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1.Fundamental Concepts

1.1 Linear Spaces

Theletters R and C will always denote the field of real numbers and the field of complex
numbers, respectively. For the moment, let F stand for either R or C.A scalar is a member
of the scalar field F .

Definition(1.1.1)

A linear spaceover F isaset X, whose e ements are called vector, and in which two
operations, addition (+: X x X — X) and scalar multiplication (.: F x x — x)such that
(1) x+ye Xforal x,yeX
(2) x+y=y+x foral xyeX
(3) X+ (y+2)=(x+y)+z for all X,y,ze X
(4) thereexists 0e X suchthat x+0=0+x= x

foral xe X and 0 isthe Zero vector or the origin.
(5) foral xeX,thereexists —xe X suchthat x+(-x) =(-x) + x=0
(6) | .xexX forall eF andforal xeX
(M1 -(x+y)=1 -x+1 -y foral | eF andforal-xyeX
(8) @+b)-x=a-x+b-xforal a,beF andforal xe X
(9) @-b)-x=a-(b-x)forala,beF andforal xeX
(10) 1-x=x fordl xe X andI isthe unity element of thefield F .

Remark
A redl linear space isonefor which-F =R, acomplex islinear space isonefor which F =C.

Theorem (1.1.2)
Let X bealinear space over F

(1) ox=0 fordl xeX

(2)1 -o=0fordl | eF

(3) —( -x)=(=1).x&1 -(~x) fordl | eF andforal xeX

(4)If x,ye X ,thereisaunique ze X suchthat x+z=y

(5) I (x-y)=lx-ly

(6) If Ix=0,theneither | =0 or x=0

(N If x£0,then| x=1,x = |,=1,

(8 x=0,y=0,thenIx=ly withl 0 = x=y

Example(1.1.3)

(1) F"-Space: If Fisafield, thentheset F" ={(x,,x,,--,X,):X, €F, i =12---,n} isa
linear space over F for the addition and scalar multiplications defined as

(@ x +y =X, X0 X )+ (Y1, Yoo Vo) = (X + Y1, X+ Yo%, +y,) foral x,y eF"
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(O) 1 x =1 (X, X0 ,%, )= (I X, X5, x,) foral x eF"andforal | eF
(2) rP-Space, 1<p<w : If Fisafidd, thenthesat (P ={(x,,x,,-):x, eF, i|xi|p <o} IS

alinear space over F for the addition and scalar multiplications defined as

(a) X+y :(X11X2"")+(Y1’y21"'):(X1+y1’xz+y21"') for all X,y et?

(D) 1 x =1 (X, X,,-)=( x,1 x,,---) foral x e/Pandforall | eF
(3) ¢*-Space: If Fisafield, thentheset ¢ ={(x,,x,,--):x; eF, |x;|<k;, i=12-}

(k, real number dependent onx but not dependent on i ) isalinear spaceover F for

the addition and scalar multiplications defined as

(@ X +y = (X, X0 )+ (Y0, Yor o) = (X + Y, X5 +Y,,o) fOral x,y er”

(b) 1 x =1 (x;,%,,-)=(I x,,1 x,,---) foral x e/~andforall | eF
(4) C[a,b]-Space: If Fisafied, thenthe set C[a,b]={f :[a,b] = F iscontinuous function} is

alinear space over F for the addition and scalar multiplications defined as

@ (f +g)x)=f (x)+g(x) foral f,geC[a,b]

(b) (1 f)x)=I1f(x) foral f eCla,b]Jandforall | eF
Remark
If X bealinear spaceover F,and A,B =X, GcF,the following notationswill be used.

