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3.Normed Spaces

3.1 Definitions and General Properties
Let X  be a linear space over F where F is either the field of real numbers or the field of complex
numbers.
Definition(3.1.1)
   A norm on X  is a function . : X    having the following properties.

(1) 0x  for all Xx (2) 0x  iff 0x

(3) xx    for all Xx and for all F (4) yxyx   for all Xyx ,

The linear X  over F together with .  is called a normed space and  is denoted by ).,(X  or

simply X .
Remark:
     Every subspace of normed space is also normed space.
Definition(3.1.2)
   A seminorm on X  is a function :p X    having the following
(1) )()( xpxp     for all Xx and for all F (2) )()()( ypxpyxp   for all Xyx ,

ِِA family F  of  seminorms on is said to be separating if to each 0x  corresponds at least one
Fp  with 0)( xp .

Theorem(3.1.3)
    Suppose p  is a seminorm on a vector space X . Then
(1) 0)0( p (2) )()( xpxp   for all Xx (3) )()( yxpxyp   for all Xyx ,

(4) )()()( yxpypxp  for all Xyx , (5) 0)( xp  for all Xx

(6) The set  0)(:)(  xpXxpN  is a subspace of X

(7) The set }1)(:{  xpXxA  is convex,  balanced and absorbing set.
(8) p  is a norm if it satisfies the condition 0)( xp  if 0x

Proof :
          (1),(2) and (3) direct from definition

(4)   yyxx   )()())(()( ypyxpyyxpxp 
)1()()()( yxpypxp  Also )2()()()( ypxpyxp 

From(1) and (2) , we nave
)()()()( yxpypxpyxp   )()()( yxpypxp 

(5) Since )()()( yxpypxp   for all Xyx ,

Take )()(0 xpxpy 

Since 0)(0)(  xpxp for all Xx
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(6)   Since  )()(00)0( pNpNp

Let )(, pNyx   and 0)(,0)(,  yPxpF
0)()()()()(  ypyxpypxpyxp  0)(  yxp 

Since )(, pNyx  )(, pNyx  , F , , and X  is vector space, then 0)(  yxpXyx 
)()(0)( pNpNyxyxp    is a subspace.

(7)
(a) Let Ayx ,  and 10    ,then 1)(,1)(  ypxp

)()1()()(1)())1(()())1(( ypxpypxpypxpyxp  

Since   1)()1(,1)(1)(,1)( ypxpypxp
( ) (1 ) ( ) (1 ) 1 ( (1 ) ) 1p x p y p x y              

AAyx  )1(   is convex
(b) Let F  with 1

Let yxAx   where 1)(  ypAy

Since )()()( ypypxp    and 1 , 1)( yp

AAAAxxpyp   1)(1)(   is balanced

(c) Let Xx  and let 0)(  xp Axxp   11 1)(  x A 
A is absorbing.

Theorem(3.1.4)
      Every normed space is metric space
Proof :
  Let ).,(X  be a normed space. Define RXXd :  by yxyxd ),(   for all Xyx ,

(1)Let XyxXyx ,  (because X  is a vector space)  0),(0  yxdyx

(2) Let Xyx ,

yxyxyxyxd  000),(

(3) Let Xyx ,  ),(),( xydxyyxyxd 

(4)Let Xzyx ,,

),(),(),()()( yzdzxdyxdyzzxyzzxyx 

It follows that d  is a metric on X , and this metric is called the metric induced by the normed.
Remark:
If Xzyx ,,  and F , then
(1) ),(),( yxdzyzxd  (2) ),(),( yxdyxd   (3) )0,(xdx 

Definition(3.1.5)
A topological linear space X  is said to be normable if  a norm exists on X such that the metric
induced by the norm is compatible with  .
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Definition(3.1.6)
Let X  be normed space. The open ball with center 0x  and radius r  is dented by 0( )r x  and

defined as 0 0( ) { : }r x x X x x r     , and the closed ball is 0 0( ) { : }r x x X x x r    

Remark
0 0 0 1( ) (0) (0)r rx x x r     

Indeed

0 0 0 0 0( ) { : } { : } { : } (0)r rx x X x x r x y y r x y y r x            

Also 1(0) { : } { : 1} { : 1} { : 1} (0)r

x
x X x r x X ry y r y y r

r
           

Example (3.1.7)
    Every open and closed balls in normed space are convex
Ans:
       Let X  be normed space
  Let  0, xByx r and 10   rxyrxx  00 , . We must to prove    01 xByx r 

       000 11 xyxxxyx  

          rrrxyxxxyxxxyx   1111 00000

since   ,11 , because 01,  

     001 xBxByx rr    is convex. Similarly, to prove  0xBr  is convex.

