f a h f a
h f a

h


 
   

' '( ) 0 , ( ) 0f a f a    , Since ' ' ' '( ) ( ) ( ) ( ) 0f a f a f a f a    

The same result obtained if f has local max. at x = a .

Lemma : (Roll’s theorem ) Suppose f is cont. on [a,b] and differentiable on (a,b).

If )()( bfaf  , then there is at least one point ),( bac such that 0)(' cf

Proof: Since f is cont. at [a,b] , then f assumes a maximum value and a minimum
value on [a,b ]
Case 1) If the max. and min. values occurs at an end point , then f is constant on

[a,b] , because )()( bfaf  so ),(0)(' baxxf 
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Case 2) Otherwise at least one of them occurs at some interior point ),( bac and

0)(' cf , by previous proposition .

Theorem : (Mean value theorem I) Suppose f is cont. on [a,b] and differentiable

on (a,b) . There is at least one point ),( bac such that

ab

afbf
cf






)()(
)('

Proof: Let )(
)()(

)()( ax
ab

afbf
afxL 






Let )(
)()(

)()()()()( ax
ab

afbf
afxfxLxfxg 






1) g(a) = 0 , g(b) = 0
2) g(x) is cont. on [a,b] and diff. on (a,b) so , g(x) satisfies the conditions of

Roll’s theorem so , 0)(),( '  cgbac

)01(
)()(

0)(0)( '' 





ab

afbf
cfcg

ab

afbf
cf






)()(
)('

Def: We say that a function f is increasing (res. Strictly increasing ) on an interval

I. If ))()(.()()( bfafrespbfaf  whenever Iba , and a < b. Similarly for decreasing
and strictly decreasing .

Theorem : Suppose f is differentiable on the open interval I

a) If Cxf |)(| ' for all ,Ix then IbaallforabCafbf  ,|||)()(|

b) If 0)(' xf for all ,Ix then f is constant on I .

c) If 0)(' xf ,( resp. ' ' '( ) 0, ( ) 0, or ( ) 0f x f x f x   , for all ,Ix then f is
increasing (resp. strictly increasing , decreasing ,or strictly decresing ) on I .

Proof:
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a) Let
ab

afbf
cfbaCIba






)()(
)(),(, '

|||)(||)(||)()(|

)()()()(
'

'

abCabcfafbf

abcfafbf





Since | '( ) |f x C for all Ix .

If 0)(' cf

b) If 0)(' cf Zbaafbfafbf  ,)()(0|)()(| , then f is cont.

c) If abforafbfcf  0)()(0)('

f is increasing and similarly for the other cases .

TH: ( Mean value theorem II): Suppose that f and g are continuous on [a,b] and

diff. on (a,b) , and 0)(' xg for all ),( bax .Then there exist ),( bac such that

)()(

)()(

)(

)(
'

'

agbg

afbf

cg

cf






Proof: Let )]()()][()([)]()()][()([)( afxfagbgagxgafbfxh 

Then h is cont. on [a,b] and diff. on (a,b) ,and h(a) = h(b) = 0 , So h satisfies Roll’s
theorem. There is a point ),( bac such that

)()]()([)()]()([)(0 ''' cfagbgcgafbfch 

Since 0' g on (a,b) ,we have 0)(' cg and 0)()(  agbg ( by mean value theorem)

Since ),())(()()(
__

' bacsomeforabcgagbg  . Hence we can divide by both these
quantities to obtain the desired result .

)()(

)()(

)(

)(
'

'

agbg

afbf

cg

cf






Theorem : ( L’Hopital Rule I ) .Suppose f and g are diff. functions on (a,b) and
0)(lim)(lim 

 
xgxf

axax

If 0)(' xg on (a,b) and the limit existsL
xg

xf

ax


 )(

)(
lim

'

'

, then g never vanishes on (a,b)

and existsL
xg

xf

ax


 )(

)(
lim

The same result holds for the left hand limit
ax

lim , if f and g are diff on (d,a)
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The two sided limit
ax

lim , if f and g are diff on (d,a) and (a,b)

The limit
x

lim or
x

lim , if f and g are diff on an interval ),(),( borb 

Proof: If 0)()( agandaf , then f and g are cont. on the interval [a,x] for x<b, by

preivious th. ),(,),( xacbax  (depending on x) 

)(

)(

)()(

)()(

0)(

0)(
'

'

cg

cf

agxg

afxf

xg

xf











Since ),( xac , c approaches a , as x does , so L
cg

cf

xg

xf

acax


  )(

)(
lim

)(

)(
lim

'

'

The proof for left –hand limit is similar , and the case of two –sided –limits is
obtained, by combining right – hand and left –hand limits .

Finally, for the case a , we set
x

y
1

 and consider the function

)
1

()()
1

()(
y

gyGand
y

fyF  . Since
2

'

'

2

'

'

)
1

(

)(

)
1

(

)(
y

y
g

yGand
y

y
f

yF 

We have

'

'

1
( )

( )

1( ) ( )

f
F y y

G y g
y






So

'

'

'0 0 0 '

1
( )

( ) ( ) ( ) ( )
lim lim lim lim lim .

1( ) ( ) ( ) ( )( )
x y y y x

f
f x F y F y f xy

L
g x G y G y g xg

y

    


    



Remark : It may well happen that )(' xf and )(' xg tend to zero also , so that the limit

of
)(

)(
'

'

xg

xf
can not be evaluated immediately

In this case we apply the previous theorem again to evaluate the limit by examining

)(

)(
"

"

xg

xf
.

More generally , if the functions 1'1' .....,,.........,,,.......,,  kk gggfff all tend to zero as x

tend to a or a or  , but ( ) ( )
, lim

( ) ( )

k

k x

f x f x
L then L

g x g x
 
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Example: Let xxxf 2sin2)(  , xxxg sin)( 2 , a=0, then gf , and their first two
derivatives vanishes at x = a , but the third derivative do not , so

xxxx

x

xxxx

x

xx

xx
xxx cos4sin)2(

2sin4
lim

cossin2

2cos22
lim

sin

2sin2
lim

202020 










3

4

sin6cos)6(

2cos8
lim

20


 xxxx

x
x

TH: ( L’Hopital’s Rule II) Previous theorem remains valid when the hypothesis
that, lim f(x)=lim g(x) = 0 ( as .,, etcaxax   ) is replaced by the hypothesis
lim | ( ) | lim | ( ) | .f x g x  

Proof : we consider the case of left –hand limits as  ax

Given 0 ,we must show that  |
)(

)(
| L

xg

xf
provided that x sufficiently close to a

on the left. Since  |)(|
)(

)(
'

'

xgandL
xg

xf
, we can choose ax 0

So that axxforxgandL
xg

xf
 0'

'

0)(
2

|
)(

)(
|



If axx 0 we have, by previous theorem,

),(
)(

)(

)()(

)()(
0'

'

0

0 xxcsomefor
cg

cf

xgxg

xfxf





and

hence , since acx 0 ,

0
0

0

( ) ( )
| | . .......(1)

( ) ( ) 2

f x f x
L for x x a

g x g x


   



Next , division of top and bottom by g(x) yields

)(

)(
1

)(

)(

)(

)(

)()(

)()(

0

0

0

0

xg

xg

xg

xf

xg

xf

xgxg

xfxf










Since | ( ) |g x as x a  , then the quotients
)(

)( 0

xg

xf and
)(

)( 0

xg

xg can be made as close to

zero a we please by taking x sufficiently close to a . It follows that for x sufficiently
close to a , we have

)2.....(..........
2

|
)(

)(

)()(

)()(
|

0

0 






xg

xf

xgxg

xfxf
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
























22
|

)()(

)()(
||

)(

)(

)()(

)()(
|

|
)()(

)()(

)()(

)()(

)(

)(
||

)(

)(
|

0

0

0

0

0

0

0

0

L
xgxg

xfxf

xg

xf

xgxg

xfxf

L
xgxg

xfxf

xgxg

xfxf

xg

xf
L

xg

xf

And hence by the proceeding estimates (1,2), ( )
| |

( )

f x
L

g x
   which is what we

needed to show

Corollary : For Any a > 0 ,we have

0

log log
lim lim lim 0.

a

x a ax x x

x x x

e x x   
  

That is , the exponential function xe grows more rapidly than any power of x as
x , where as |log| x grows more slowly than any positive power of x as x

and more slowly than any negative power of x as  0x

Proof: Let k be the smallest integer that is a . If we apply the previous theorem
for k –times, we have,

( 1).....( 1)
lim lim

a a k

x xx x

x a a a k x

e e



 

  
 since  0ka the later limit is zero .

0
1

lim
log

lim 
 axax axx

x
,

0 0

log
lim lim 0.

a

a
x x

x x

x a 
 

  

Remark : By raising the quantities previous corollary to a positive power b and

replacing a by
b

a
we obtain the more general formula,

bx

a

x e

x


lim , )0,(0
|log|

lim
)(log

lim
0


 

ba
x

x

x

x
a

b

xa

b

x

Vector –valued functions :
If n

n Rffff  )..,,.........,( 21 is a vector valued function then its derivative at the point a

is defined to be
h

afhaf
af

h

)()(
lim)(

0

' 




The jth component of the diff. quotient on the right is

h

afhaf
af

jj

h
j

)()(
lim)(

0

'




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* f is diff. iff each of its component functions jf is diff. and that diff. is simply

performed componentwise : ' ' ' '
1 2( ) ( ( ), ( ),.........., ( )).nf a f a f a f a

If is a scalar function and f is a vector valued function f , then
' '( )f f f    

If gandf are two vector valued functions , then
' ' '

' ' '

( . ) . . .

( ) .

f g f g f g

f g f g f g

 

    

Remark 1): The mean value theorem is not valid for a vector valued functions .

Example :
1) )sin,(cos)( tttf  satisfies )2()0( ff  but )cos,sin()(' tttf  , so there is no point

t where 0)(' tf

2) If ],[|)(| ' batallforMtf  , then |||)()(| abMafbf 

Remark 2) : If 0)(' af , then the curve may not have tangent line at )(af

Example:
3 3 '( ) ( ,| |) , (0) (0,0) | |, does not have a tangent line at x=0.f t t t f but the curve is y x  

Ex. Sec.2.1 1,2,3 ,4,5,6,7,9

2.2 Differentiability in several variables :
Def: The partial derivative of a function ).........,,.........,( 21 nxxxf with respect to the

variable jx is

1 1 2

0

( ,................., ,.............., ) ( , ,.................., )
lim j n n

h
j

f x x h x f x x xf

x h

 




Provided that the limit exists .
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It may be denoted by
j jx j x jf or f or f or f 

Example : Let
zy

xye
zyxf

x

751

sin
),,(

3




zy

yxyexye
ff

x

f xx

x
751

cossin3 33

1









2

33

2
)751(

sin5cos)751(

zy

yxexyxezy
ff

y

f xx

y









2

3

3
)751(

sin7

zy

yxe
ff

z

f x

z






.

Example : Let













)0,0(),(0

)0,0(),(
),( 22

yxif

yxif
yx

xy

yxf

f is discont. at (0,0) , it approaches different limits as (x,y) approaches the origin a
long different straight lines.

0
00

lim
)0,0()0,(

lim
00








 hh

fhf
f

hh
x

0
00

lim
)0,0(),0(

lim
00








 hh

fhf
f

hh
y

0 yx ff exists but ),( yxf is discont. at (0,0).

Def : A function )(,)( nRXXf  is differentiable at a point n
n RaaaaX  ),,.........,( 21

if there is a linear function )(XL such that )()( afaL  and the difference ( ) ( )f X L X

approaches to zero faster than )( ax  as x approaches a .

Or if XCbxcxcxcbXL nn ...........)( 2211 

).......,,.........,).(.,,.........,( 2121 nn xxxcccb  ,

is a general linear function of n variables such that,
( ) ( ) ( ) .L a f a b f a C a   

Then ( ) ( ) . . ( ) .( ),L X f a C a C x f a C x a     

And ( ) ( ) ( ) ( ) .( )f X L X f X f a C x a     tends to zero faster that ( ) .X a as X a 

Def: A function f defined on an open set nRS  is called differentiable at a point
nRSa  ,
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if there is a vector nRC such that

0
||

.)()(
lim

0



 h

hCafhaf
h

,

where
1 2 1 2| |( , ,...., ) ( , ,....., )

1 2

( ) ( , ,................., )
n nx a x x x a a a

j

f f f
C f a f

x x x
 

  
    

  
.

If hafafhafhE ).()()()(  ,then )().()()( hEhafafhaf 

where 0
||

)(
lim

0


 h

hE
h

.

)( haf  is the linearization of f at x = a which equal hafafhaf ).()()( 

near h =0 ,( h = x-a).

If n = 2 , then ),()( yxXwithXfZ  represents a surface in 3-space , and the graph

of the eq. )).(()( axafafz  ( x is variable, a is fixed ), represents a plane . These

two objects both pass through the point ))(,( afa

and nearby the points x= a+h , we have

00
)(

)().()()(  has
h

hE
andhEhafafXfzz planesurface ,

and the surface ))(()( axafafz  is the tangent plane to the surface ( )z f X at x
=a.

Theorem : If f is diff. at a, then the partial derivatives )(afj all exists , and they

are components of the vector )(afC 

Proof: Suppose f is diff. at )......,,.........,( 21 naaaa  , if Rhhh  ,)0...,,.........0,0,( , we

have,

1 1

( )
. ( ). ( ) | | .

f a
C h f a h c h h f a h and h h

x


       



Thus 0
||

)..,,.........().....,,.........,(
lim 1121

0




 h

hcaafaahaf nn

h

1 2 1
1

0

( , ,.............., ) ( ,..........., )
lim 0n n

h

f a h a a f a a
c

h

 
  

h

aafaahaf

x

f
afc nn

h
ax

)..,,.........().....,,.........,(
lim|)( 121

0
11










 exists .

Similarly ,
( )

( ) 2,3,...........,j j

j

f a
c f a for j n

x


   


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TH: If f is diff. at a f is cont. at a .

Proof: f is diff. at a
0

( ) ( ) .
lim 0,

| |
n

h

f a h f a C h
C R

h

  
    

Multiply by |h| , we have 0.)()(lim
0




hCafhaf
h

But 0.lim
0




hC
h

)()(lim0)()(lim
00

afhafafhaf
hh




f is cont. at x = a

The converse need not true .

Example : ||)( xxf  is cont. at x = 0 but not diff at 0x

Example : Let 22),( yxyxf  show that f is diff. at every point (a,b) in plane

Solution : b
y

f
a

x

f
baba 2|,2| ),(),( 










2 2
1 2 ( , ) 1 ( , ) 2

0 0

(( , ) ( , )) ( ) ( | | )
( ) ( ) ( ).

lim lim
| | | |

a b a b

h h

f f
f a b h h a b h h

f a h f a f a h x y

h h 

 
    

    


||

22)()()(
lim 21

222
2

2
1

0 h

bhahbahbha

h





0limlim
||

2222
lim 2

2
2

1
02

2
2

1

2
2

2
1

0

21
2
22

2
11

0










hh

hh

hh

h

bhahhbhhah

hhh

So , 22),( yxyxf  is diff. at every point (a,b).

Remark :
1) diff  cont.
2) The existence of partial derivative of f does not imply the differentiability of

f .
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Example : 2 2
( , ) (0,0)

( , ) ,

0 ( , ) (0,0)

xy
x y

x yf x y

x y




 
 

has partial derivatives at (0,0) .
0)0,0()0,0( 21  ff ,

but it is not cont. at origin so it can not be diff. at the origin .