A+B={x=a+b:acAbeB}, GA={x=la:l eG,acA}
(1) If A={a}, wewrite a+B instateof {a}+Band we say that a+B is obtained by trandating
B by a

(2) If 0e A, then BcA+B
3 A+B:a§i(a+8)
A Ifc={1},wewrite FA indtateof {1 jasuchthat |A={x=la:acA}
Inparticular : - A=(<1)A={-a:aec A}
We say that A issymmetricif - A= A, sothat An(-A) issymmetric for any subset A of X
Definition(1.1.4)
A subset A of-alinear space X over Fissaid to be balanced if | AcAfor everyl e F with || |<1

Theorem(1.1.5)
If Aand B are balanced setsin alinear space X over F,then AnB,AUB,A+B aredso
balanced in X .
Proof :
Let | eF with|l|<1 = IAcA andIBcB

(1) Let xel (AnB) = x=Iy suchthat ye AnB
- yeAadyeB = xelAandxelB

6
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= XeA xeB = xeAnB
| (AnB)c AnB = AnB isbalanced set. Smilarly toprove ao s isbaanced
(2 Let xel (A+B) = x=1(a+b) suchthat acA beB = x=la+lb
Sincelae A becausel Ac Aandaso IbeB because s - B
= XeA+B = |(A+B)cA+B = A+B isabaanced set.

Theorem(1.1.6)
If A arebalanced setsin alinear space X over F andl e F suchthat || |=1, then | A= A, and

hence every balanced set is symmetric.
Proof.
Since Alisbaanced = IAc Aforall eF with||<1

= | Ac A when |l |=1. Wemust to show that Ac 1 A
Let xe A

Since|||¢o =N |¢0.Puta:|£ = |a|:1

Since A isbalanced set = aAc A = axeA
=Sl @x)elA = xelA = AclA = |A=A

Now we show that A issymmetric. Put | =-1"= |l |=1
Since A=A = -A=A = A -ISsymmetric
Definition(1.1.7)
Let A and B betwo subsetsin alinear space X over F .Wesay that A is absorbs B if
thereexists | , € A suchthat B< I Aforall || |>]l ,|. And wesay that A isan absorbing if for
every xe X, thereexistsi > 0 -such that xel A.

Definition(1.1.8)

Let M beasubset of alinear space X over F.We say that M isasubspace of X if M
itself isalinear space over F with respect to the same operationsin X .

Itisclear to showthat : A non-empty subset M of alinear space X over F isasubspace
of x iff
(D) x+yeM fordl x,yem (2) IxeM fordll eF andforalxeM
or equivalently, ax+byeM fordla,b e F andfor alx,ye M. Also equivaent, if 0e M

and aM+bM cM fordl a,b eF

Remark

Every linear space X has at least two trivial subspaces, namely X itself and the zero
subspace{ 0} . Subspaces distinct from X are called proper subspace.
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Theorem(1.1.9)

Let M, and M, be two subspaces of alinear space X overr
(1) M, "M, isasubspace of X
(2) M, UM, isasubspaceof X iff M,cM, or M,cM,

(3) M, +M, isasubspaceof X and M, cM,+M,, M, cM,+M,
Proof :

(1)
Since 0eM,;,0eM, = 0eM,N"M, = M,NnM,=d

Let x,yeM,nM, and a,b eF

= xyeM, and x,yeM,
Since M ,, M , are subspaces

= ax+byeM,, ax+byeM, = ax+byeM, "M,
Sothat M; "M, isasubspace of X.

Definition(1.1.10)

Let A beasubset of alinear space X over F. Thesmallest subspace of X which contains
A is called the subspace spanned (or generated) by A and denoted by [A] or Span(A) .
It isclear to show that
(1) Ac[A
(2) [A] = intersection of all subspaces of_X which containing A
(3) A isasubspace iff A=[A]

4) [A]={x=znllixi 1, eF,x, eAji =L..,n,nez*}
i=1
Remarks
(D If A ={x,}, wewrite[x, ], instate of [{x,}], sothat [x,]={x =1x,:I eF}
(2) If Aisasubsetofiaset X andlet x, ¢ A, then [Au{x,}] is asubspace generated by
AU} and fAU{x,} |={x =a+I x,:aeA,l eF}