Equivalent Norms
Definition(3.1.8)
 Let

1
.  and

2
.  be  two norms on a vector space X .We  say that

1
.  and

2
. are equivalent

(or
1

.  is equivalent to
2

.  ), written
21

.~. , if there exists positive real numbers a  and b

such that
121

xbxxa   for all Xx .

Example(3.1.9)

  Let 
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ixx
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ixx  for all   n

n Rxxx  ,...,1 . Show that
21

.~.

Ans:

     From Cauchy’s inequality, we have
2
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Put 1iy  for all ni ,...1 , we have
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Lemma(3.1.10)    Linear combination
Let nxx ,...,1 be a linear independent set of vectors in a normed space X , then there is a number

0c  such that 



n

i
i

n

i
ii cx

11

   for all ,Fi  ni ,..,1

Theorem(3.1.11)
      On a finite dimensional vector space all norms are equivalent.
Proof :
  Let X be finite dimensional vector space with 0dim  nX , and

1
. ,

2
. be two norms on X .

To prove
21

.~.

Let  nxx ,...,1  be a basis for X every Xx  has a unique representation

)1(,
1

Fxx ii

n

i
i 



   and )2(
1

111
1

i

n

i
i

n

i
ii xxx 



 

 Put   kxxk n 
111 ,...,max for all ni ,...,1  )3(

1
1

1





n

i
ii
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i
i kx 

From (2) and (3) , we have )4(
1

1





n

i
ikx 

Since the set  nxx ,...,1  is linear independent, by lemma of linear independent, there is

0c  such that )5(
121
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i
ii cx 

From (1) and (5) , we have )6(
1

2
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i
icx 

From (4) and (6) , we have
21

x
c

k
x 

Put
k

c
a   , we have )7(

21
xxa 

Similarly )8(
1
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i
ikx     and )9(

1
1
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From (8) and (9) , we have
12

x
c

k
x 

 Put
c

k
b  , we have )10(

12
xbx 

From (7) and (10) , we have
121

xbxxa  . Hence
21

.~.
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3.2 Banach Spaces
Definition(3.2.1)
   A sequence nx  in normed space X  is said to be
(1) Bounded in X , if there exists 0M    such that Mxn   for all n 

(2) converge to a point Xx  if, for every 0  , there exists  Zk   such  that nx x  

 for all kn  . We write xxn
n




lim  or xxn   as n

It follows that xxn   iff 0 xxn

(3) converge in X  if there is a point Xx  such that xxn  . Otherwise, the sequence is
 said to be divergent.

(4) Cauchy sequence in X , if for every 0  , there exists k    such that  mn xx

 for all kmn ,

   It is clear to show that in any normed space
(1) Every convergent sequence is a Cauchy sequence.
(2) Every Cauchy sequence is bounded.
Theorem (3.2.2)
  Let  nx and  ny  be two sequences in a normed space X  such that xxn   and yyn 

(1) yxyx nn  (2) xxn    for all F (3) xxn  (4) yxyx nn 

(5) If }{ n  is a sequence in F  such that  n , then xxnn  

Proof :
          (1)         yyxxyyxxyxyx nnnnnn 

   Since 0 xxn  and 0 yyn  as n , then     0 yxyx nn  as n , i.e.
yxyx nn 

(3)   Since xxxx nn   and 0 xxn  as n  , then 0 xxn  as n ,

i.e. xxn 

(4)   yyxxyxyxyxyx nnnnnn  )(

Since 0 xxn  and 0 yyn  as n , then 0 yxyx nn  as n

(5) xxxxxxxxxxxx nnnnnnnnnnnn   )()(

Since 0 xxn  and 0 n  as n  ,then 0 xxnn   as n

Definition(3.2.3)
A normed space X  is called complete if every Cauchy sequence in X  is converge to a point of
X . A complete normed space is called a  Banach space .
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Example(3.2.4)
Let FX  , we define the function . : X   by xx   for all Fx .Show that X  is a Banach
space.
Ans :
       First, to show X  is a normed space.
(1) Since 0x  for all Fx 0 x

(2) Let Xx  000  xxx

(3) Let Xx  and F  xxxx  

(4) Let Xyx ,  yxyxyxyx 

 X  is a normed space
Since   or   is complete space, then F  is complete space, hence X  is a Banach space.
Remark
  Let nF  denote the set of all ordered n-tupies of  elements in F  of fixed n  , i.e.

  niFxxxxF in
n ,...,3,2,1,:,...,1   .Then nF  is a vector space under the following

addition and scalar multiplication
(1)      nnnn yxyxyyxxyx  ,...,,...,,..., 1111  for all nFyx ,