TH : Let f be a function defined on an open set in nR that contains the point nRa .

Suppose that the partial derivatives fj all exists on some neighborhood of a and

that they are cont. at a .Then f is diff. at a .

Proof: Let n = 2

We will show that
0

( ) ( ) ( ).
( ) lim 0,

| |
n

h

f a h f a f a h
C f a R

h

  
      

),(),()()( 212211 aafhahafafhaf 

)1.....()],(),([)],(),([ 212212212211 aafhaafhaafhahaf 

Since the partial derivatives fj exist whenever |||| hax  , so by the mean value

theorem of one variable and if we set ),()( 22 hatftg  we have
)()(),(),( 1112212211 aghaghaafhahaf 

1 1 1 1 1 1 2 2 1 1 1( ) ( , ) (0, ),g a c h f a c a h h for some c h      

and 1 2 2 1 2 2 1 2 2 2 2 2( , ) ( , ) ( , ) (0, )f a a h f a a f a a c h for some c h     

Substituting these results into eq.(1) we get

||

),(),(),(),(
lim

||

).()()(
lim

2212121122212122111

0

0

h

haafhaafhcaafhhacaf

h

hafafhaf

h

h











1 2
1 1 1 2 2 1 1 2 2 1 2 2 2 1 2

0 0
lim[ ( , ) ( , )] lim[ ( , ) ( , )] 0

| | | |h h

h h
f a c a h f a a f a a c f a a

h h 
            because fj are

cont. at a and
||

1

h

h ,
||

2

h

h
are bounded by 1

f is diff at a.

Def: If f has partial derivatives fj all exists and are cont. on an open set S there is

said to be of class 1C on S .
i.e. 1 1( ).f C on S or f C S 

If 1 . .f C f is diff partial derivatives exist  
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The converse need not true .

Example :












00

0
1

sin
)(

2

x

x
x

x
xf

Is diff. at x = a ,but f 1f C because
0

lim ( )
x

f x


 does not exist .

Differential
Suppose f is diff. at a, so ( ) ( ) ( ). . Where the 0 0.f a h f a f a h error error as h      

)()().( afhafhaf  is called the differentail of f at a and is denoted by
( , ) ( ).adf a h or df h

And nna hafhafhafhafhdf )(.............)()().()( 2211  .

If 1 2( ) , ( , ,................., ).nu f X h dX dx dx dx  

Then n

n

dx
x

f
dx

x

f
dx

x

f
du














 .............2

2

1

1

,

2

( )

( . )

and ( / )

d f g df dg

d f g fdg gdf

gdf fdg
d f g

g

  

 




Example : A right Circular cone has height 5 and base radius 3.
a) About how much does the volume increase if the height is increased to

(5.02) and the radius is increased to (3.01)?
b) If the height is increased to (5,02) , by about how much should the radius

be decreased to keep the volume constant ?

Solution : a) dhrdrhrdVhrV 22

3

1

3

2

3

1
 

If 02.0,01.05,3  dhdrhr

5.016.0)02.0()3(
3

1
)01.0()5()3(

3

2 2  dV

b) If 3 , 5 ? , 0.02r h dr dh    

dhrdrhrdV 2

3

1

3

2
 

If 006.0)02.0()3(
3

1
)5()3(

3

2
0 2  drdrdV 

Directional derivatives:
If a is a point in nR ,and u is a unit vector in the direction of a line passing through
the point a , then the parametric eqs. Of the line are given by )()( utatg  .

Then the directional derivative of f at a in the direction u is defined to be
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| 0
0

( ) ( )
( ) ( ) limu t

t

d f a tu f a
f a f a tu

dt t




 
    provided that the limit exists .

If )0,......,1,0,0,0(u is a unit vector in the positive jth coordinate , then )()( afaf ju  .

TH: If f is differentiable at a , then the directional derivative of f at a all exists ,

and they are given by uafafu ).()(  .

Proof: Since f is diff. at a,

0
||

).()()(
lim

0





 h

hafafhaf
h

.

Let 0).(
)()(

lim||0,
0







uaf
t

aftuaf
andthtiftuh

h

0

( ) ( )
lim ( ).
h

f a tu f a
f a u

t

 
 

If 0).(
)()(

lim||0,
0







uaf
t

aftuaf
andthtiftuh

h
,

then )().(
)()(

lim
0

afuaf
t

aftuaf
u

h





So , )(afu exists and equal uaf ).( .

If 0)(  af , then cos|||)(|).(|).(||)(| uafuafanduafafu  where  is the angle

between the vectors )(af and u

|)(||cos||)(||)(| afafafu   for every unit vector u .

1) |)(|)( afafu  when u in the direction of )(af and )(afu has the largest

directional derivative of f at a .

2) |)(|)( afafu  when u in the opposite direction of )(af and )(afu has the

smallest directional derivative of at .f a

3) fuwhereafu  0)(

Example: Let )1,2(,5),( 22  axyxyxf

a) Find the directional derivative of f at a direction of )5,12(v

b) What is the largest of the directional derivative of f at a and in what
direction does it occur ?
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Solution :a) )20,1()1,2(,)10,52( 2  fsoxyyxf

The unit vector in the direction of v is )
13

5
,

13

12
(u , so the directional derivative in

this direction is
13

88
)

13

5
,

13

12
).(20,1().(


 uaf .

b) 401|)(|  af is the largest directional derivatives at a and occurs in the direction

of )20,1(
401

1
u .

Ex. 1,2,3(a),5,7

2.3 The chain Rule
Let )...,,.........,( 21 nxxxf be a function of variables nxxx ...,,........., 21 and )(tgx jj  for j =

1,2,3,……….,n and let )...,,.........,())(........,),........(,)(()( 2121 nn xxxtgtgtgtgX  ,then
))(........,),........(,)(())(()( 21 tgtgtgftgft n

))(........,),........(,)(()( ''
2

'
1

' tgtgtgtg n

)..,,.........,(
21 ng

f

g

f

g

f
f














' ' 1 2

1 2

( ) ( ). ( ) . . .......... . n

n

dg dg dgf f f
t f t g t

g dt g dt g dt


  
     

  
.

TH: Chain Rule I . Suppose that g(t) is diff . at t = a,
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)...,,.........,()( 21 nxxxfXf  is diff. at 1 2( ) ( ( ), ( ),.................., ( ))nX b g a g a g a g a   then the

composite function ))(()( tgft  is diff. at t = a , and its derivative is given by

)(.)()( '' agbfa  or on Leibniz notation , with )(Xfw 

1 2

1 2

. . ............. . n

n

dx dx dxdw w w w

dt x dt x dt x dt

  
   
  

.

Proof: Since gandf are diff. at the points b and a resp. then

00
||

)(
)2..(..........)()()()(

00
||

)(
)1.(..........)().()()(

2
2

'

1
1





uas
u

uE
whereuEaguaguag

has
h

hE
wherehEhbfbfhbf

Let .int)()( eqfirsttheaguagh  (1)

Then from (2) )()( 2
' uEaguh  , since )(agb  so,

)().()()())(()( 1 hEhbfbfhbfuagfua 

)3(..........)()().()(

)()]()().[())((

3
'

12
'

uEagbfua

hEuEagubfagf







Where )()().( 123 hEuEbfE 

We claim that )(3 uE satisfies 00
)(3  uas

u

uE
, Now by using the triangle

inequality, we have

00
||

|)(|

||

|)(|
|)(||

)()().(
||

)(
| 12123 


 uas

u

hE

u

uE
bf

u

hEuEbf

u

uE
, since

2
2

( )
0 0, so E ( ) , then

E u
as u u u

u
  

' '
2

'1 1

1 | ( ) 1|
| | | ( ) ( )| | ( ( ) 1) | | |

| | | |

( ) ( )
.(| ( ( ) 1) | 0 0

| | | |

g a
h u g a E u g a u

u h

E h E h
g a as h

u h

 
      

   

From (3) 0)().(
)(

)().(
)()( '3' 


uasagbf

u

uE
agbf

u

aua 

So , )().()( '' agbfa 

Example : ),,( zyxfw  is diff. function of ),,( zyx and tezandtyttx 24 3sin, 

)2).(()3cos3).(()14).((),3sin,( 2
32

3
1

24 tt eftftfetttf
dt

d

dt

dw  
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* If nxxx ....,,........., 21 are function of a family of variables )....,,.........,( 21 mtttt  say

)....,,.........,( 21 mjj tttgx  or )(tgX 

If f is diff. function of x ,we have ))(()( tgft  , and to find partial derivative of 

with respect to kt , we fix all but one of those variables and apply the Chain Rule

))((
)(

.)(|
)(

).,,.........,( 21
agb

t

ag
bf

t

a

k

ttta

k
m














Or )(Xfw 

k

n

nkkk t

x

x

w

t

x

x

w

t

x

x

w

t

w































.................... 2

2

1

1

Th: chain Rule II .Suppose that nggg ....,,........., 21 are function of )......,,.........,( 21 mtttt 

and f is a function of ).....,,.........,( 21 nxxxX 

Let gfandagb  )( . If nggg ....,,........., 21 are diff. at a (resp. of class 1C near a) and

f is differentiable at b (resp. of class 1C near b), then  is diff. at a (res. of class 1C

near a ) , and its partial derivatives are given by

k

n

nkkk t

x

x

f

t

x

x

f

t

x

x

f

t 





























.............2

2

1

1


where the derivatives

jx

f




are evaluated at b

and the derivatives
kt


and

k

j

k

j

t

g

t

x









are evaluated at a .

Example : Suppose that f is a diff. function of x and y and that 2log(1 )x s t  and

)5cos( 3 tsy  , then the partial derivatives of the composite function

))5cos(),1log(( 32 tstsfz  are given by

)5sin()5(
1

2

)5sin()3()1log(

3

2

322

tsf
t

st
f

t

y

y

f

t

x

x

f

t

z

tssftf
s

y

y

f

s

x

x

f

s

z

yx

yx


















































Let )(Xfw  , )....,,.........,( 2 nx xxxX  , then the differential of w is

)1(.....................2

2

1

1

n

n

dx
x

w
dx

x

w
dx

x

w
dw
















If each of nx xxx ....,,........., 2 are functions of mx ttt ....,,........., 2 and )(xfw  ,

)....,,.........,( 2 mx tttt  , then
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)2(.....................2

2

1

1

n

n

jjj

j dt
t

x
dt

t

x
dt

t

x
xd
















And 1 2

1 2

........... ..........(3)m

m

w w w
dw dt dt dt

t t t

  
   
  

If we substitute the expression (2) for jdx into (1) , and regroup the terms , we obtain

]..............[.......]..............[ 1

1

1
1

1

1

1

m

m

nn

n

m

m

dt
t

x
dt

t

x

x

w
dt

t

x
dt

t

x

x

w
dw





























m

m

n

nm

n

n

dt
t

x

x

w

t

x

x

w
dt

t

x

x

w

t

x

x

w
dw ]..............[.......]..............[ 1

1

1

11

1

1 



































If ),,(),,,,( zyxwheretzyxfw  are functions of t ,then
( ( ), ( ), ( ), )w f x t y t z t t

t

w

dt

dz

z

w

dt

dy

y

w

dt

dx

x

w

dt

dw



















 ...

If ),,,( styxfw  where x ,y are themselves are function of t, s

t

w

t

y

y

w

t

x

x

w

t

w



























..

s

w

s

y

y

w

s

x

x

w

s

w



























..

If ( , , , ) , ( , ) , ( , )w f x y t s x t s y t s    then

1 1 2 1 3. . .
w f f f

f f f
t x t y t t

 
 

     
     

     

Def : A function f on nR is called (positively) homogeneus of degree a )( Ra if

)()( XfttXf a for all t > 0 and 0x .

Example : Let 22),( yxyxf  , show that f is homog.

Solution : )()(),( 22222222 xftyxtytxttytxf 

Then f is homog. of degree 2.

TH : Euler’s theorem . If f is homog. of degree a, then at any point X where f is
diff. we have

1 1 2 2( ) ( ) .............. ( ) ( ).n nx f X x f X x f X af X      

Proof : Let ( ) ( ) ( ).at f tX t f X   Now differentiate with respect to, we get
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' 1 1 1( ) ( ) ( ) ( )a at at f X at t f X at f tX      .

We have from definition, ' ( ) ( ). ( ) . ( ).
d

t f tX tX X f tX
dt

    

Let t=1, then
' (1) . ( ).X f X  

1 1 2 2( ) ( ) .............. ( ) ( )n nx f X x f X x f X af X      

Def: The differentiable function 0),,( zyxF is called smooth surface, in the set
3S R , if , and

F F F

x y z

  

  
exist, and all are not zero.

Let ),,()( zyxtg  is aparametric representation of a smooth curve on S 0))((  tgF ,
and

0)()).((
))(( '  tgtgf

dt

tgdF
.

Then f is orthogonal to the tangent vector of any curve on S at each point on the
curve .
i.e. At any point a, the f is orthogonal to the tangent vector )(' tg of any curve
g(t) on S .

Th: Suppose that F is a diff. function on some open set 3Ru  ,and suppose that the
set }0),,(,),,{(  zyxFuzyxS is a smooth surface . If Sa and

0)(  aF , then the vector )(af is perpendicular , or normal to the surface S at a .

Corollary : Under the conditions of the theorem the eq. of the tangent plane to S at
a is 0)).((  axaF .

Ex.(6) Find the tangent plane to the surface in 3R described by the given eq. at the
given point 3Ra .
a) 2 3 , (2, 1,5)z x y a   

2 3

2

( , , ) 0

| (2 , 3 , 1) | (4, 3, 1).a a

F x y z x y z

F x y

   

      

The tangent plane is
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( ).( ) 0

(4, 3, 1)(( 2), ( 1), ( 5)) 0

4( 2) 3( 1) 1( 5) 0

4 3 6.

F a x a

x y z

x y z

z x y

  

     

     

  

Ex.sec.2.3: 1,2,3,5,6.

Ex(3) c) Show that ),( yzxzfu  satisfies uzuyux zyx 

Solution : zffzf
x

u
ux .0.. 121 






zffzf
y

u
uy .0.. 212 






1 2z

u
u x f y f

z


   



1 2 1 2. . ( )x y zx u y u x f z y f z z x f y f z u          .
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2.5 Functional Relations and implicit functions . A first look

Let 0),.........,,.........,( 21 yxxxF n where ).........,,.........,( 21 nxxxgy 

If we differentiate with respect to jx we have

g

F
x

F

x

g

y

F
x

F

x

y

x

y

y

F

x

F

x

y

y

F

x

F

j

j

j

j

jjjj



















































.0.

Example : Let 0),( 5  yyxyxF where y is a function of x

Find
dx

dy

Solution : . 0
F F dy

x y dx

 
 

 

F
dy x

Fdx
y



 




, 41 , 1 5x yF F y   

)51(

1

)51(

1
44 yydx

dy









2) Let 01),,( 222  zyxzyxF where z is a function in x and y

Find
x

z





z

x

z

x

F

F

x

z

x

z
FF

z

x
zx 











2

2
0

Let yxxxwhereyxxxw nn ,.....,,.........,),.....,,.........,( 2121

satisfy the relation 0),.........,,.........,( 21 yxxxF n
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If the eq. 0),.........,,.........,( 21 yxxxF n can be solved for y , say

).........,,.........,( 21 nxxxgy  ,then )).........,,.........,(,.....,,.........,( 2121 nn xxxgxxxw 

j

j

j x

g

gx

w













.




jx

g




evaluated by the eq. 0. 














jj x

g

g

F

x

F

g

F
x

F

x

g j

j













Now , Suppose ),,( zyxw  where zyx ,, are constrained to satisfy 0),,( zyxF , and
suppose we can solve the letter eq. for any one of the three variables in terms of the
other two .