Definition(2:1.11)
Let M be aproper subspace of alinear space X on F. Wesay that M isaMaximal Subspaceif
the following condition is satisfying
If N isasubspaceof X suchthat M = N < X ,then N=X
It isclear to show that
If M isaproper subspace of alinear space X on afield F, then M isamaximal
subspaceiff X =[M u{x,}]foral x,«M ,andhenceforall x e X hasaunique

representation of theform x =m+1 x, ,where| ¢ F ,me M .
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Definition(1.1.12)
Let M, and M, be two subspaces of alinear spacex overF.We M, M, aredigoint if
M, "M, ={0}.
Definition(1.1.13)
Let M, and M, be two subspaces of alinear spacex overF.We M,, M, aredirect sum ( we
write X =M, ®M,), if for al x e X has aunique representation of the form
X=m+m, meM, , meM,.

We say that M, is complement subspace of M, in X . Itisclear to show that"
() Xx=M,®M, iff X=M,+M, and M, M, = {0}
(2) Every subspace of linear space has complement subspace.
Definition(1.1.14)

Let X bealinear space over F. A finite non-empty set {x,,..,x,} of X issaidto be
(1) linear dependent if there existsscalar 1,1 ,,--1 , e F not al of then zero (some of

them may be zero) such that | x, +1,x, +--:1 ,x, =0.
(2) linear independent if every relation of the form
|, X, +1 %, +-+1 . x,=0,1,eF, i=12---,n;then| =0forali=212--,n

An arbitrary subset A of X is said to be linearly independent if every non-empty
finite subset of A islinearly independent, otherwiseit islinearly dependent.
Remark

Let X bealinear spaceover F andlet x, e X , Ac X
(1) If O A, then A islinearly dependent, hence every subspace islinearly dependent
(2) If x, =0, then {x,} linearly independent
Theorem(1.1.15)

Let X bealinear spaceover F andlet A < B < X
(1) If A islinearly dependent, sois B
(2)) If B islinearly independent, sois A
Proof :

(1)Since Aislinearly dependent = there exist asubset {x,,x,,---,x,}of Aislinearly dependent
SinceAcB = {x,X,,,X,}cB islinearly dependent .

(2)If-A islinearly dependent, B islinearly dependent .This contradiction, so B is
linearly independent
Definition (1.1.16)
Let b be subset of alinear space X onafiedd F.Wesay b isabasisof X if itslinearly
independent and generated X (i.e. X =[A]).
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Remark
eThebasis b ={e,e,,---,e,} iscalled the standard ordered basisof F", where
e = (10,---,0, e =(0.10,---,0),---,e, =(0,0,---,0,])
o If X ={0}, there no basisfor X , and any non zero linear space has basis.
Definition(1.1.17)
A linear space X onafield F hasdimension n, (dimX =n)if X hasabasis {x;;+,x}.
Thismeansthat every xe X hasaunique representation of the form

x=>1,x, |,eF
i=1

e If X ={0} , then X saidto beof dimension zero, i.e. dimX =0 .
o A linear space X issaidto befinite dimensiona if its dimension isO or a positive integer
(i.e. dmX =00r dmX =n))
« A linear space X issaid to beinfinite dimensional if the number of elementsinitsbasisis
infinite.
Theorem(1.1.18)
The linear space F" isof dimension n.

Proof :

F'={l =(,--1,):l,eF, i=12,--,n}
we shall show that theset b ={e,e,,---,e,} Where

e = (10,---,0), ¢, =(0.1,0,---,0),---,&, = (0,0,---,0,0)

iIsabasisfor F".
First we shall that the set b islinearly independent
Letle+le,+--+I,e, =0
|,(4,0,---,0)+1,(0,1,0,---,0)+--+1 (0,0,---,1) =0
(0,0 )=0 = |,=1,=-=]_=0
Therefore the set b ris linearly independent.
Now we shall show that b generatesthe linear space F".
Let xeF" =" x=(X;,,X,), X, €F, i=12--,n
x=1,40,---,00+1,(0,40,---,0)+---+1 .(0,0,---, ) =1 & +1 &, +---+] €,
Thereforethe set b generates F".Hence b isabasisof F"
Since the number of elementsin b is n, thedimensionof F" isn.