(2)    nn xxxxx  ,...,,..., 11   for all nFx  and for all F

Example(3.2.5)
  Let nFX  , we define the function . : X    by 
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Show that X  is a Banach space.
Ans :
 First, to show X  is a normed space.
(1) Since 2
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By using Minkowski’s inequality, we have yxyxyx
n

i
i

n

i
i 
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1

2
2

1

1

2

 X  is a normed space
Second to show X  is a Banach space.
Let  mx  be a Cauchy sequence in n

m FxX  , we shall write  nmimm xxx ,...,

Let 0 , since mx is a Cauchy sequence in X , there is k   such that m lx x    for all klm ,
2 2

m lx x       for all )1(, klm 

 nlnmlmlm xxxxxx  ,....,11  )2(
2

1

2 



n

i
ilimlm xxxx

From (1) and (2) , we have 2 2

1

n

im il
i

x x 


    for all klm ,

2 2
im ilx x       for all klm ,  im ilx x     for all klm ,

So that, for each i , the sequence  imx  is Cauchy sequence in F

Since F  is complete, then for each i , the sequence  imx  is converges to a point,
say Fxi  , then iim xx   for all ni ,,2,1 

Put   n
n Fxxxx  ,,1   . we must prove xxm 

Let 0   , for all km  , we have   


xxxxxx m

n

i
iimm

2
2

1

2  for all km 

 mx   is converges X  is complete space, so that X  is Banach space.

Example(3.2.6)
  Let nX   , we define the function . : X   by 
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for all 1 2( , , , ) n
nx x x x    .Show that X  is a Banach space.

Ans :
 First, to show X  is a normed space.
(1) Since 0ix  for all 1, , 0i n x  
(2) Let Xx
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  1
1 1 1 1

n n n n

i i i i i
i i i i

x y x y x y x y
   

           yxyx 

 X  is a normed space
Second to show X  is a Banach space.
Example(3.2.7)
  Let nX   ,we define the function . : X   by  1 2max , , , nx x x x  for all

1 2( , , , ) n
nx x x x   .Show that X  is a Banach space.

Ans :
          First, to show X  is a normed space.
(1) Since 0ix  for all 1, , 0i n x  
(2) ) Let nx 

 10 max , , 0 0 1,2, , 0 1,2, , 0n i ix x x x i n x i n x              

(3)  Let nx   and 
   1 1, , , ,n nx x x x x     
      xxxxxxxx nnn   ,...,max,...,max,...,max 111

(4)  Let , nx y 

       1 1 1 1 1max ,..., max , , max , , max , ,n n n n n nx y x y x y x y x y x x y y x y            

X  is a normed space
Second to show X  is a Banach space.
Remark
  Let ],[ baC denote the set of all real-valued bounded continuous functions defined on ],[ ba , i.e.

],[ baCf    iff :[ , ]f a b   is bounded  and continuous functions. Then ],[ baC  is a vector
space under the following addition and scalar multiplication
    (1)       xgxfxgf   for all  baCgf ,, 
    (2)     xfxf    for all  baCf ,  and for all F

Example(3.2.8)
Let  baCX , , we define the function . : X   by   bxaxff  :max for all Xf  .
Show that X is a Banach space.
Ans :
         First, to show X  is a normed space.
(1) Since   0xf   for all   0,  fbax

(2) ) Let f X
      baxxfxxff ,0010:max0      0,0  fbaxxf

(3) Let Xf   and 
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          fbxaxfbxaxfbxaxff   :max:max:max

(4)  Let Xgf ,

   bxaxgfgf  :max     bxaxgxf  :max

    bxaxgxf  :max

      gfbxaxgbxaxf  :max:max

 X  is a normed space.  Second to show X  is a Banach space.
Example(3.2.9)
Let ]1,0[CX  , we define the function . : X   by 

1

0

)( dxxff  for all Xf  .Show that X  is

normed space, but not Banach
Ans :
 First, to show X  is a normed space.
(1) Since   0xf   for all   01,0  fx

(2) (a) If 0f , then 0)(
1

0

  dxxff (b) If 0f , then 0)(
1

0

 dxxf

Since 0)( xf  and f  is continuous, then 00)(  fxf

(3)Let Xf   and 

fdxxfdxxfdxxfdxxff   
1

0

1

0

1

0

1

0
)())()())((

(4) Let Xgf ,

 
1

0

1

0

1

0

1

0

1

0
)()())()(()()())(( dxxgdxxfdxxgxfdxxgxfdxxgfgf

gfgf 

X  is a normed space
We now show that X  is not complete. Consider the sequence  nf  in X  defined as follows
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Then  nf  is a Cauchy sequence in X , because ,if 3 nm , then

       xdxfxfxdxffff nmnmnm  
1

0

1

0
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            xdxfxfxdxdxfxfxdxfxfff nmnmnmnm  
1