If we take x as independent variable , the meaning of
x

w




depends on whether we

take y or z as the other independent variable .

Example 2) : Let zyxw  22 and 0),,(  zyxzyxF

If we take x ,y as independent variables then )( yxz  is dependent variable

So, yxyxw  22 and 12 



x

x

w

If we take x ,z as independent variables then )( zxy  is dependent variable

So, zzxzxzzxxw  2222 22)( and zx
x

w
24 









y

x

w
| derivative of w with respect to x when y is fixed , then from the pervious

example, we have 12| 



x

x

w
y , zx

x

w
z 24| 





Let 0),,,( vuyxF

0),,,( vuyxG

If u , v is a dep. Variables with respect to the independent variables x ,y then to

find
x

v

x

u








, , we diff. both of F, G with respect to x by helding y fixed ,we have

)2.........(0

)1.........(0















































x

v

v

G

x

u

u

G

x

G

x

v

v

F

x

u

u

F

x

F
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From (1)

x

G

v

G

x

v

u

G

x

u

x

F

v

F

x

v

u

F

x

u













































v

G

u

G

v

F

u

F

v

G

x

G

v

F

x

F

x

u






































 ,

v

G

u

G

v

F

u

F

x

G

u

G

x

F

u

F

x

v








































Example3) : Suppose the quantities x, y and z are initially equal to 1,0,and 2 resp. ,
and are constrained to satisfy the eq. 32)1( 535  yzzyxx and )2sin( zyxyz  .
By about how much do y and z change if x is changed to 1.02 ?

Solution : Let 032)1(),,( 535  yzzyxxzyxF

( , , ) sin(2 ) 0.G x y z yz x y z    

We will find
dx

dy
and

dx

dz

In the two eq. y ,z are dependent variables and x is the only indep. variable .
By differentiating the two eqs. With respect to , treating y , z are dept. variable
We have

0102)1(3)1(5 '4'5'3'234  zyzyzzyxzyxyzyx

  02).2cos( ''''  zyzyxyzzy

At )2,0,1(),,( zyx we have

)1...(7.64

00)32.(2.12)1(5
''

''





zy

yz

)2....(2

0)2.(12
''

'''





zy

zyy
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Summation (1) with (2)

65

121

65

9
965

'

''





z

yy

dxdzdxdy
65

121
,

65

9


If 02.0dx

3250

121
)02.0(

65

121
,

3250

9
)02.0(

65

9
 dzdy

Ex. 1,2,3,4,5,6
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2.6 Higher –order Partial Derivatives :
Let f be a diff. function on an open set nRS  .The first partial derivative of f with

respect to jx is denoted by f
x

f
j

j






The partial derivative of
jx

f




with respect to ix is the second order derivative

[ ]
i j

f

x x

 

 

Or can be written as

jijijixx

ji

fxxff
xx

f
ij





,,,,

2

And
ffxff

x

f
jjjjxx

j
jj

22

2

2

,,,, 




Def: If the function f and all its partial derivatives of order k exist and cont. on an

open set u , then kCf  (The class kC and it is of class C if and all its partial
derivatives of all order cont. on u) .

Def: for ji  fji is called mixed second order, partial derivative of f

Remark: It is not true in general ff ijji 

Example : if )sin(),( 23 yexxyxg  , we have

)cos(2

)cos(3)sin(
232

23223

yy
y

yy
x

exxeg

exxexg





Differentiating gx with respect to y and gy with respect to x yields

),(),(

),()sin(6)cos(2),( 2323232

yxgyxg

yxgexexexeyxg

yxxy

yx
yyyy

xy





Example : Let 0)0,0()0,0(),(
)(

),(
22

22





 fyxif

yx

yxxy
yxf

yxyfxf ,0),0()0,( 

0)0,0()0,0(  ff yx
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222

5324

)(

4
),(

yx

yyxyx
yxfx






222

235

)(

4
),(

yx

xyyxx
yxfy






yyfx  ),0( ,and xxfy  )0,( for all , .x y

So, 1lim
)0,0(),0(

lim)0,0(
00








 h

h

h

fhf
f

h

xx

h
xy

1lim
)0,0()0,(

lim)0,0(
00





 h

h

h

fhf
f

h

yy

h
yx

)0,0()0,0( ff yxxy  but )0,0(),(),(),(  yxyxfyxf yxxy .

Th : Let f be a function defined in an open set nRS  and suppose Sa and

},........,2,1{, nji  .If the derivative fandfff ijjiji  ,, exist in S , and if

fandf ijji  are cont. at a , then )()( afaf ijji 

Proof : see the book .

Corollary : If f is of class 2C on an open set , then )()( afaf ijji  on S , for all

jandi

Th: If f is of class kC on an open set , then )(..................)(........ 2121 afaf jkjjikii  on

S , whenever the seq. },,.........,{ 21 kjjj is a reordering of the seq. },,.........,{ 21 kiii

If ),( yxfw  , yx, are function of ts,

Assume that all the functions belongs to 2C by chain Rule

s

y

y

w

s

x

x

w

s

w























2 2 2

2 2 2
[ ] [ ] ........(1)

w w x w x w y w y

s s x s x s s y s y s

          
   

          
2 2

2
[ ] .......(2)

w w x w y

s x x s x y s

     
 

      
2 2

2
[ ] ......(3)

w w x w y

s y x y s y s

     
 

      

Now , we substitute eq.2) and eq.3) in eq.1) to obtain
2

2

s

w




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Example : Let stytsxyxfu 2,),,( 22 

Assume f is of class 2C , find
2u

s t



 
in terms of derivative of f

Solution : yxyx sftf
t

y
f

t

x
f

t

u
22 















So,
2

2 [2 2 ] 2 [2 2 ] 2xx xy xy yy y

u
t sf tf s sf tf f

s t


     

 

yyyxyxx fstfftsstf 24)(44 22 

Example: Let 2),,( Cfyxfu 

Let  sin,cos ryrx 

Then , yxyx ff
r

y
f

r

x
f

r

u
)(sin)(cos  















( sin ) ( cos )x y x y

u x y
f f r f r f 

  

  
    

  

Proceeding to the second derivatives :

yyxyxx

yx fff
r

f

r

f

r

u
)(sin)sincos2()(cos)(sin)(cos 22

2

2

 




















 











 y

y
x

x

f
rfr

f
rfr

u
)(cos)sin()sin()cos(

2

2

yyxx ff
u

rr

u

rr

u















2

2

22

2 11



The expression is called Laplacian of f

Propostion: suppose u is a 2C function of ),( yxf in some open set in 2R If ),( yx is

related to ),( r by cosrx  , sinry  ,we have

2

2

22

2

2

2

2

2 11























 u

rr

u

rr

u

y

u

x

u

Multi index Notation :
Def : A multi index is an n-tuple of nonnegative integers multi – indices are
generally denoted by the Greek letters  or

1 2 1 2( , ,............., ) , ( , ,............., ) , {0,1,.................}n n j j           

If  is a multi index ,we define

n  ............|| 21 , !..!.........!! 21 n 

1 2

1 2 1 2............... ( , ,.........., )n n
n nx x x x where X x x x R     
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1 2

1 2

| |

1 2

1 2

..............
..........

n

n
n

n

f
f f

x x x


  

  


     

  

Def : n  ............|| 21 is called the order or degree of  .

If  kCf then the k-th order partial derivative f with k|| exists.

Example : If n =3 , and ),,( zyxX  , we have

52)5,1,2(

3

3
)0,3,0( , zyxX

y

ff 





Th: The (multinomial theorem ) For any 1 2( , ,......., )nX x x x and any positive integer

k,

1 2
| |

!
( ........ )

!
k

n
k

k
x x x X 

 

     where

!..!.........!! 21 n  , 1 2

1 2 ............... n

nx x x x   

Proof:
For n = 2

1 2

1 2

1 2 1 2 1 2
0 | |1 2

! ! !
( )

!( )! ! ! !

k
k j k j

j k k

k k k
x x x x x x X

j k j
  

    


   

   


  

Where ),(,, 2121   jkj

By induction suppose the result is true for n<N and ).,,.........,( 21 NxxxX 

By using the result for n = 2 and the result fro n = N-1 , we obtain

j
N

ikji

j
N

i
N

kji

k
NNx

k
Nx

xx
i

ji

k

xxxx
ji

k

xxxxxxx



 



















||

121

122

!

!

!!

!

)............(
!!

!

])........[()........(

Where )...,,.........,()......,,.........,( 121121   NN xxxXand




If  XxXandjsoj j
NN  


!!!,),......,,.........,( 121
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Observing that  runs over all multi-index of order k when  runs over all multi-

indices of order i = k-j and j runs from 0 to k , we obtain
| |

!

!k

k
X 

 


EX. 1,2,3,4,5,6,7,9,11
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2.7 Taylor's Theorems:
Def : The Taylor polynomial of order k for f at a is defined by





k

j

j
j

ka h
j

af
hPP

0

)(

,
!

)(
)( .

Def : The Taylor remainder of order k is defined as





k

j

jj

kaka
j

haf
hafhPhafhR

0
,,

!

)(
)()()()( …..(1)

TH: (Taylor's theorem with integral Remainder I)
Suppose that f is of class )0(1  kC k on an interval IaandRI  , . Then the

remainder )(, hR ka is defined above in eq.(1) given by

1( ) 1
( 1)

,
0 0

( )
( ) ( ) (1 ) ( )

! !

j j kk
k k

a k
j

f a h h
R h f a h t f a th dt

j k






      

Proof: For k = 0

 
1

0

'
0, )()()( dtthafhafhafRa

If du
u a th du hdt dt

h
     

1
' '

0

( ) ( ) ( ) ( )
a h

a

h f a th dt f u du f a h f a


     

The result holds

Let  
1

0

' )( dtthafhI , If we integrate by parts choosing

'

"

( ) ,

( ) , 1 (1 ).

u f a th dv dt

du f a th hdt v t t

  

      
1 1

' ' 1 "
0

0 0

1
' 2 "

0

Then ( ) ( 1) ( ) | ( 1) ( )

( ) (1 ) ( )

I h f a th dt h t f a th h t f a th hdt

f a h h t f a th dt

       

   

 


1

' 2 "

0

( ) ( ) ( ) (1 ) ( )f a h f a f a h h t f a th dt      

For k = 1

 
1

0

"2' )()1()()()( dtthafthhafafhaf
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 
1

0

"2
1,1, )()1()()()( dtthafthhPhafhR aa

So we obtain the result for k = 1.
If we integrate again by parts

1 12 2
2 " 2 " 1 2 "'

0

0 0

12 3
2 "'

0

(1 ) (1 )
(1 ) ( ) ( ) ( ) | ( )

2 2

"( )
(1 ) ( )

2 2

t t
h t f a th dt h f a th h f a th hdt

f a h h
t f a th dt

  
     

   

 



We obtain the threorem for k = 2 . The result holds if we integrate bu parts k- time .

TH : ( Taylor’s theorem with integral Remainder II).
Suppose that f is of class )1( kC k on an interval IaandRI  , , Then the

remainder kaR , defined above in eq.(1) is given by
1

1 ( ) ( )
,

0

( ) (1 ) [ ( ) ( )]
( 1)!

k
k k k

a k

h
R h t f a th f a dt

k
   

 

Proof: By previous theorem .If we replace k with (k-1) we get
1( )1

1 ( )
, 1

0 0

( )
( ) ( ) (1 ) ( )

! ( 1)!

j kk
j k k

a k
j

f a h
R h f a h h t f a th dt

j k







     


 

Sustracting k
k

h
k

af

!

)(
from both sides gives

1( ) ( )
1 ( )

0 0

( ) ( )
( ) (1 ) ( ) .....(2)

! ( 1)! !

j k kk
j k k k

j

f a h f a
f a h h t f a th dt h

j k k




     


 

Since  


 
1

0

1
0

1 11
0|

)1(
)1(

kkk

t
dtt

k
k

kk

h
dtt

k

h

k

h k
k

kk 1

)!1(
)1(

)!1(!

1

0

1





 


substiuting in (2)

1
1 ( ) ( )

,

0

have ( ) (1 ) [ ( ) ( )] .
( 1)!

k
k k k

a k

h
We R h t f a th f a dt

k
   
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Corollary : If f is of class kC on I , then 00
)(,

 has
h

hR
k

ka

Proof: ( )kf is cont. at a , so for ( ) ( )0, 0, | ( ) ( ) | | |k kf y f a when y a          

  ||10|)()(| hwhentforafthaf kk .

1
1 ( ) ( )

,

0

1
1

0

Since, | ( ) | | (1 ) [ ( ) ( )] |
( 1)!

| |
(1 ) | | | | ,

( 1)! !

k
k k k

a k

k
k k

h
R h t f a th f a dt

k

h
t dt h for h

k k


 





   


   






and 





1

0

1)1(
)!1(!

dtt
k

h

k

h k
kk

| | .whenever h 

, ( )
| | 0 0

!

a k

k

R h
as h

h k


   

Corollary : If f is of class 1kC on I and ( 1)| ( ) |kf x M for x I   ,then
1

,| ( ) | | | , ( )
( 1)!

k
a k

M
R h h a h I

k
  



Proof: since
11

( 1)
,

0

| ( ) | | (1 ) ( ) |
!

k
k k

a k

h
R h t f a th dt

k


  

|)1(
!

||
|)(|

1

0

1

,  


dtMt
k

h
hR k

k

ka

Since ,
11 1 1 1 1

1
0

0

(1 )
(1 ) . |

( 1)! ! ( )! 1 ( 1)!

k k k k k
kh h h t h

t dt
k k k k k

    
   

  

Then ,
11

1
,

0

| |
| ( ) | (1 ) | | | .

! ( 1)!

k
k k

a k

h M
R h t M dt h

k k


  



Lemma: Suppose g is k+1 differentiable on [a,b] . If g(a)= g(b) and 0)( ag j for

kj 1 , then there is a point ),( bac such that 0)(1  cg k .

Proof: g satisfies Roll’s theorem , there is a point ),(1 bac  such that 0)( 1
' cg . Since

'g is cont. on ],[ 1ca and diff. on ),( 1ca and 0)()( 1
''  cgag , there is a point ),( 12 cac 

such that 0)( 2
" cg . Proceeding induction , we find that for 11  kj that is a point

),( 1 jj cac such that 0)( j
j cg , and the final case j = k+1 is the desired result.
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TH: (Taylor's theorem with Lagrange Remainder )
Suppose f is k+1 times diff. on an interval IaandRI  , , For each Rh such

that Iha  , there is a point c between 0 and h such that
)!1(

)()(
1

)1(
,







k

h
cafhR

k
k

ka

Proof: Fix a particular h , and suppose for now that h > 0 .