e The linear space R" iscalled the n— dimensional real space, and the linear space C" is
called the n— dimensional complex space.
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Remark
If X isalinear space with dimension n
(1) Any subset of X contain n+1elementsislinearly dependent .
(2) Let A beasubset of X which contain n elements, then
(@ If Aislinearly independent, then its basis of X
(b) If Aisgeneratesof X , thenitsbasisof X
Theorem(1.1.19)
Let X beafinitedimensional linear spaceon afield F
(DIf M isasubspace of X , thendim(M )<dim(X ), and if dim(M )=dim(X?), thenMm =X
(2) If Mm,,M, aresubspacesof X ,then dim(M,+M,)=dimM, +dmM,~dim(M, M)
In special case dim(M, ®M,)=dimM, +dimM,
Definition (1.1.20)
Let X be ared linear space. A partial order relation < onX-is cal linear order if the
following axioms are satisfied
(D) x<y = x+z<y+z foral x,y,zeX
(2) x<y = Ix<ly fordl x,yeX forall >0
A redl linear space endowed with alinear order is called an ordered linear space. An
element x of an ordered linear space X issaidto be positiveif x>0, and negativeif x<o0.
The set of all positive elements of an ordered linear space X with be denoted by X, i.e.
X, ={xe X:x>0}, X, iscalledthepositive coneof X. Itiseasy to show that
(1) X, isaconvex coneof X,i.e. X, +X, cX, and I X, cX,
(2) X, n(-X,)={0
1.2 Convexity
Definition(1.2.1)
A subset A of alinear -space X over F iscaledsetif | x+(1-1)ye A whenever x,ye A,
0<I| <1.0requivaently if IA+1-1)AcAforal o<l <1.
Example(1.2.2)
(1) The empty:set and the set consisting of one point are convex.
(2) Every subspace of alinear space is convex, but the converse is not true
Remark
If A isasubset of alinear spaceX over F,then (a +b)AcaA+bA
Indeed
If xe@@+b)A,then x=@+b)a ,acA = x=aa+bacaA+b A

In general
aA+bAcz(@+b)A

11
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Theorem(1.2.3)
If A isasubset of alinear space X over F, then A isconvex iff (a +b)A=a A+b A for a,b eR*

Proof :
Supposethat A isconvex
Since (a +b)Aca A+b A. Wemust to provethat a A+b Ac(a +b)A

Let xcaA+bA = x=aa+bb wheeabeA

a b
- b b
X ©+ )(a+ba+a+b )
Puti =2 — 1. -_P
a-+b a-+b

Sincea,beR" = | >0

Sincea<a+b = |1 <1 = 0<I <1

a a+ b be A

a+b a+b

= xe(@+b)A,hencea A+b Ac@a+b)A = (@+b)A=a A+b A

Theconverse, let (@ +b)A=a A+b Afordl a,beR’

Let 0<l <1 = 1-1 >0,then| A+(1-1)A=(.+(-1))A=A

= |A+(1-1)Ac A = Aisconvex.

Theorem(1.2.4)

If A and B areconvex setsin alinear space X over F,and |  Fthen AnB,aA A+B areaso

convex setsin X .
Proof :
(1) let x,yeAnB and0<l <1 = x,yeA and x,yeB

Since A and B areconyex, then | x+(1-1)yeAand | x+(1-1)yeB
= | x+(1-1)yeArB = ANB isconvex set
(2) let x,yeaA and 0<I| <1 = x=az, y=aw where zweA
Since A isconvex,then | z+(1-1 ) we A = a(l z+(1-1 )w)caA
Since a(l z+(1-1))=1 (@2 +(@-1 aw=1x+(1-1)yeaA =aA isconvex
(3) Let x,ye A+B and 0<1 <1
x=a/+b, , y=a,+b,and a,a, A b,b,eB
Since A and B areconvex,then| a, +(1-1 )a,ce Aand | b +(1-1)o,eB
Sincel x+@-1)y=1(a,+b)+@-1)(a, +b,)=( a +@-1)a,)+ (b +@-1)b,)
= | x+(1-1)ye A+B = A+B iSconvex.