2

1

2

1

0

12

1

0

11
2
1

    dxnnxdxmmxxdxfxdxfff
nm

nmnm 




1

2

1

2

1

1

2

1

2

1

11

2

1

1
2

1
1

2

1

2
1

Since 01
2

1
 mmx  when

m
x

1

2

1

2

1


0
2

1

2

1
 nmnm ff

nm
ff  as mn,

}{ nf  is a Cauchy sequence. But this sequence is not convergent.
For if there existed a Xf   such that  ff n














1
2

1
,0

2

1
0,1

x

x
f(x)

This contradiction, because f  is not continuous.

Theorem(3.2.10)
 Let M be a subspace of Banach space X , then M is Banach space iff it is closed in X

Proof :
         Suppose M  is a Banach space M  is complete space
Let Mx  , there is a sequence  nx  in M  such that xxn  , hence nx  is a Cauchy
sequence in M
Since M  is complete, there is My such that yxn  , but the converge is unique

MMMxxy   , then M is closed
    Conversely. Suppose that M  is a closed set in X
Let  nx be a Cauchy sequence in M

Since  nxXM   is a Cauchy sequence in X

Since X  is complete space, there is Xx  such that xxn 

Since MxMxn 

Since M  is a closed set in X , then MxMM 
 nx  is converge sequence in M , then M  is complete space.

Theorem(3.2.11)
    Every finite dimensional normed space is complete.
Proof :
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Let X be finite dimensional normed space with 0dim  nX and let  1, , nx x  be a basis for X

Let  my  be any Cauchy sequence in X .
0 lm yy as )1(, lm

Since  Xyy lm ,
1

,
n

m im i im
i

y x F 


    and
1

,
n

l il i il
i

y x F 


 

 
1

n

m l im il i
i

y y x 


   
Since  1, , nx x is linear independent, by lemma of linear combination, there is 0c  such that

  )2(
11





n

i
ilim

n

i
iilimlm cxyy 

From (1) and (2), we have 0
1




n

i
ilim   as lm,  for ni ,...,1

0 ilim  as lm,  for 1, ,i n 
 For 1, ,i n   im   is Cauchy sequence in F

Since F  is either   or   and each ,   and are complete. Fi     such that iim  

Put XXyyyxy mi

n

i
i 



,
1

   is complete.

Corollary (3.2.12)
  Every finite dimensional subspace M  of a normed space X , is closed
Proof :
 Since M  is a finite dimensional subspace  of a normed space X  M  is a complete
space M  is closed
Note that, infinite dimensional subspace of Banach space need not be closed.
Example (3.2.13)
Let  1,0CX   and let  0 1{ , , }M f f   where   i

i xxf   so that M  is the set of all
polynomials. M  is an infinite dimensional subspace of X   but not closed in X .
3.3 Continuity
 Definition (3.3.1)
Let X and Y  be two normed spaces. A function YXf :  is said to be continuous at Xx 0 , if for
each 0 , there exists a 0  such that Xx

 0xx  implies  )0()( xfxf

Or equivalently, a function YXf :  is continuous at Xx 0 , if  for every sequence }{ nx

in X  converging to 0x , the sequence )}({ nxf  in Y converges to Yxf )( 0 , i.e.
)()( 00 xfxfxx nn 
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Theorem (3.3.2)
 Let X  be a normed space. Then the function :f X   ,   xxf  is  continuous, the  norm .

on X  is a continuous function.
Proof :
    Let Xx 0  and  nx in X  such that 0xxn   as n

Now
    000 xxxxxfxf nnn 

Since 0xxn  , then 00  xxn  as n

   0 0nf x f x   as n  ,i.e.    0xfxf n 

Then f  is continuous at 0x  and 0x  is any point, hence f  is continuous

Theorem (3.3.3)
Let X  be a normed space over F . Then the functions XXXf : ,   yxyxf ,  and is

XXFg : ,   xxg  ,  are continuous, in other words vector addition and scalar
multiplication are jointly continuous.
Proof :
            (1)  Let Xyx 00 ,  and  nx , ny  in X such that 0xxn   and 0yyn   as n