Let 1

1

,

,

)(
)()( 


 k

k

ka

ka t
h

hR
tRtg

1
,'

1

( )( )
( ) ( ) ( )

!

kk k
a k

k

R h tf a t
f a t f a f a t

k h




      

havewekjforSomilarlygandhg  ,0)0(,0)(
( )

, 1

1

( ) ( 1)( )
( ) ( ) ( ) ( 2 ) ,

( )!

kk k j
a kj j j k j

k

R h k tf a t
g t f a t f a k j t

k j h


 




        


 

So , 0)0( jg , Therefore by preivious lemma , there is a point ),0( hc such that

,1 ( 1)

1

( ) ( 1)!
0 ( ) ( ) a kk k

k

R h k
g c f a c

h
 




   

( 1) 1

,

( )
( )

( 1)!

k k

a k

f a c h
R h

k

 




The case h<0 is handeled similarly by considering the function )()( tgtg 
 on the

interval ]||,0[ h

Propostion : The Taylor polynomials of degree k a bout a = 0 of the functions .
.)1(,sin,cos, 1 resparexxxe x 





k

j

j
x

j

x
e

0 !
, 






2/

0

2

)!2(

)1(
cos

k

j

jj

j

x
x , 












2/)1(

0

12

)!12(

)1(
sin

k

j

jj

j

x
x , 



 
k

j

jxx
0

1)1( .

Example : Use Taylor expansion to evaluate
)cos1(

sin
lim

4

22

0 xx

xx
x 




..................
6

1
.........)

6

1
(sin 662222  xxxxxx

4 4 2 61 1
(1 cos ) (1 (1 ...........)) ...........

2 2
x x x x x      

Where the dots denote error terms that vanish faster than 06 xasx , therefore
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)'(
3

1

..........
2

1

...........
6

1

lim
)cos1(

sin
lim

6

6

04

22

0
ruleHopitalLby

x

x

xx

xx
xx













Agenerlaization of function on nR :

Def: A set nRs is called convex if wherever Sba , , the line segment from a to b
also lies in S .

Suppose RRf n: is of class kC on a convex open set S . we will derive a Taylor

expansion for )(Xf about a point Sa by looking at the restriction of f to the line

joining a and x . That is we set h = x-a and )())(()( thafaxtaftg 

By he chain Rule

n

n
x

thaf
h

x

thaf
h

x

thaf
hthafhtg
















)(
..............

)()(
)(.)(

2

2

1

1
'

jjj hwherethafhtg ).()().()(  denote the result of applying the operation

n

n
x

h
x

h
x

hh













 ..............

2

2

1

1 n times of f

The Taylor formula for g with a = 0 and h = 1

remainder
j

g
g j

k

j

j




1
!

)0(
)1(

0

)1.........(..........)(
!

)().(
)(

0
,







k

j
ka

j

hR
j

afh
haf

Where formula for )(, hR ka can be obtained from previous formulas and theorems.

By appling the multinomial theorem of jh ).(  we get





j

j h
j

h
||

)2.......(..........
!

!
).(







Substituting this in (1) we obtain the following theorem.

TH: (Taylor's theorem in several variables )
Suppose RRf n: is of class kC on an open convex set S . If ShaandSa  , then








k

ka hRh
af

haf
||

, )(
!

)(
)(








Where  


 
k

k
ka dtafthaft

h
khR

||

1

0

1
, )]()([)1(

!
)(








If f is of class 1kC on S ,we also have
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 



1||

1

0

, )()1(
!

)1()(
k

k
ka dtthaft

h
khR








And

)1,0(
!

)()(
1||

,  


csomefor
h

chafhR
k

ka







The Taylor polynomial of second order of f at x = a is given by

kj

n

j

n

kj
kjjja hhafhafafhP  

 


1 1,

2, )(
2

1
)()()(

 
 


nj

kjkjj

n

j

n

j
jjja hhafhafhafafhP

1

2

1 1

2
2, )()(

2

1
)()()(

Example : If 1
1 2 1 2( , ) , , , ( , ) ( , )anf x y C x a h y b h h h h a b      

1 2 1 2 ,

1
( ) ( , ) ( ) ( , ) ( )

!
a j

a kf h f a h b h h h f a b R h
j x y

 
      

 


The Taylor poly. Of second order
2

21212, )),(),((
!2

1
)),(),((

!1

1
),()( baf

y
hbaf

x
hbaf

y
hbaf

x
hbafhPa





















),())((),()(
2

1

),()(
2

1
),()(),()(),()(

2

2

2
2

2

2
2

2,

baf
yx

byaxbaf
y

by

baf
x

axbaf
y

bybaf
x

axbafhPa


























Example : Find the 3rd order Taylor polynomial of
yxeyxf 

2

),( about
)0,0(,)0,0(),(  baayx

Solution :
3

21

2
2121213,

))0,0()0,0((
!3

1

))0,0()0,0((
!2

1
))0,0()0,0((

!1

1
)0,0(),(

f
y

hf
x

h

f
y

hf
x

hf
y

hf
x

hfhhPa





























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))0,0()0,0(3)0,0(3

)0,0((
!3

1
)0,0()0)(0()0,0()0(

2

1

)0,0()0(
2

1
)0,0()0()0,0()0()0,0()(

3

3
3

2

3
2

2

3
2

3

3
3

2

2

2
2

2

2
2

2,

f
y

yf
yx

xyf
yx

yx

f
x

xf
yx

yxf
y

y

f
x

xf
y

yf
x

xfhPa














































)3(
6

1

2

1
1

)3()33(
6

1
)2(

2

1
1

)3()(
6

1
)(

2

1
)(1

3222

322462242

322222







orderyyxyxy

orderyyxyxxyyxxyx

orderyxyxyxe yx

If we have thrown the terms 22464 ,, yxandyxxx since are themselves of order >3

Thus the answer 3222
3,

6

1

2

1
1),( yyxyxyyxPa  .

Ex . 1,2,4,5,6,7
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2.8 Critical points:
Def: Suppose f is a diff. function on some open set nRS  . The point Sa is called

a critical point for f if 0)(  af .

To find the critical points of f we solve the n.eqs. 1 2( ) 0, ( ) 0,.........., ( ) 0nf x f x f x     

Simultaneously for the n quantities nxxx .,,........., 21 .

Def: we say that f has a local max (or local min) at a if ))()(()()( afxforafxf 

for all x in some neighborhood of a

Proposition: If f has a local max. Or min at a and f is diff. at a, then 0)(  af

Proof: If f has a local max. Or min. at a, then for any unit vector u, the function

)()( tuaftg  has a local max. Or min at t = 0 So,

0)()0('  afg u In particular 0)(  afj ,for all j, so 0)(  af .

Def: we say that f on an open set in nR has a saddle point at if f has neither a max.
nor min., and its graph goes up in one direction and down in some other direction.

Th: Suppose f is of class 2C on an open set in 2R containing the point a, and

suppose 0)(  af , Let )(2
1 af , )(21 af , )(2

2 af . Then

a) If 02   , f has a saddle point at a .

b) If 02   , and 0 , f has a local min. at a .

c) If 02   , and 0 , f has a local max. at a .

d) If 02   , no conclusion can be drawn .

Example: Find and classify the critical point of the function )4312(),( yxxyyxf 

Solution: we have
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2

2

12 6 4 (12 6 4 ),

12 3 8 (12 3 8 ).

x

y

f y xy y y x y

f x x xy x x y

      

      

Thus if 0 fx , then 0y or 04612  yx and 0 fy , then 0x or 08312  yx ,

so there are four possibilities

0 yx , 12 3 8 0 ( 0 4)y x y y x      

0 yx , 12 6 4 0 ( 0 3)x x y x y       , and
4

12 6 4 0, 12 3 8 0 , 1.
3

x y x y x y        

Solving these given the critical points
(0, 0), (4, 0) , (0, 3) , (4/3, 1)
Since yaf 6)(2

1  , xaf 8)(2
2  , xaf 612)(21 

By pervious Theorem

At (0, 0) we have 0)12(0 22  

(0, 0) is a saddle point

At (4, 0) we have 2 232 (12 6(4)) 0     

(4, 0) is a saddle point

At (0, 3) is a saddle point.
But (4/3, 1) is a local max. because 2 48 0, <0.    

Example: Find and classify the critical points of the function yxyyxf 23 3),( 

Solution xyfx 6 , 22 33 xyfy 

If 000  yorxfx

And 00 22  yxyxfy

So (0, 0) is the only critical point

yaf 6)(2
1  , xaf 6)(21  yaf 6)(2

2  all are vanishes at (0, 0), so by the
previous test is failure .
Since )3()3(),( xyxyyyxf 
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and the lines xyxyy 3,3,0  separate the plane into six region on which f is

alternatively positive and negative , and these region all meet at the origin . Thus f

has neither a max. or a min. at the origin , So f has a saddle point called “ monkey
saddle” .

Ex 1) a,b,c,d,e

2.9 Extreme value problems :
Th: Let f be continuous function on an unbounded closed set nRS  .

a) If )(||)( Sxxasxf  , then f has as absolute minimum but no absolute
maximum on S .

b) If )(||0)( Sxxasxf  and there is a point Sx 0 where 0)( 0 xf ( resp.

0)( 0 xf ) , then f has absolute maximum (resp. minimum ) on S .

Example : Find the absolute max. and min. values of the function

4)1(
),(

22 


yx

x
yxf on the first quadrant ( , ) : , 0}S x y x y 

Solution : for 0, yx , 0),0(0),(  yfandyxf ,
so the minimum is zero . achievedat all points on the y –axis.

2222 )1(

111

4)1(
),(







yxxx

x

yx

x
yxf




 |),(|0),(
)1(

1
),(

1
),(,

2
yxasyxf

y
yxfand

x
yxfSo

So by previous theorem f has a maximum value on S which must occur either in the
interior of S or on the positive x – axis

04)1(

0))(2()4)1((

0
)4)1((

))(2()4)1((

22

22

222

22















xy

xxyx

yx

xxyx

x

f
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101,0

0
)4)1((

))1(2(
222













yyx

yx

yx

y

f

If 21 4 2y x x    

So at (2, 1) there is a critical point and
4

1
)1,2( f

Also,
5

)0,(
2 


x

x
xf

0
)5(

2)5(
22

22











x

xx

x

f

55025 222  xxxx is a critical point and
4

1

10

5
)0,5( f ,

So the max value of f on S is
4

1 .

Lagrange multiplier method:
Let f and g have a continuous first partial derivatives on an open set containing the

surface or the curve S which is the graph of the eq. ( ) 0g X  , Let ( ) 0g X  on S and

suppose that ( )f X has a constrained local extrema at the point a of S, then there is a
number  such that

)()( agaf   , that is the gradients of f and g are parallel at a

Example : what is the maximum area of a rectangle with perimeter P

Solution : Let xyyxf ),(

and ( , ) 2 2 0g x y x y p   

)2,2(

),(





g

xyf

2 , 2 , 2 2f g y x x y p         

Solving the first two equations give xy  , substituting into the third eq. given that

ypxpxx 
4

1
22

So the max of f is 2

16

1
),( pyxf 

The min. on this set namely 0 , is achieved when versaviseorpyx
2

1
,0 
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Example: Find the absolute max. and min. of yyxyxf  22),( on the disc
122  yx

Solution : 012,02  yfxf yx , thus the only critical points is at )
2

1
,0(  lies on the

disc , at which
4

1
)

2

1
,0( f

On the boundary we use Lagrange multiplier method with 2 2( , ) 1.g x y x y  

)2,2( yxg 

gf   we solve the eqs.

xx 22  and yy 212  , 122  yx

The first eq. implies
100)1(   orxx

If yyeqondthe 212.sec1  has no solution , So 1 is impossible ,So 0x ,

Then from the third eq. 1y

0)1,0(,2)1,0(  ff , so the abs. max is 2 at (0,1) and the abs. min. is

)
2

1
,0(

4

1
 at .

We can analyze f on the boundary by parametring the latter as

 cos1)sin,(cos).1(sin,cos 22  fThenyxbecauseyx which has a max.
value of 2 at 0 an min. value of 0 at  

Ex. 1,2,3,6,7,11,12,14
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2.10 Vector –valued functions and their derivatives

The vector valued function from mn RtoR where n and m are any positive integers

is defined by bold face :f n m nR R X R 

1 2 3( ) ( ( ), ( ), ( ),............, ( ))f mX f X f X f X f X

f is called linear mapping from mn RtoR , if it satisfy

( ) ( ) ( ) ( , , , )f f f naX bY a X b Y a b R X Y R     .And these maps can be represented by
an m x n matrix.

)( jkAA  with m rows and n columns

If the elements of mn RtoR are rep. as column vectors , ( )f X is just the matrix product

AX, and 



n

k
kjkj xAxf

1

)(

Differentiability of vector valued function :
A mapping f from an open set nRS  into mR is said to be differentiable at Sa .
If there is an m x n matrix L such that

0
||

|)()(|
lim

0



 h

Lhafhaf
h

The matrix L is a unique matrix defined as ( ) , ( )f f faD a a and d its called the Frechet

derivative of f at a .

We define this matrix in the following proposition
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Proposition: An mR - valued function f is differentiable at a precisely when each of

its components nff .........,,.........1 is differentiable at a . In this cases )(aDf is the matrix

whose jth row is the row vector )(af j . In other words























































n

mm

n

x

f

x

f

x

f

x

f

x

f

x

f

Df









1

1

2

1

2

1

1

1

Example : Let )3,4(),(),,( 222 yzxyyxyzvuzyxf  Compute ),,( zyxDf

Solution :






























































yzxyy

xyzyxzyz

z

v

y

v

x

v

z

u

y

u

x

u

zyxDf
63

28
),,(

2

22

TH: (Chain Rule ) Suppose nk RRg : is diff. at ka R and mn RRf : is diff. at
nRag )( . Then mk RRgfH  : is diff. at a and )())(()( aDgagDfaDH  where the

expression on the right is the product of the matrices ))(( agDf and )(aDg

Example : Define 32: RRf  by ))1log(2,,5(),( 222 vuvevuvuf u 

a) Compute ),( vuDf , what is )0,0(Df

Solution : Let 2 2u 25 , r=ve , t=2u-log(1+r ),s u v 















































































2

22

1

2
2

2

52

),(

v

v

eve

u

v

t

u

t

v

r

u

r

v

s

u

s

vuDf uu
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













 



02

10

50

)0,0(Df

b) Suppose 22: RRg  is of class 1C , )0,0()2,1( g











43

21
)2,1(Dgand .

Compute )2,1)(( gfD 

Solution : ( )(1,2) ( (1, 2)) . (1,2)D f g Df g Dg

(0,0). (1, 2)Df Dg

 






















 

43

21

02

10

50

=














 

42

43

2015

Jacobians : If m = n ,then the Frechet determinant Df of a function nn RRf : is an

nxn matrix of functions , defined on the set S where f is diff. , so we can form its

determinant on S is called The jacobian of the mapping f , it is denoting by fJ or if

( )Y f X by DfDetJ
xxx

yyy
f

n

n 




)........,,.........,(

)........,,.........,(

21

21

n

n

n

x

y

x

y

x

y

x

y

x

y

x

y

DfDet



































1

2

1

2

1

2

1

1

1

And if ( ) ( ) , ( , , )nY f X and X g t t X Y R   , then ( ( ))( ) . ( )f g f g t gJ t J J t or

)........,,.........,(

)........,,.........,(
.