Since A isconvex, then | a+(1-1 beA,i.e.

12
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Definition(1.2.5)
Let A beasubset of alinear space X over F. The smallest convex setin X which contains A
is called the convex hull (or generated) by A and denoted by conv (A).

It isclear to show that

(1) Ac conv (A)

(2) conv(A) = intersection of all convex setsof X which containing A

(3) A isaconvex iff A= conv (A)

Definition(1.2.6)

Let X bealinear spaceover F, and let x,,x,,..,x, € X. A vector xe X iscaled aconvex

combination of x,,X,,..., x, If x= ZI, ., Where |, >0,and anlizl

Theorem(1.2.7)
Let A be a subset of alinear space X over F. Then

conv(A) :{anl e ol =20, %, € A,anl « =1
k=1 k=1
Proof :

Let B= { ZI

andlet xeB = x:ZIix, x eA |.>0, | =1

i i
i=1 i=1

Since Ac conv(A) = x econv(A)

We want to show that x e conv(A): Now, we shall prove by induction on n.
If n=2,then x=1,x +1,x =1 x+1-1,)x,

Since x,, x, € conv(A) and_conv(A) is convex, then x e conv(A)

We therefore assume the statement to be true for n—-1 and proceed to n.
If1,+1,+.+1,,=0,then | =1,s0

I, =1,x% EA}

i=1

n

x=Y1,% =X, €conv(A)

|f|1+l +utl 20, puta=|1+l +.. +In1, = a>0 a+l, =

n-1 n
Let a:'=— , wehave Za —Z';JZ'. =1 = a,X+..+a, %, €conv(A)
i=1 i=1

Since conv(A) is convex, then a(a,x, + ---+an71><n71)+| X, e conv(A)

Sincel, =aa, =1,x+.+1 %+ X% econv(A), sothat B c conv(A)

Since B isconvex and Ac B, but conv(A)is the smallest convex set contains A
= conv(A)Jc B = conv(A)=B

13
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3.1 Linear Functions

Definition(1.3.1)

Let X and Y belinear spacesover the samefieldF . A function f:X —Y iscaledalinear if

f (ax+by) =af (x)+ bf(y) foral x,ye X anda,beF.

A function between linear spacesis often referred to as an operator or atransformation,

especidly if itislinear.

o Kernel (or null space) of alinear function f : X — Y isdenoted by ker(f)and defined as:

ker(f)={xe X: f(x)=0}=f *({0})
Theof f isdenoted by Img(f)and defined as: Img(f)={f(x):xe X}

e Linear function of alinear space X intoitsfield F iscalled linear functional on X .

e LetL(X,Y)denotethe set of al linear functions from alinear space X into alinear space
Y. Then L(X,Y) isavector space under the following addition and scalar multiplication
(D) (f +9g)x)= f(x)+g(x) foral f,geL(X,Y)

(2) (1f)x)=1f(x) foral feL(x,Y) andforall <F

If Y=X,wewriteL(X) instead of L(X,X). The space of al linear functionals defined on
alinear space X iscaled the algebraic dual space and denoted by X', i.e. X' =L(X,F)

o Wesay that X,Y arelinear isomorphic(wewrite (X =Y)), thethereisabijection linear
function f : X —Y such function is called linear isomorphism.

Theorem(1.3.2)

Let f:X —»Y bealinear function
() fo=0 (2) f(-x)=—f(x) forall xeX
(B f(x—y)=f(x)-f(y) fordl x,yeX

n

@) £O1,%) =31 f ) Foral x,x,x, e X and I 1,1, cF

(5) If A isasubspace (or convex set, or balanced set) in X , the sameis true f(A)

(6) If B isasubspace (or convex set, or balanced set) inB, the same s true f *(B)

(7) ker(f)-isasubspaceof X and Img(f) isasubspaceof Y

(8)ker(f)={o} iff f isaninjective

Theorem(1.3.3)
L'et X bealinear space over afield F

(DIf xe X,andafunction T .: X' »F definedby T, (f )=f (x) foral feX’,then T, islinear
functional, i.e. T, e X", and it is caled Evaluation Functional Induced by x.

(2) If thefunctiony : X - X"defined by y (x) =T, for all xe X, theny injection linear function
andy iscaled Canonical Function.

14
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Proof :
(l) let f ,geX’, a,beF
T@f+bg)=@f+bg)X)=(@ f)(X)+(bg)(x)=a f(X)+bg(xX)=aT,(f)+bT(g) = T,eX”
(2 let x,yeX, a,beF = y(@x+by)=T,,,, fordl feX’

Towny(f)=flax+by)=a f(x)+b f(y)=aT,(f)+bT(fy)=@T,+bT,)(fy)
Sothaty (ax +by)=ay (x)+by (y) = y islinear function
Now to provey isinjection: let x,y e X such thaty (x) =y (y)
= T,=T, = T,()=T,(f) foral f ex' = f(x)=f(y) foral f ex’
= f(xx-y)=0fordlf eX’' = x-y=0,s0thatx=y = y isinjection:
Definition(1.3.4)
Let X bealinear space over afield F .wesay that X isan Algebraically Reflexiveif y is
an onto , wherey isdefinedin (1.3.3).
Theorem(1.3.5)

Every finite dimensional spaceisagebraically reflexive.

Proof :
Let X beafinitedimensiona space over afiedld F.= dimX'=dimX ,sothat X' finite

dimensiona = dimX"=dimX , sothat X” finite dimensional.
Sincey : X —» X" isinjectionand X', X" arefinitedimensional, anddim X " =dim X then
=y isonto.

Theorem(1.3.6)

Every infinite dimensiona space ishot algebraically reflexive.
Proof :

Let X beaninfinite dimensional space over afield F,andlet B={x :i <1} beabasis for x .

Since X isinfinite dimensional, therefore the index setl isaninfiniteset and x; = x; if i=j.
=]
N
Weclaim that the set A={f, :i e 1} isalinearly independent subset of X'’

Let {f,, f/} befinitesetin Aand 1,1 ;e F suchthat I f, +--+1f =0

= (Ifg#..+1 f)x)=0foral xeX = If (x)+..+If (x)=0foral xe X

Form definition of f,wehave |, =0 foralj=1-.-,n,sotha A islinear independent .
Let b beabasisof X' suchthat Acb .Let {l eF:icljsuchthat!|, =0 foralicl.
To show that y isnot onto .Define g: X' —>F by g(f,)=I1, and g(f)=0,if f eX’ but
f 2f foraliel = geX”.

, T eX'.

Define f,: X — F.by fi(xj)z{(l)

15
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supposethaty : X — X" isonto, thenthereis xe X suchthaty (x)=g

since g=g,, theng(f)=g,(f) foraliel = g, (f )=f (x)=a,,wherea, isthe coefficient
of x, inthe representation of x intheterms of the basis b . Now a, = 0for al but afinite
number of indices i . Therefore g(f.) =0 for al but afinite number of indices i .

Thus we get acontradiction. = y isnot onto .Hence X isnot algebraically reflexive.

Corollary (1.3.8)
A linear spaceisagebraically reflexiveiff it isfinite dimensional

1.4 Quotient Spaces
Let M be any subspace of alinear space X over F. Let x beany element of X . The set

x+M ={x+m:meM} iscaled aleft coset of M in X generated by x. Similarly the set

M +x={m+x:meM} iscalled aright coset of M in X generated by x. Obvioudy x+M and
M +x are both subsets of X .Since additionin X iscommutative, therefore we have
x+M=M +x.Hencewe shal cal x+M assmply acosetof M in X generated by x.