)........,,.........,(

)........,,.........,(

)........,,.........,(

)........,,.........,(

21

21

21

21

21

21

n

n

n

n

n

n

ttt

xxx

xxx

yyy

ttt

yyy













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Example1) : Let )3,4(),,(),( 222 yzxyyxyzzyxfvu 

Compute
),(

),(

yx

vu




,

),(

),(

zy

vu




,

),(

),(

zx

vu





)8(3)6(
63

8

),(

),( 222

2

22

yxzyzxyyz
zxyy

yxzyz

y

v

x

v

y

u

x

u

yx

vu




























Ex : 1,2,3,4,8

Ex. 8) ),,,( styxfw  , ),,),(),,((),(,),(,),( ststystxstgstystx 

),)(()),(( stgfstgfw 

( ( , )) ( ( , )) . ( , )

.

1 0

0 1

D f g t s Df g t s Dg t s

x x

t s

y yf f f f f x f y f f x f y f

t sx y t s x t y t t x s y s s



  
  
 
                  

                           
 
 
 


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CH3 : The implicit Function theorem and its application :
3.1 The implicit function theorem: in this section we consider the problem of
solving an eq. 0),........,,,( 321 nxxxxF for one of the variables jx as a function of the

remaining (n-1) variables or more generally of solving a system of k such eqs for k
of the variables as a functions of the remaining (n-k) variables .
For the case n =2 , we are given an eq. 0),( yxF relating the variables x and y , and
we ask when we can solve for y as a function of x or vice versa .
If  0),(:),(  yxFyxS then our equations is when can S be represented as the graph
of a function y=f(x) or x= g(y) ?
For the case n= 3, the set where 0),,( zyxF will usually be a surface , and we ask
when this surface can be represented as the graph of a function

),(),(,),( zyhxorzxgyyxfz 

Example: Consider )1(1),( 22  yxyxF

)2(),( 22 yxyxF 

)3(1),( 22  yxyxF

In the first eq.(1) , F(x,y)=0 did not satisfied for any point .
In the second eq.(2) , F(x,y)=0 satisfied for x = y =0 so 0)(  xatxfy .
In the third eq.(3) , F(x,y)=0 satisfied for 1 1x   , and eq(3) does define two

functions 21 xy  and 21 xy  but these functions are not defined in a two

sided neighborhood of x =1 or of x =-1 because in this case 0)0,1(,0)0,1( 22  FF

Now If the number of variables are n+1 and if we denote the last variable by y, we
have the problem .
Given a function F(x,y) of class 1C and a point (a,b) satisfying F(a,b)= 0 , when is
there

1) A function f(X), defined in some open set in nR containing nRa , and
2) An open set 1 nRu containing (a,b) such that for ( , ) ,X y u

( , ) 0 ( ) ?F X y y f X  

TH 3.1 The implicit Function theorem for a single equations. Let ( , )F X y be a

function of class 1C on some neighborhood of a point 1( , )a nb R 

Suppose that F(a,b) = 0 and ( , ) 0ay F b  then there exist very small positive

numbers 10 , rr such that the following conclusion are valid .

a) For each X in the ball 0| |X a r  ther is a unique y such that 1|| rby  and

F(X,y)=0, we denote this y by f(X) , in particular f(a) = b.
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b) The function f thus defined for 0| |X a r  is of class 1C , and its partial

derivatives are given by
( , ( ))

( )
( , ( ))

j

j

y

F X f x
f X

F X f x


 



Summary of the theorem
If 1) 1( , )F X y C

2) ( , ) 0aF b 

3) 0),( baFy

0 1 0 1! ( ) ( ) , 0 for all X, |X- | , | | .aaunique function y f X and r r r y b r       

A) y(a) = f(a) =b
B) F(X,f(X)) = 0, where |X-a|< 0r .

C) f(x) 1C , on |X-a|< 0r and
( , ( ))

( ) .
( , ( ))

j

j

y

F X f X
f X

F X f X


 



proof: see the book.

Example (1) : let 2( , ) 1F X y x y   for any point 2),( Rba  for which ( , ) 0,aF b 

1) 1( , )F x y C

2) 1),( 2  babaF

3) bbaFbaF yx 2),(,1),( 

First ( , ) 1 0,xF a b   so the implicit function theorem guarantees that the eq. F(x,y)=0

can be solved for X locally near any point (a,b) for which F(a,b) = 0, So
01),( 2  yxyxF , can be solved explicity as x a function of y namely 12  yx and

this solution is valid for any point (a,b).
Next , 0),( baFy when b =0, so the implicit function theorem quarantees that F(x,y)

= 0 can be solved uniqualy for y near any point (a,b) such that F(a,b)=0 and b 0
In fact the possible solutions are 1 xy and 1 xy .
For x very close to a only one of these solutions will be very close to b namely

01  bifx and 01  bifx and these solutions are defined only for 1x , so

10  ar ( in the therorem)

Finally, we have F(1,0) = 0, but the eq. F(x,y) = 0 can not be solved uniqualy for y as
a function of x in any neighborhood of (1,0), if x>1 there are two solution s ,both
equally close to 0, and if x<1 there are none.

Example 2 : let 31),( yexyxG x  

11),( 1  a
x ebaG for all (a,b)
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So the implicit function theorem guarantees that the eq. G(x,y)= 0 can be solved for
x locally near any point (a,b) such that G(a,b) = 0.

Next, 2( , ) 3ayG b b   , so the implicit function theorem guarantees that the eq. G(x,y)

=0 can be solved for y as a 'C function of x locally near any point (a,b) such that

G(a,b) = 0 and b 0. In fact the solution is 3 1 xexy  which is globally uniquely
defined but fails to be diff at the point when y =0, x = 1.

Ex3.1
Ex(1) : Investigate the possibility of solving the eq. 124 22  yzyxx for each of its
variables in terms of the other two near the point (2,-1,3). Do this both by checking
the hypotheses of the implicit function theorem and by explicitly computing the
solution :

Sol: let 2 2( , , ) 4 2 1 0.F x y z x x y yz     

1) 1( , , )F x y z C

2) 013284)3,1,2( F

3) 0|42),,( )3,1,2(  xzyxFx

0734|4),,( )3,1,2(  zyzyxFy

01|),,( )3,1,2(  yzyxFz .

So, ),,( zyxF can be solved for y and z at the point (2,-1,3) but not for x.

Ex. 3) Can the eq. zzyx cos)2( 5.0222  be solved uniquely for y in terms of x and z
near (0,1,0) ? For z in terms of x and y ?

Solution : let 0cos)2(),,( 5.0222  zzyxzyxF .
Then

1) '),,( CzyxF 

2) 0)0,1,0( F

3) 01)2()10(5.0|)2()2(5.0 5.0
)0,1,0(

5.0222   yzyxFy

4) 2 2 2 0.5
(0,1,0)0.5( 2 ) (4 ) sin | 0.zF x y z z z    

F can be solved for y in terms of x and z near (0,1,0) but not for z in terms of x and
y.
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The implicit theorem for a system of equations.
If we have k functions kFFF ...,,........., 21 of n+k variables kn yyxxx .,,.........,....,,........., 121 and

ask when we can solve the equations

1 1 1( ,........, , ,..........., ) 0n kF x x y y 

2 1 1

1 1

( ,........, , ,..........., ) 0

( ,........, , ,..........., ) 0

n k

k n k

F x x y y

F x x y y









For the y’s in terms of the x’s
We shall use the vector notation to abbreviate as ( , ) 0F X Y  we assume 1F C near

the point (a,b) and 0),( baF , and we ask when ( , ) 0F X Y  determines Y as a 1C

function of X in some neighborhood of (a,b).

1 1 1

1 2

1 2

...................

Let the matrix

...................

k

k k k

k

F F F

y y y

B

F F F

y y y

  
    

 

       



 ,

be the partial Frechet derivative of F with respect to the variables Y evaluated at
(a,b).
We have the following theorem.
Th : The implicit Function theorem for a system of equations:
Let F(X,Y) be an kR - valued function of class 1C on some neighborhood of a point

( )a,b n kR  and let the matrix B is the parial Frenchet deriavative of F with respect

to the variables Y, evaluated at (a,b). Suppose F(a,b)= 0 and let 0det B . Then there
exist positive numbers 10 , rr such that the following conclusions are valid

a) For each X in the ball 0| |X a r  there is a unique y such that 1| |Y b r  and

F(X,Y) = 0, we denote this Y by f(X) in particular, f(a) = b.
b) The function f thus defined for 0| |aX r  is of class 'C ,and its partial

derivative
jx f can be computed by differentiating the equations F(X,f(X)) =
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0 with respect to jx and solving the resulting linear system of equations for

1,............, .
j jx x kf f 

Example 3: Consider the problem of solving the eqs 0,02  uvxyyux ….(1)

for u and v as functions of x and y setting uvxyGandyuxF  2

we see that 22
02

det
),(

),(
yu

uv

yu

vu

GF















.

So the implicit function theorem quarantees a local solution near any point
),,,( 0000 vuyx at which eqs.(1) holds provided that 02 2

00  uy , that is, 00 00  uandy .

Notice that under this condition, the first eq. in (1) implies that 00 x and that 0x

and 0y have he same sign .

The second eq. then implies that 00 v and that 0u and 0v have opposite signs .It’s

not hard to find explicitly
y

x
u  , 3xyv 

The sign of u and v being the same as the signs of 0u and 0v resp. This solution is

valid for all (x,y) in the same quadrants as ),( 00 yx .

EX. 5) Suppose 1( , )F x y C is a function such that F(0,0) = 0.
What conditions on F will guarantee that the eq. F(F(x,y),y) = 0 can be solved for y
as a 1C function of x near (0,0) ?

Solution : 1) F(F(0,0),0) = 0
2) '( ( , ), )F F x y y C

3) )1(
)),,((

12221 



FFFFF

y

yyxFF at (0,0)

2 1 2 1( 1) 0 (0,0) 0 , (0,0) 1.F F iff F F    

EX. 6) Investigate the possibility of solving the eqs, 032  xzyzxy , 1 yxxyz for
two of the variables as a function of the third near the point (x,y,z) = ( 1,1,1).

Solution : Let

01),,(

032),,(





yxxyzzyxG

xzyzxyzyxF
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1) (1,1,1) 0

2) (1,1,1) 0

F

G





03
10

13
det|

1

322
det

),(

),(
)1,1,1( 







 



















xyxz

xyzx

zy

GF
.

Then F and G can be solved for y and z interms of x .

06
02

32
det|

11

23
det

),(

),(
)1,1,1( 



























xzyz

zxzy

yx

GF

F and G can be solved for x and y interms of z

0
12

12
det|

1

323
det

),(

),(
)1,1,1( 







 



















xyyz

xyzy

zx

GF

F and G can not be solved for x and z interms of y

Sec 3.1) 2 ,3 , 7 , 8 , 9.
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CH4 sec 4.6 Improper integrals
The two most basic Types of improper integrals are as follows :

I ) 


a

dxxf )( where f is integrable over every finite subinterval [a,b]

II) 
b

a

dxxf )( where f is integrable over [c,b] for every c > a ,but is unbounded near x

=a

Improper integral of Type I
If f is defined on [a,  ] and integrable on [a,b] ,for every b>a

Then 


a

dxxf )( = 

b

a
b

dxxf )(lim

If the limit exist the integral conv. . If the limit does not exist the integral div

Example : 1) 0

0 0

lim lim | lim 1 0 1 1
b

x x x b b

b b b
e dx e dx e e


   

  
         

2) existdoesnotbxdxxdxx
b

b

b

b

b






 0sinlim|sinlimcoslimcos 0

00

TH: Suppose that )()(0 xgxf  for all suffeicently large x . If 


a

dxxg )( conv. So

does 


a

dxxf )( . If 


a

dxxf )( div so does 


a

dxxg )( .

Proof : Assume that )()(0 xgxf  for all ax 
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If 


a

dxxg )( conv., then there exists B>0 such that ( )
a

g x dx B


 . It implies that


b

a

dxxfb )()( has an upper bound as b , because





a

b

a

b

a

dxxgdxxgdxxfb )()()()( =B. Also ' ( ) ( ) 0,b f b   so

)(b is increasing on 



a

dxxfb )(],[ conv. And lim ( ) .
b

b
a

f x dx B




Corollary : Suppose f > 0 , g > 0 and l
xg

xf


)(

)(
as x . If  l0 , then 



a

dxxf )(

and 


a

dxxg )( are both conv. or both div.

If l = 0, the convergence of 


a

dxxg )( implies the convergence of 


a

dxxf )( .

If l , the divergence of 


a

dxxg )( implies the divergence of 


a

dxxf )( .

Proof : If  l0 and )(2)(2
)(

)(

)(

)(
xglxfl

xg

xf
l

xg

xf


And )(5.0)( xglxf  for sufficiently large x

If  
 


a aa

convdxxfconvdxxglconvdxxg .)(.)(2)(

Also , If ( ) ., then 0.5 ( ) . ( ) .
a a a

g x dx div l g x dx div f x dx div
  

  

If )()()()(0 xfxglifandxgxfl  for suffeicently large x

If 0)()(  


lwhenconvdxxfconvdxxg
aa

If  


lwhendivdxxfdivdxxg
aa

)(.)(

Example: If
1

1
1 1

1 , so the integration div.1
lim lim

1 ( 1) 1, so the integration .

b p

p pb b

if pdx dx b

x x p p if p conv

 

 

 
   

  
 

If 1p
1 1

lim lim ln , so the integration .
b

b b

dx dx
b div

x x



 
     
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Corollary : If pCxxf  )(0 for all sufficiently large x where P>1 ,then for a>0,




a

dxxf )( conv. . If )0()( 1   CCxxf for all sufficiently large x , then 


a

dxxf )(

divergese.

Example 2:
Determine whether the integral conv. or div.








0

3 1

142
dx

x

x

Solution:
1

3 3 3

0 0 1

2 14 2 14 2 14
.

1 1 1

x x x
dx dx dx

x x x

 
  

 
    

1

142
)(

3 




x

x
xf behaves like

23

22

xx

x


Let 
2

1
)(

x
xg

2

1

dx

x



 conv.

2
1

142
lim

1
/

1

142
lim

)(

)(
lim

3

23

23












 x

xx

xx

x

xg

xf
xxx

, so by the limit comparison test,

the integration
1

( )f x dx


 conv., so

1

3 3 3

0 0 1

2 14 2 14 2 14

1 1 1

x x x
dx dx dx

x x x

 
  

 
     conv., because

1

3

0

2 14

1

x
dx

x



 is proper integration

which converges and
3

1

2 14

1

x
dx

x




 , conv.
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TH: If 


aa

convdxxfthenconvdxxf .)(.,|)(|

Proof : If f is a real valued function
Let ]0),(max[)(]0),(max[)( xfxfandxfxf  

Then |)(|)(0 xfxf   and |)(|)(0 xfxf   so  
 



a a

convdxxfanddxxf ..)()( but

  fff so 


a

convdxxf .)(

If f is complex valued function | Re ( ) | | ( ) | | Im ( ) | | ( ) |f x f x and f x f x   So the

convergence of 


a

dxxf |)(| Implies the conv. of 


aa

dxxfanddxxf |)(Im||)(Re| ,

and hence the conv. of the real and imaginary parts of 


a

dxxf )(

Def: The integral 


a

dxxf )( is called abs.convergent if 


a

dxxf |)(| conv

Example: 


1

sin
dx

x

x
is conv. but not abs. conv.

Solution :  




b

b
dx

x

x
dx

x

x

11

sin
lim

sin

By integrating by parts let dxxdv
x

u sin
1



2

1
cosdu dx v x

x


  

1 2

1 1

sin cos cos
lim | lim

b
b

b b

x x x
dx dx

x x x



 


  




1

2

cos
dx

x

x conv. Since
22

1
|

cos
|

xx

x
 conv. and 1

cos
lim | 0 cos1b

b

x

x


 
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2

1 1

sin cos
0 cos1 .

x x
dx dx conv

x x

 

     , to show
1

sin
| | , div., by ex(8)

x
dx

x





( 1)

1 1 ( 1)

( 1)

1 ( 1)

sin
a constant positive number 0, | | for x (n ,(n+1) ) and for all n 1. Let m >n >1, then

sin sin sin sin
| | | | | | | |

1 1 1

nm n m

n m

nn

n m

c x
c

x x

x x x x
dx dx dx dx

x x x x

c dx c dx c
x x x

  

 





   









     

    

  

   

 




1

1 1

1
.

sin 1
lim | | lim lim ln . So the integration diverges.

m m

m m

m m m

dx c dx
x

x
dx c dx m

x x

 



 


  



    

 

 





11

...
sin

.|
sin

| convabsnotbutconvisdx
x

x
divdx

x

x

Improper Integral Type II
If f is defined on (a,b] and integrable over[c,b] for every c>a the improper integral

( ) lim ( )
b b

c a
a cc a

f x dx f x dx




 

If the limit exist then the improper integral conv. and if the limit deos not exist the
improper integral div.

TH: suppose that )()(0 xgxf  for all x sufficiently close to a . If 
b

a

dxxg )( conv. .so

does 
b

a

dxxf )( . If 
b

a

dxxf )( div. ,so does 
b

a

dxxg )(

Example : let
pax

xf
)(

1
)(




1 11 (1 ) ( ) 1, so the integration conv.( )
( ) lim ( ) lim |

1 1, so the integration div.

b b pp
p p b

c
c a c a

a c

p b a if px a
x a dx x a

p if p 

 
 

 

   
     

  
 

For p =1 1( ) lim log( ) |
b

b
c

c a
a

x a dx x a as c a


 


     , so the integration div.
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Corollary : If paxCxf  )()(0 for all x near a ,where p<1, then 
b

a

dxxf )( conv. .If

)0()()( 1   CaxCxf for all x near a , then 
b

a

dxxf )( divergese.

Example : Show that 


1

0

2 3sin xdxx divergese.

Solution : 3
3sin

lim
0


 x

x
x

, so
xx

x

xx

x 23sin13sin
2

 for all x near 0

1 1
2 1 1

0
0 0

sin 3 2 2 lim ln |c
c

x xdx x dx x


 


   

So the integration diverges.

Example : Show 


1

0

15.0 )sin( dxxx that is abs. conv.

Solution :
5.05.0

1 1
|

)sin(
|

xx

x




1
0.5 0.5 1

0
0

lim 2 | 2c
c

x dx x





  conv.


1

0
5.0

1 |)sin(|
dx

x

x
conv.

So, 


1

0

15.0 )sin( dxxx conv. absolutely

Other Types of Improper integrals:
Various other kinds of improper integrals can be built up out of those of types I and
II.

For example : 









0

0

)()()( dxxfdxxfdxxf .

If both integrals on the right conv. Then the original integral 




dxxf )( conv.

Otherwise it div.
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Example :
























   0

2
)

2
(0|tanlim|tanlim

1
lim

1
lim

1
0

1
0

01

0
222

a

a
b

b
b

a

ab
xx

x

dx

x

dx

x

dx

Another way: the function in the integration above is even function so,

1
02 2

0

2 lim 2 lim tan |
1 1

b
b

b b

dx dx
x

x x





 


  
  

Example: 




0

dxx p is divergent for every p

Solution : 





 
1

1

00

dxxdxxdxx ppp

For p<1 , 


1

0

dxx p conv. but 




1

dxx p div.

For p >1 


1

0

dxx p div. but 




1

dxx p conv.

For p=1 ,both 


1

0

dxx p and 




1

dxx p div.

So in all cases above
0

px dx




 div.

Example : 


0
5.15.0 xx

dx
determine whether the integral conv. or div.

Solution :  










1

0 1
5.15.05.15.0

0
5.15.0 xx

dx

xx

dx

xx

dx

 



 

1

0
5.15.0

5.0

5.15.0
.

1
0 conv

xx

dx
x

xx

.
1

1
5.15.0

5.1

5.15.0
conv

xx

dx
x

xx 








, because

1
0.5

0

x dx

 conv.

0.5 1.5

0

.
dx

conv
x x




 , because 1.5

0

x dx




 conv.

Improper integration where 
b

a

dxxf )( where f is unbounded near one or more

interior points of [a,b].
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Example: Consider I = 



9

0

3

1

23 )8( dxxx , 
 


0

3

1

23 )8( dxxx .

)(xf =
1

3 2 3( 8 )x x


 is not defined at 0 and at x = 8.

I =  
9

8

8

0

)()()( dxxfdxxfdxxf
c

c

, where (0<c<8).

3

2

3

1

3

2

3

1

23

2

1
|8||8||)(|



 xxxxxxf for x near 0.

1 2 1
3 2 3 3 3

1
| ( ) | | ( 8 ) | | | | 8 | | 8 |

4
f x x x x x x

  

      for x near 8.

2 1 1

3 3 3
0

0

1 1 3
and 3 |

2 2 2

c
cx dx x c



  conv.

8 1 2 2
83 3 3

1 1 3 3
| 8 | ( 8) | ( 8)

4 4 2 8
c

c

x dx x c


      conv. And
9 1 2

93 3
8

8

1 1 3 3
| 8 | . ( 8) |

4 4 2 8
x dx x



    conv.

So,
9

8

| ( ) |f x dx conv. so, 
9

8

)( dxxf conv. abs.

On the other hand 80)(  xforxf and 





xasx

x

xf
1)81(

)(
3

1
1

1

So ,
1

3 2 3

9

( 8 )x x dx
 

 div. by limit comparison test if 
x

xg
1

)(
9

1
dx

x



 div.

So
9

0 0 9

( ) ( ) ( ) , div.f x dx f x dx f x dx
 

   

Example : 


1

1

1
dx

x
Improper Integral does not exist

1 0 1
1

1
0 0 0 0

1 1 0

1 1 1
lim ln | || lim ln | || lim log | | lim log indeterminate value,

in this case the improper integral does not exists.

( log | | log | | log 0).

c
a

c a c a
dx dx dx x x c a

x x x

c
if a c c a

a

   
   

 

       

    

  
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Since
x

xf
1

)(  is odd function, then the Cauchy principal value of
1

1

1
,dx

x

 p.v.





1

1

0
1

dx
x

.

Def: Suppose a < c < b and suppose f is integrable on ],[ ca and on ],[ bc  for

all  >0 . The Cauchy principal value of the integral 
b

a

dxxf )( is

p.v.
0

( ) lim[ ( ) ( ) ]
b c b

a a c

f x dx f x dx f x dx










    .

Provided that the limit exists of course if 
b

a

dxxf )( conv. and its Cauchy principles

value is its ordinary value, (i,e p.v. ( ) ( ) .
b b

a a

f x dx f x dx 

Proposition : Suppose a < 0 < b . If  is cont. on [a,b] and differentiable at 0 then

p.v. 


b

a

dxxx )(1 exists .

Proof : Let 1

p.v.
0 0

1
lim[ lim log | || log | || log

| |

b b
b

a

a a

dx dx b
dx x x

x x x a





 






 


      

For general case , we write )]0()([)0()(   xx ,

obtaining p.v .  



b

a

b

a

b

a

dx
x

x

x

dx
vpdx

x

x )0()(
..)0(

)( 




The first quantity on the right exists and the second one is a proper integral

If )0(
)0()( '






x

x
, then

' '(0) (0)( )
b

a

dx b a   exists


b

a

dx
x

x
vp

)(
..


exists.

** The 








R

R
R

dxxfdxxfvp )(lim)(.. .

Example : 


 
dx

x

x

)1( 2
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As improper integral, 


 
dx

x

x

)1( 2
=

1

2(1 )

x
dx

x


 +
2

1
(1 )

x
dx

x





f(x)=
2

1
behaves lik

(1 )

x
e

x x
, so if

1
( )g x

x
 , then by limit comparison test,

( )
lim 1, and

( )x

f x

g x








1
2

1

.
)1(

.
1

divdx
x

x
divdx

x

But p.v. 0
)1( 2








dx
x

x
because f is odd function .

Ex. 1,2,3,4,5,10,11
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CH5 5.4 Vector derivatives

Let  denote the n-tuples partial diff. operator
j

j
x




)......,,.........,( 21 n

If f is a scalar function on nR , 1f C , then )...,,.........,( 21 fffffgrad n

If 1F is a C vector valued function on an open subset of nR , then the divergence of F

is the function defined by
FFFFFdiv n ............ 21

FFFFFFF nnn  ...........)....,,.........,().,.......,,(. 212121

Let n = 3 . If 1F is aC vector valued function on an open subset of 3R , the curl of F

is the vector defined

kFFjFFiFF

FFF

kji

FfCurl )()()( 122113312332

321

321 

Properties : 1) )()()( fgradgggradffggrad 

fggffg  )(

Where gf , are scalar real valued functions

2) If GF , are vector valued function ,then

)().()().(

)().()().().(

FGFGGFGF

FcurlGFGGcurlFGFGFgrad





3) If f is a scalar real valued function and G is a vector valued function ,then

GfgradCurlGffGCurl  )()( .

GfGffG  )()()( .

4) If GF , are vector valued functions ,then
GdivFGFFdivGFGGFCurl )().()().()( 

GFGFFGFGGF ).().().().()( 

5) If f is a real function , then

GfGffG

GgradfdivGffGdiv

.)().().(

.)()(




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6) If GF , are vector valued functions , then

).().()(.

).().()(

GFFGGF

GcurlFFCurlGGFdiv





Note 1) :
n

n

n

j
jj

x
F

x
F

x
FFF














 



.............
2

2

1

1
1

And
n

n
x

G
F

x

G
F

x

G
FGF














 ............).(

2

2

1

1

Note 2) : Properties 1, 5 are valid in nR for any n , and properties 2, 3, 4, 6 which
involve cross products and Curls are valid in 3R

Proof of property 1) : fggffg  )(

Proof: )...,,.........,()(
21 nx

fg

x

fg

x

fg
fg














)...,,.........,()(
2211 nn x

f
g

x

g
f

x

f
g

x

g
f

x

f
g

x

g
ffg





























)...,,.........,()...,,.........,()(
2121 nn x

f
g

x

f
g

x

f
g

x

g
f

x

g
f

x

g
ffg



























)...,,.........,()...,,.........,()(
2121 nn x

f

x

f

x

f
g

x

g

x

g

x

g
ffg



























fggffg  )(

Proof of property 6) : ).().()(. GFFGGF 

Proof : 3, RGF 

kGFGFjGFGFiGFGF

GGG

FFF

kji

GF )()()( 122113312332

321

321 

)......,,.........,( 21 n
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Left side = 2 3 3 2 3 1 1 3 1 2 2 1

1 2 3

.( ) ( , , ).( , , )F G F G F G F G FG FG F G
x x x

  
     

  

2 3 3 2 3 1 1 3 1 2 2 1

1 2 3

( ) ( ) ( )F G F G F G FG FG F G

x x x

     
  

  

3

1
21

3

2

3

2
12

3

1

2

3
13

2

1

2

1
31

2

3

1

2
32

1

3

1

3
23

1

2

x

G
FG

x

F

x

G
FG

x

F

x

G
FG

x

F

x

G
FG

x

F

x

G
FG

x

F

x

G
FG

x

F





























































)(. CurlGFFCurlG 

1 2 3 3 2 1 3 2 1

2 3 3 1 1 2

1 2 3 3 2 1 3 2 1

2 3 3 1 1 2

Right side ( ).[( ) ( ) ( ) ]

( ).[( ) ( ) ( ) ]

G i G j G k F F i F F j F F k
x x x x x x

F i F j F k G G i G G j G G k
x x x x x x

     
       

     

     
       

     

الطرف الأیسر                     =الطرف الأیمن الضرب نحصل على انبعد  

If 2Cf  is a scalar real valued function in 3R , and F is vector valued function on
3R ,then

because the mixed partial derivatives are equal )( 2Cf  also,

1 2 3

1 2 3

2 2 2 2 2 2

2 3 3 2 1 3 3 1 1 2 2 1

( ) ( )

( ) ( ) ( ) 0,

i j k

Curl grad f f
x x x

f f f

x x x

f f f f f f
i j k

x x x x x x x x x x x x

  
    

  

  

  

     
     
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1 2 1 2 3

1 2 3

3 3 32 1 2

1 2 3 2 3 1 3 1 2

( ) .( ) ( ).

[ ] [ ] [ ] 0

j

i j k

div Curl F F i j k
x x x x x x

F F F

F F FF F F

x x x x x x x x x

     
      

     

      
     

        

.
Curlgrad div

Scalar function vector function vector function scalar function  

If f is a scalar real valued function on nR , then The Laplacian of f is denoted by
forf  2

).()(2 ffgraddivf 

)...,,.........,).(...,,.........,(
2121 nn x

f

x

f

x

f

xxx 
























2

2

2
2

2

2
1

2

............
nx

f

x

f

x

f
















The Laplacian for a vector function F where 3RF 

)()(2 FCurlCurlFdivgradF 

kFjFiF

FF

3
2

2
2

1
2

)().(





31 2

1 2 3

Proof : ( ) ( . ) ( )
FF F

grad div F F
x x x

 
      

  

k
x

F

xx

F

xx

F
j

xx

F

x

F

xx

F
i

xx

F

xx

F

x

F
)()()(

2
3

3
2

32

2
2

31

1
2

32

3
2

2
2

2
2

21

1
2

31

3
2

21

2
2

2
1

1
2














































1 2 3

3 3 32 2 1

2 3 3 1 1 2

( )

i j k

Curl Curl F
x x x

F F FF F F

x x x x x x

  

  

    
  

     
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و بعد التجمیع ینتج أن 

)().(2 FFF  = 2 2 2
1 2 3 .F i F j F k  

Ex. 1,2,3,….,9

CH6 infinite series
6.1 Definitions and examples







0

10 ...................
n

n aaa (infinite series)

Where na can be real no. , complex no. ,vectors ,……

kk aaasaasas  .................,..........,, 1010100 are called partial sums

The seq. { nS } is called a seq. of partial sums

The series 


 0n
na conv. if the seq. { nS } of partial sums conv.

If sasS
n

nn
n

 





0

lim

TH: a) If the series 


0n
na and 



0n
nb are conv. with sums S and T , then







0

)(
n

nn ba is conv. with sums S+T

b) If the series 


0n
na is convergent , with sum S, then for any c R the series




0n
nca is conv. with sum cS .

c) If the series


0n
na is conv. then 0lim 


n

n
a equivalenty , if lim 0n

n
a


 , then the

series 


0n
na divergent .

PDF C
rea

te!
 7 

Tria
l

www.nuan
ce

.co
m



Advanced Calculus

79

Proof: let { ks } and { kt } be the seq. of partial sums of the series 


0n
na and




0n
nb resp. if TtandSs k

k
k

k



limlim then TSts kk

k



lim and cScsk

k



lim

followsarebanda

From c) we observe that 1 nnn SSa .If the series converges to the sum S ,it

follows that 1lim lim lim 0n n n
n n n

a s s S S
  

    

Geometric series 





0

2 .....................
n

n axaxaxa is called G.S with first term a , and

x is the base or the ratio of the series.