It is easy to show that
(D If xeM,then x+M =M. Inparticular 0+M =M (because 0e M)

(2) x-yeM iff x+M =y+M

Let X/M denotethe set of al coset of M ih X M in X,i.e. X/M ={x+M :xe X}
Theorem(1.4.1)
If M isasubspace of avector space X over F,then X/M isa vector space over F for the
addition and scalar multiplication-compositions defined as follows :
(x+M)+(y+M)=(x+y)+M foral xyeX.
| (x+M)=Ix+M foral | eF foral xeX

Proof :
Let x,yeX = x+yeX .Also xeXandl eF = IxeX

Therefore (x+y)+M.eX/M and asol x+M e X/M . Thus X/M isclosed with respect to
addition of cosets and scalar multiplication as defined above.

Now first of all we shall these two compositions are will defined

Let x+M=x+M, xxeX ad y+M=y+M, yyeX

X+M=x4M = x-xXeM and y+M=y+M = y-yeM

Since M isasubspace of X, wehave (x—x)+(y-y')eM

= (X+y)-(xX+y)eM = (x+y)+M = (xX"+y)+ M

Therefore additionin X/M iswell defined.

Agan x-xeM,l eF = [(x-X)eM =l x-IxXeM = |x+M=Ix+M = scaar
multiplicationin X/M isaso well defined.
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It isclear to show that X /M satisfies the conditions of linear space.

Remark

Thelinear space X /M iscalled the Quotient space of X relativeto M . Thecoset M isthe
zero vector of thislinear space.

Theorem(1.4.2)

Let M be asubspace of alinear space X over F. Then thefunction p : X — X /M- defined by
p(x)=x+M foral xe X isanonto linear function and ker(p) =M . (p iscalled the canonical
function or Normal function, or the quotient function).

Proof :
(1) Let x,yeX,a,l eF
p@x+by)=@x+by)+M =a(x+M)+b(y+M)=ap(x)+bp(y) =-p islinear
(2) Let ye X/M, thenthereis xe X suchthat y=x+M
p(X)=x+M=y = p isonto
(3) ker(p) ={xe X:p(X)=M}={xe X: x+M =M}={xeX: xeM}=M

Remark

In general, the natural function is not one-to-one, because, iIf x,ye X suchthat x-yeM,

then x+M =y+M , S0 p(X)=p(y).

Theorem(1.4.3)

Let M, and M,be subspaces of alinear space X over F suchthatX =M, @M, . Then

M,=X/M, and M, = X/M,.

Proof :

Define f:M, » X/M, by f(x)=x+M, foral xem,
We shall show that f isanisomorphismof M, onto X/M,
(1) f islinear:let x,x,eM, anda,b eF
fax +bx,)=@x +bh%)+M,=a(x,+M,)+b(x,+M,)=a f(x)+bf(x,) = f islinear
(2) f isoneto-one:let x,x, e M, suchthat f(x)= f(x,)
= X+M,=X+M, = X-X,eM,

Since x, - x,eM, = X -XeM,NM,

But M,AM,={0} = x,-x,=0 = x,=x, = f isoneto-one
(3) f.isonto:let ye X |M, ,thenthereis xe X suchthat y=x+M,
Snce X=M,®M, = x=x+y, Wwherex, eM, and y, e M,

= y,=X-XeM, x+M,=x+M, = y=f(x) = f isonto
Theorem(1.4.4)

Let M be asubspace of afinite dimensional linear space X over F. Then
dim(X /M) = dim(X) - dim(M)
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Proof :
Let dmX=n, dmM=m
Since M be asubspace of afinite dimensional linear space X, therefore there existsa
subspace M, of X suchthat X =M @M,
Als0o dm X =dmM +dimM, = dmM,=n-m
Since M, = X/M , then dim(X/M)=dimM, =n-m
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