The k-th partial sums of 


0n

nxa

1
)1(

)1(

)1()1(

...........

...........

1

11

132

2



















x
x

xa
S

xaaxaSx

axaxaxaxxS

axaxaxaS

k

k

kk
k

k
k

k
k

If 1|| x ,then 0lim 1 



k

k
x

x

a
S k

k 


 1
lim it follows that the series 



0n

nxa conv. to
x

a

1

If 1|| x , the series div.

TH : The geometric series 


0n

nxa conv. iff 1|| x in which case its sum is
x

a

1

Taylor series : If Cf on ),( CC
" 2 ( )

' (0) (0)
( ) (0) (0) ............... ( )

2! !

k k

k

f x f x
f x f f x R x

k
     

If  kasxRk 0)( , |x|<c.

The Taylor series of )(xf at x = 0 is







0 !

)0(
)(

n

nn

n

xf
xf

 kasxRk 0)( follows from the estimate for the taylor remainder
1

1

| | | |

| |
| ( ) | sup | ( ) |

( 1)!

k
k

k
t x

x
R x f t

k








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TH : Let f be a function of class C on the interval (-c,c) ,where  c0

a) If there exist constants a,b>0 such that !|)(| kabxf kk  for all |x|< c and 0k ,then







0 !

)0(
)(

n

nn

n

xf
xf holds for )

1
,min(||
b

cx 

b) If there exist constants A ,B >0 such that kk ABxf |)(| for all |x|< c and 0k ,then







0 !

)0(
)(

n

nn

n

xf
xf holds for |x|< c

Proof :a) If 1
11

||
)!1(

||)!1(
|)(|!|)(| 







 k

kk

k
kk bxa

k

xkab
xRkabxf

For |x| < c , If   kasxbxbbx k 0||1|||| 11

0)(lim 


xRk
k







0 !

)0(
)(

n

nn

n

xf
xf

b)  kas
k

C k

0
!

so ,for any positive A ,B and b ,the seq.  kas
k

b
BA k

0
!

)(

Let a be the largest term of the set

!!]
!

)(
[ kabkb

k
b

BA
AB kk

k

k 

So the estimate kk ABxf |)(| , for a given A and B implies the estimate !|)(| kabxf kk 

for every b > 0 (with a depending on b). Hence (b) follows from (a).

Example 1: xxf cos)( 

xorxxf k sincos)( 

),0( xt so 1|)(| xf k for all x
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1 2 1 2 1

0, 0, 0,

( )
( ) | ( ) | ( ) 0

(2 1)! (2 1)!

k k k

k k k

f t x x
R x R x R x

k k

  

    
 

And cos x conv. to its taylor series 







0

2

)!2(

)1(
cos

n

nn

n

x
x

Similarly for 











0

12

)!12(

)1(
sin

n

nn

n

x
x

Example 2: xexf )(

kallforexf xk )(
ck exfcxfor  |)(|||

1 1 1( )
( ) ( ) 0

( 1)! ( 1)!

k k c k

k k

f t x e x
R x R x as k

k k

  

    
 

xallforarbitraryiscbutcxfor
n

x
e

n

n
x 






0

||
!

Ex. 1,2,3
EX :1 d) Find the values of x for which each of the following series converges and
compute its sum

nxxxx )(log................)(log)(loglog 32 

Solution : 111log11|log| exexx  

2) Tell whether each of the following series converges if it does , Find its sum

a)
0

3 5 9 17 2 1
1 ...........

4 8 16 32 2.2

n

n
n






    

2 1 1
0

2.2 2

n

n n
a


   so the series div.

c) ...........).........34()23()12( 

1 1nS n    so the series div.
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3) Let )1log()( xxf  show that the Taylor Lagrange remainder )(,0 xR k tends to zero

as k for 11  x , and conclude that 







1

1)1(
)1log(

n

nn

n

x
x for 11  x

Solution : we use the lagrange Remainder formula for )(,0 xR k

1 1

0,

( )
( ) (0, ) 0.5 1

( 1)!

k k

k

f c x
R x c x when x

k

 

    


1)0()1()(

1)0(,
1

1
)(),1log()(

"2"

''








 fxxf

f
x

xfxxf

"' 3 '"

(4) 3 4 (4)

( 1) ( 1) ( 1) ( 1)

( ) 2( 1) (0) 2

( ) ( 1) 3!( 1) (0) 6

( ) ( 1) !( 1) ( ) ( 1) !( 1)n n n k k k

f x x f

f x x f

f x n x f c k c





     

   

    

      

0|)(|

0|
1

|15.01|
1

|,
)!1()1(

||!
|)(|

,0

1

1

1

,0









 





xR

c

x
xfor

c

x

kc

xk
xR

k

k

k

k

k

5.01  xfor we use the formula
11

( 1)
0,

0

( ) (1 ) ( )
!

k
k k

k

h
R h t f th dt

k


 

Let u =th , 10  t

1
( 1) ( 1)

0 0

(1 ) ( ) (1 ) ( )
h

k k k ku du
t f th dt f u

h h
    
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By the mean value theorem of integration  a number
' ' 1 ' ' 1

' ( 1)

0

( 1) !( 1) ( ) ( 1) !( 1)
( ,0) (1 ) ( ) .(1 )

h k k k k k
k k k

k

u du u k u h u k u
u u f u h

h h h h h

   
     

     
1 ' ' 1 '

' ' 1
0, ' 1

' '

' ' '

' ' '
0, ' '

( ) ( 1) | | | |
| ( ) | | | | | | 1|

| 1|

| | | | | | | ' |
, | | 1 | | | |

| 1|| 1| | 1| | |

| | | | 1
| ( ) | ( ,0) , ( ,0) , 1 1 | |

| 1| 1

k k k k
k

k k k

k
k

k

k

k

x x x x x x x
R x x x x x

x x

x x x x x x x
x x x

x x x x x

x x
R x for x x x x x x x

x x

  
 



  
    



  
      

   

       
 

1 1

0, '

1
| |
1

| | | |
| ( ) | 0 .

| 1| |1 |

k k

k

x

x x
R x as k

x x

 




   
 

6.2 Series with Non negative terms
The integral test

If )(nfan  where f is a function of a real variable , a sum 
k

j
na can be compared to

an integral 
k

j

dxxf )(

Theorem : Suppose f is a positive decreasing function on the half – line ),[ a ,

Then for any integers j, k with ,kja 

 







k

jn

k

jn

k

j

nfdxxfnf
1

1

)()()(

Proof: Since f is decreasing , for 1 nxn we have )1()()(  nfxfnf

And hence
1 1 1

( ) ( ) ( ) ( 1) ( 1)
n n n

n n n

f n f n dx f x dx f n dx f n
  

        adding up these

inequalities from

n = j to n= k-1 we obtain the asserted  







k

jn

k

jn

k

j

nfdxxfnf
1

1

)()()(
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1

2

1

3

2

1

1

11

2 11

( ) ( ) ( 1)

( 1) ( ) ( 2)

( 2) ( ) ( 3)

( ) ( ) ( ).

( ) ( ) ( ).

j

j

j

j

j

j

kk k

n j n jj

kk k

n n

f j f x dx f j

f j f x dx f j

f j f x dx f j

f n f x dx f n

f n f x dx f n













  



 

  

   

   

 

  







 

 



Corollary : ( The integral test ) Suppose f is a positive decreasing function on the

half -line ),1[  ,Then the series 


1

)(
n

nf converges if and only if the improper integral




1

)( dxxf converges.

Proof : Let
1

( )
k

k
n

S f n


 . If 



1

)( dxxf we have







112

)()1()()1()()1( dxxffdxxffnffS
kk

n
k .

So the partial sums are bounded above and hence the series converges. On the other

hand if 



1

)( dxxf we have  




kk

n
k kaskfdxxfkfnfS

1

1

1

)()()()(

So the series div.
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Theorem : The series 






1n

pn converges if 1p and div. if 1p

11

1

( 1) 1
lim

1 1

p
p

k

p if px
x dx

p if p

 




  
  

  


And 




 
1

1
1 |loglim k

k
xdxx

General Comparasion tests

Theorem : Suppose nn ba 0 for 0n

If 






 00

,.
n

n
n

n adoessothenconvb

If 






 00

,.
n

n
n

n bdoessothendiva

Proof: Let
0 0

k k

k n k n
n n

S a and t b
 

   thus kk tS 0 for all k . If 


0n
nb conv. Then the

seq.{ kt } is bounded set , hence so the seq. { kS }The seq . { kS } conv..

By monotone seq. theorem this proves this first assertion , to which the second one is
logically equivalence .

Example : The series


 1 12

1

n n
div.

Because 1
2

1

12

1



nfor

nn
because .

1

2

1

1

div
nn






Th.( The limit comparison test) : suppose { na } and { nb } are seq of positive

numbers and that
n

n

b

a
approaches a positive , finite limit as n , then the series




0n
na and 



0n
nb are either both convergent or both divergent .

Proof: If l
b

a

n

n  as n ,where  l0 , we have l
b

a
l

n

n 2
2

1
 when n is large.

That is nn bla 2 and nn a
l

b )2(

The result therefore follows from previous Th. and the remark s following it .
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Example 2) 1

1

2 )106( 



 
n

nn

22

1

106

1

n
likebehave

nn
an




1lim.
11

1
22









n

n

n
n

n
b

a
andconv

nn
b

The series
1

n
n

a



 conv. by limit comparison test.

Extension of previous theorem :

If nn

n

n bathennas
b

a
 0 for large n , so the convergence of 



0n
nb will imply

the conv. of 


0n
na , also if nn

n

n bathennas
b

a
 for large n , so the

divergence of 


0n
na will imply the div. of 



0n
nb

Th: ( The ratio test) Suppose { na } is a sequence of positive numbers

a) If r
a

a

n

n 1 for all sufficiently large n , where r < 1 ,then the series




0n
na converges. On the other hand , if 11 

n

n

a

a
,for all sufficiently large n, then

the series


0n
na diverges

b) Suppose that
n

n

n a

a
l 1lim 


 exists . Then the series 



0n
na converges if 1l and

diverges if 1l , No conclusion can be drawn if 1l
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Proof: Suppose 11  r
a

a

n

n for all Nn  , Then

NNNNNNNNN arararaararaara 3
1

2
23

2
121 ,,   .

So N
m

mN ara  for all 0m ,The series 


0n
na therefore converges by comparison to

the Geometric series 


0n

mr

 




 .........)..........1(.............. 2

10
0

rraaaa NN
n

n

On the other hand , if nn

n

n aathen
a

a
 


1

1 1 if this is , So for all lim 0n
n

n N then a


  .

So 


0n
na can not converges , This prove (a) .

b) If 1l , choose r with 1 rl , if
n

n

n a

a
l 1lim 


 , then r

a

a

n

n 1 for large n , so




0n
na converges by part (a) If 1l , then 11 

n

n

a

a
for large n , so 



0n
na div.

Finally , if we take p
n na  , we know that 



0n
na converges if 1p and diverges if

1p but 1]
1

[1 


 p

n

n

n

n

a

a
, no matter what p is

Hence the test is inconclusive if 1l .

TH : (The root test) Suppose { na } is a seq. of positive numbers

a) If ra n
n 
1

for all sufficiently large n , where 1r , then the series




0n
na converges . On the other hand if 1

1

n
na for all sufficiently large n , then

the series 


0n
na diverges .

b) Suppose that n
n

n
al

1

lim


 exists . Then the series 


0n
na conv. if 1l and diverges

if 1l . No conclusion can be drawn if 1l
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Proof : If ra n
n 
1

, we have n
n ra  , So we have an immediate comp to G.S




0n

mr that given the convergence of 


0n
na where r<1.

If 1
1

n
na , then 1na So, lim 0n

n
a


 and 



0n
na div. (This prove (a)) .

Part(b) follows as in the proof of the ratio test

If 1
1

 la n
n , let )1,(lr So for large n , 1

1

 ra n
n , so 



0n
na conv.

If 1
1

 la n
n , then 1

1

n
na for large n and 



0n
na div.

Finally . for p
n na  we have

1

1
p

n n
na n



  for any p as n  , so the test is in

conclusive when 1l

Ex 7) : 


1 10

!

n
n

n
Determine whether the series. conv. or div.

1
10

1
lim

!

10
.

10

)!1(
limlim

1

1 












n

n

n

a

a
l

n

n

nn
n

n

n

So the series div. by ratio test .

Ex.12)

2

)
1

(
1

n

n n

n



 
By root test

2 1 1 1 1
lim(( ) ) lim( ) lim lim 1

1 11 1 ( ) (1 )

n nn

n n n nn n

n n
l

nn n e
n n

   
     

  

So the series conv. by root test.

TH : ( Raabe’s Test ) Let { na } be a seq. of positive numbers suppose that

  nasL
a

a
nand

a

a

n

n

n

n ]1[1 11
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If 1l , then the series 


0n
na conv. and if 1l , then the series 



0n
na diverges

(If 1L , no Conclusion can be drawn )

Proof : If 1l , choose a number p with Lp 1 ,then when n is large , we have

p
a

a
n

n

n   ]1[ 1 , that is
n

p

a

a

n

n  11 .

Since, n
p

p

p

E
n

p

nn

n


 





1]
1

1[
)1(

, where
22

)1(
0

n

pp
En


 …..(1)

Then
p

p

n

n

n

n

n

p

a

a



 


)1(

11 or
p

n

p

n

n

a

n

a


 
 )1(

1 .

Thus the seq. {
p

n

n

a


} is dec. , so it is bounded above by a constant C . In other words ,

p
n nCa  , So Since p >1 , 



0n
na converges by comparison to 







0n

pn

On the other hand , if 1l , choose numbers p and q with L<q<p<1.

Then , when n is large , we have 1[1 ]n

n

a
n q

a
  that is

n

q

a

a

n

n  11

If also
)(2

)1(

qp

pp
n




 , we have

n

qp

n

pp 



22

)1(
.

So by (1) 1 ( 1)
1 1 1 1

p
n

n p
n

a q q p p p p q p n
E

a n n n n n n n n






 
             , since

2

( 1)
.

2
n

p q p p
E

n n

 
 

Thus
n

p

n

p

a

n

a

n 








1

)1
. So the seq. {

n

p

a

n

} is dec.

As before , this gives n
p aCn  and p <1 in this case , so 



0n
na diverges by

comparison to 






0n

pn .

Ex.17) 


 



1 )22..(..........6.4

)12(..........3.1

n n

n
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Solution :

1 1.3...............(2 1).(2 1) 4.6.................(2 2)
lim lim .

4.6...............(2 2).(2 4) 1.3.................(2 1)

2 1
lim 1

2 4

n

n n
n

n

a n n n
l

a n n n

n

n



 



  
 

  


 



and 1
2

3

42

]3[
]

42

1242
[]

42

12
1[]1[ 1 












 

n

n

n

nn
n

n

n
n

a

a
n

n

n

By raabe’s test , the S. conv.

Ex.19) Suppose 0na Show that if 


0n
na conv. ,then so does 



0n

p
na for any p >1

Let p
nn ab 

0limlimlim 1  



p
n

n
n

p
n

n
n

n

n
a

a

a

a

b

So by limit comp. test The S .conv.

6.3 Absolute and Conditional convergence

Def: A series 


0n
na is called abs. conv. if the series 



0

||
n

na conv.

Theorem : Every absolutely convergent series is convergent .

Proof: Let
0

k

k n
n

s a


 , and '

0

| |
k

k n
n

S a


 ,The seq. { '
kS } is conv. and hence Cauchy.
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So given 0 , there exist an integer K such that 
''

1 ||..............|| jkkj SSaa

whenever k > j>K.
But then

  ||..............|||.............||| 11 kjkjjk aaaass whenever Kjk 

So the seq. { ks } is cuachy seq., so conv. and hence the series
0

n
n

a



 is conv.

Remark : The converse of the above theorem is false

Def: A series that conv. but does not conv. absolutely is said to be convergent
conditionally

Example : 






1

1)1(

n

n

n

This series is conditionally conv. because 


1

1

n n
div.

Example: Let
( )

( 1) ( 1) 1 ( )

( ) log(1 ), for n>0, ( ) ( 1) ( 1)!(1 ) and

( ) ( 1) !(1 ) , so (0) ( 1) ( 1)! and the Taylor series of

( ) is given by,

n n n

n n n n n

f x x f x n x

f x n x f n

f x

   

     

     












1

1

)(
!

)!1()1(
)1log(

n
k

n
n

xRx
n

n
x , where

1
0 1

1 ( 1) ! 1
| ( ) | sup | | 0 1 1

( 1)! (1 ) 1

k

k k
t

k
R x as k for t

k t k
 


      

  
, so









1

1)1(
)1log(

n

n
n

x
n

x .

1

1

( 1)
log (2) 1

n
n

n n








It follows that 






1

1)1(

n

n

n
conv. to log (2)

Ex. 


1
2

sin

n n

nt
show the series conv absolutely

Sol:
2 2 2 2

n=1 n=1

sin 1 1 sin nt
| | and the series conv., so abs. conv.

n n

nt

n n

 

  
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Let )0,(min),0,(max nnnn aaaa  

That is nn aa  if na is positive , and 0
na otherwise and || nn aa  if na is negative

and 0
na otherwise, the nonzero 

na ’s are the positive terms of 


0n
na and the non

zero 
na are the absolute values of the negative terms. So nnn aaa   and || nnn aaa  

TH : If 


0n
na is abs. conv. , the series 







0n
na and 







0n
na are both conv. . If 



0n
na is

conditionally conv. then the series 






0n
na and 







0n
na are both divergent

Proof: The theorem follows from the followeing three facts :

1) The conv. of 


0

||
n

na The conv. of 






0n
na and 







0n
na

2) The div. of 


0

||
n

na The div. of at least one of 






0n
na and 







0n
na

3) If 


0n
na conv. conditionally it can not happen that one of 







0n
na and 







0n
na

conv. while the other one div.

Proof : 1) Since ||0 nn aa   and ||0 nn aa  

If 




.||
0

Conva
n

n both 






0n
na and 







0n
na conv.

Proof : 2)since || nnn aaa   if 


0

||
n

na div.  at least one of 






0n
na and 







0n
na div.

Proof : 3) Let 



k

n
nk aS

1
, 



 


k

n
nk aS

1
be the kth partial sums  k k kS S S   .

Suppose that 






1n
na while 





 Sa
n

n
1

, then for any C>0 for large k we have

SCS k  while SS k  , so that  kk SCssCS

So 


0n
na div.

Rearrangement of 


0n
na :
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If ......................10
0






aaa
n

n then if we forming a new series by writing the terms in

a different order such as 5108364120 ,,,,,,,, aaaaaaaaa , this is called a rearrangement of




0n
na .

In general if  is any one to one mapping from the set of nonnegative integers onto

it self , we can form the series 


0
)(

n
na , which we call a rearrangement of 



0n
na .

TH: If 


0n
na is abs. conv. with sum S , then every rearrangement 



0
)(

n
na is also abs.

conv. with sum S.

TH : Suppose 


0n
na is conditionally conv. Given any real numbers S , there is

a rearrangement 


0
)(

n
na that conv. to S .

Ex. 1,2,3,4

Ex 3) Consider the rearrangement of the series 






1

1)1(

n

n

n
obtained by taking two

positive terms , one negative term ,two positive terms , one negative term and so
forth
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..............
6

1

11

1

9

1

4

1

7

1

5

1

2

1

3

1
1 

Show that the sum of this series is )2(log
2

3

(Hint: Deduce from Example 2 that )2(log
2

1
..........

6

1
0

4

1
0

2

1
0 

Solution : )2(log
2

1
.....)..........

3

1

2

1
1(

2

1
)..........

6

1
0

4

1
0

2

1
0( 

Since
1 1 1 1 1 1 1 1 1

log (2) 1 .......
2 3 4 5 6 7 8 9 10

         

1 1 1 1 1 1
log (2) 0 0 0 0 ..........

2 2 4 6 8 10
         

)2(log
2

3
..........

6

1

5

1

4

1

3

1

2

1
1)2(log

2

1
)2(log  .
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6.4 More convergence Tests

TH : a) If  1|| nCan for some 0, C , then 


0n
na conv. abs.

If 1||  nCan for some 0C , then 


0n
na either converges conditionally or div .

b) ( The ratio test) if  nasl
a

a

n

n || 1 then 


0n
na converges abs. if 1l and div. if

1l

c) ( The root test) If  nasla n
n

1

|| , then 


0n
na conv. abs. if 1l and div. if 1l

Example : 





0

)2(
n

n

1
1 ( 2)

| | | | 2 1 . .
( 2)

n
n

n
n

a
The Series div

a


 
   



Example : 


1
2

ln

n n

n

0ln   fornn and large n
0.5

32
2

ln 1n n

n n n
   and

1

2
3 1 12

2 2 2

ln 1 ln 1 1 1
lim / lim lim / lim 0.

2n n n n

n n
n

n n
n n n



   
   

Since 


1 2
3

1

n n
conv., so by limit comp. test

2
1

ln

n

n

n




 conv.

TH : ( The alternating series test )

Suppose the seq { }na is decreasing and 0lim 


n
n

a , then the series 





0

)1(
n

n
n a is

convergent . Moreover , If kS and S denote the kth partial sum and the full sum of

the series , we have SS k  for k even , SS k  for k odd and 1||  kk aSS for all k

The summery of the test :
1) 0lim 


n

n
a 2) Nnforaa nn  1 3) Nnallforan  0

Proof: Since kallaa kk  1 , we have
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2 1 2 1 2 2 1 2 1 2 2 1( 0)m m m m m m mS S a a S because a a          ,

2 2 2 2 1 2 2 2 2 1 2 2because ( 0).m m m m m m mS S a a S a a          

Thus the seq. { 12 mS } of odd numbered partial sums is increasing and the seq. { mS 2 }

of even numbered partial sums is decreasing . This monotonicity implies that

2 1 2 2 2 1 2 2 0 2 1 2( 0 { } decreasing seq.)m m m m m mS S a S S because a and S is         

Also 2 2 1 2 2 1 1 2, ( 0 ).m m m m mS S a S S because a     

So , { 12 mS } and { mS 2 } are bounded above and below resp. . So by the monotone seq.

theorem these seq. both conv. and since   02122 mmm aSS

122 limlim 


 m
m

m
m

SS are equal, so the whole seq. { kS } also conv. and hence the series







0

)1(
n

n
n a conv.

The even – numbered partial sums decrease to the full sum S , while the odd-
numbered ones increase . So 122  mm SSandSS for all m. In particular ,

mmmm aSSSS 2122120   ,

And 1212220   mmmm aSSSS , so 1||  kk aSS where k is even or odd

Remark : { na } is called monotone seq. If NnaaorNnaa nnnn   11

Example : 





1

1

)1()1(
n

nn e conv .by alternating series test .

Because 1) 0)1(lim
1




n

n
e

2) 1)1()1( 1
11

  nforee nn

3) 10)1(
1

 nallfore n

The conv. is conditionally , because

........
!3!2

1
32


xx

xe x
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nnn
e n

1
1........

!2

11
1

2

1

 for large n

)
1

(
1

1
1

n
R

n
e n  for large n















111

1

)
1

(
1

)1(
nnn

n

n
R

n
e




1

1

n n
div. and 



1

)
1

(
n n

R conv . by comp. test







1

1

)1(
n

ne div.

But 





1

1

)1()1(
n

nn e conv. conditionally by alternating series test.

Interval of conv. for power series:







n

n
n axC )( we use the ratio or nth root test

1||||lim||lim 11  






ax

C

C

a

a
l

n

n

n
n

n

n

Example: 







0
122)1(

)3()1(

n
n

nn

n

x

1 1 2 3
1

2 1

( 1) ( 3) /( 2) 2 1 | 3 | 3
lim | | lim | | | | as n .

( 1) ( 3) /( 1) 2 ( 2) 4 4

n n n
n

n n nn n
n

a x n n x x
l

a x n n

  


 

     
    

   

If 4|3|1
4

|3|



x

x
, then the series conv. abs . If 4|3| x , then the series div.

71434  xx

At end points









 







00
12 1

1

2

1

2)1(

)4()1(
1

nn
n

nn

nn
x div.









 









00
12 1

)1(

2

1

2)1(

)4()1(
7

n

n

n
n

nn

nn
x conv.

71  x the interval of conv. and radius of conv. is 4R

Ex 6.4 1,2,3,…..,14, 16-18.
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EX 6.4 ) Determine the values of x at which the series converges absolutely or
conditionally .

1) 


 



0
2 1

)2(

n

n

n

x

By ratio test

1|2|
1)1(

1
lim|2||

)2(

1
.

1)1(

)2(
|lim||lim

2

22

2

1
1 
























x

n

n
x

x

n

n

x

a

a
l

nn

n

n
n

n

n

13121  xx




 




0
2 1

)1(
3

n

n

n
x conv. abs.




 


0
2 1

1
1

n n
x conv. abs.

13  x conv. abs.

3) 


 0

2

)12(..........3.1n

n

n

x

0
32

1
lim|

)12...(..........3.1
.

)32........(3.1
|lim||lim 2

2

22
1 

















 n
x

x

n

n

x

a

a
l

nn

n

n
n

n

n

 The S . conv. abs. for all x

5) 


 



0 )3log()32(

)4()1(

n
n

nn

n

x

1
2

|4|

)4(

)3(
lim.

2

|4|

)4log(

)3log(
lim.

32.2

32
|4|lim

|
)4()1(

)3log()32(
.

)4log()32(

)4()1(
|lim||lim

1

11
1








































x

n

nx

n

n
x

x

n

n

x

a

a
l

nnn

n

n

nn

n

n

nn

n
n

n

n

622422|4|1
2

|4|



xxx

x
.

At 






 







00 )3log(()32(

)2(

)3log(()32(

)2()1(
2

n
n

n

n
n

nn

nn
x

)3log((

1
.

)32(

2

)3log((

1
.

2

2

3

1







 nnn n

n

n

n
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


 0 3

1

n n
div.




 




0 )3log(()32(

)2()1(
6

n
n

nn

n
x alternating

0
)3log(()32(

)2(
lim 

 nn

n

n
, 1 nn aa

The series conv.
2 6x   conv. absolutely , conditionally at x = 6

6) 


 



1

)
1

1
(

1

n

n

x

x

n

By the nth root test

1

1 1 | 1|
lim | |

1 | 1|
( )

n
n

x x

x x
n



 


 
, then the series conv. for |x-1|<|x+1| then,

2 2

n

1

2 1 2 1 2 0 0, so the series conv. abs. for x>0,

(-1)
at x=0, the series conv. conditionaly.

n

x x x x x x

n





        



Lemma : ( Summation by parts) Given two numerical sequence { na } and { nb } ,

Let nnnnn bbbBaaa   ............, 101
'

Then
'

1
0 1

k k

n n k k n n
n n

a b a B a B 
 

  

Proof : we have 00 Bb  , and 11   nforBBb nnn so,

0 0 1 1 0 0 1 0 1 2 1 2

1

................. ( ) ( ) ...........

( )

k k

k k k

a b a b a b a B a B B a B B

a B B

           

 

kkkk BaBaBaBaBaBaBa  12212110100 ...........

kk BaBaaBaa  ..............................)()( 121010

kkkk BaBaBaBa  1
'

1
'
20

'
1 ..............................

'
1

1

k

k k n n
n

a B a B 


 
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TH : (Dirichlet Test ) Let { na } and { nb } be numerical seq. Suppose that the seq. {

na } is dec. and tends to zero as n , and that the sums nn bbbB  ............10 are

bounded in absolute value by a constant C independent of n . Then the series




0n
nnba converges

Proof: By previous lemma
'

1
0 1

k k

n n k k n n
n n

a b a B a B 
 

   , so it is enough to show

that kk
k

Ba


lim exist and that the series 





0
1

'

n
nn Ba conv. Since CBk || and 0lim 


k

k
a ,then

 kasaCBa kkk 0|||| ,s since the seq. { na } is dec. ,then we have nan  0' , so

' ' '
1 1

1 1 1

| | | | | | | |
k k k

n n n n n
n n n

a B a B C a 
  

   

0 1 1 2 1

0 0

[( ) ( ) .............................. ( )]

( )

k k

k

C a a a a a a

C a a Ca k

      

   

So ,





0
1

'

n
nn Ba is abs. conv. and hence conv.

So
0

n n
n

a b



 conv.

Lemma : If  is not an integer multiple of 2 , then






2

1
sin

2

1
sin.)1(

2

1
cos

cos
1

kk
n

k

n











2

1
sin

2

1
sin.)1(

2

1
sin

sin
1

kk
n

k

n





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Proof: 



k

n

k

n

k

n

ni nine
111

sincos  ……..(1)

2 3 ( 1)

2 2 2

2 2 2

( 1)
2

........... (1 ...............

( 1) [ ]

1 [ ]

1
sin

2.
1

sin
2

1
sin

1 1 2[cos ( 1) sin ( 1) ]
12 2 sin
2

i i i ik i i i k

ik ik ikik
i i

i i i i

i k

Left side e e e e e e e

e e e e
e e

e e e e

k
e

k
k i k

      

  


 

  

 




 











        

 
 

 



   

=right side .
نحصل على 1بمساواة الجزء الحقیقى والتخیلى فى الطرفین فى المعادلة    






2

1
sin

2

1
sin.)1(

2

1
cos

cos
1

kk
n

k

n











2

1
sin

2

1
sin.)1(

2

1
sin

sin
1

kk
n

k

n






Corollary : Suppose that the seq. { na } decreases to zero as k ,then the series

1

cosn
n

a n



 conv. for all  except perhaps for integer multiples of 2 , and the series

1

sinn
n

a n



 conv. for all  .

Proof : For j 2 , for if  nornbn sincos
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So , { kB } is bounded and since { ka } dec. to zero so by Dirichlet test

1 1

cos sin , conv.n n
n n

a n and a n 
 

 

 

If
1 1

2 sin 0 sin , (sin 2 0), so sin is bounded.
k k

n n

j n for all n ce j n    
 

     ,

Then
1

sinn
n

a n



 conv.

1

cosn
n

a n



 perhaps conv. or div. on 2 j  ., because

1

cos
k

n

n

 unbounded.

1

1

1 1
| cos ( 1) .sin |

12 2| | | cos | | csc | for all n.
1 2| sin |
2

1 1
| sin ( 1) .sin |

12 2| sin | | csc | for all n.
1 2| sin |
2

k

k
n

k

n

k k
B n

k k
or n

 
 



 
 








  


 




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***Thank you ***
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