Now
        00000000 )()(,, yyxxyyxxyxyxyxfyxf nnnnnnnn 

Since 00  xxn  and 00  yyn  as n , we have     0,, 00  yxfyxf nn  as n

   00 ,, yxfyxf nn  as n

f  is continuous at  00 , yx  and  00 , yx is any point in XX  , hence f  is continuous
     (2) Let Xx 0 , F  and  nx , in X ,  n  in F  such that 0xxn   and  n  as n

Now
   

0000

00000

)()(

)()(,,

xxxxxx

xxxxxxxgxg

nnnnnn

nnnnnnn









Since 00  xxn  and 0 n  as n , we have     0,, 0  xgxg nn   as n

   0,, xgxg nn    as n

g  is continuous at  0, x  and  0, x is any point in XF  , hence g  is continuous

Corollary (3.3.4)
        Every normed space X  is topological linear space
Example(3.3.5)
        Every normed space  is  locally convex
Ans :

  Let ),( X be a normed space, then X  is topological linear space
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Let }0:)0({  rBr , where }:{)0( rxXxBr  ,

Let G  be an open set in X , then G  is the union of open balls, so GBr  )0(0  for some
0r ,  then   is a local base at 0 in X

Since every open ball is convex set, then )0(rB  is convex set for all 0r , then   is a convex
local base at 0 in X
Hence ),( X  is locally convex space.

3.4 pL -Spaces
Let   be a non empty set and let ( )L  denote the set of all real valued functions defined
on  . Then ( )L  is a linear space  under the following addition and scalar multiplication
(1) ( )( ) ( ) ( )f g x f x g x    for all , ( )f g L 
(2) ( )( ) ( )f x f x   for all ( )f L   and for all 
Definition(3.4.1)
Let ( , , )   be a measure space, p  is a real number with 0 p   , and let f real valued Borel
measurable function defined on  .  We define

1
min{ ,1}

( )
p p

p
f f d 



 

If 0 1p  , then 1
min{ ,1} 1

p
 p

p
f f d 



  

If 1 p   , then 1 1
min{ ,1}

p p


1

( )
p p

p
f f d 



  
If p   . we set { : { } 0}D f      , i.e.

{ : { : ( ) } 0} { : . .[ ]}D x f x f a e               . Define
,

inf ,

D
f

D D




 
  

  Suppose 


f .

Since 








 
1

11 ]),
1

((]),((
n n

ffff   and 


 ])),
1

((( 1

n
ff , we see Df 


.

 The quantity


f  is called the essential supremum of f .  The essential supremum of f is

denoted by fess sup and defined as:
}0})(:{:inf{.}.:inf{sup    xfxReafRfess , supf ess f


 .

For example , if the function :f   defined by
1,

( )
0,

x
f x

x


  




 , then

sup 1f  ,  but sup 0ess f 
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Definition(2.4.1)
Let ( , , )   be a measure space and p is a real number with 0 p   .We define the space

( , , )p pL L    as the family of all real valued Borel measurable functions f such that
p

f   .

i.e.
(1) If 0 1p  , then ( , , )p pL L     as the family of all real valued Borel measurable  functions

f such that p

p
f f d 



  
(2) If 1 p   , then ( , , )p pL L    as the family of all real valued Borel measurable functions

f such that
1

( )
p p

p
f f d 



  
(3) If p   , then ( , , )L L      as the family of all real valued Borel measurable
     functions f such that inf{ : { } 0}f f  


     

Definition(3.4.3)
Let P and q be positive real numbers, we say that P  and q  is a pair of conjugate exponents if

1
11


qp
.

It is clear that 1
11


qp
 implies

(1)  p1  and  q1   (2) If 2p  , then 2q   (3) As 1p , then q

Theorem(3.4.4)
If 1,1,0,0  qpba  such that 1

11


qp
, then qp b

q
a

p
ab

11
  and 1 1p qab a b

p q
   iff qp ba 

Proof :
Let  tttf  1)(  such that 1

0,t
p

 

0)(  tf  for all 10  t  and 0)(  tf  for all 0 ( ) (1) 0t f t f    

1 0 1t t t t            

If 0b  , then pa
p

ab
1

0   and if 0b , put
q

p

b

a
t  

q

p

q

p

b

a

a

a
  1)(

Since
1 1

1 1 1 1 1
( ) 1 ( ) (1 )

p p p
q q pp p

q q q

a a a
b b a

p a p p b a p p
         

Since 1 1 1 1
1 1

p q p q
       and ababab

a

a
b q

q
p

q
q

p
q

p
q 


11

)(
1 1p qab a b
p q
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Theorem (3.4.5) Holder’s inequality
  Let 1 p    and let q  be its conjugate exponent. If ( , , )pf L     and ( , , )qg L    ,
then 1( , , )fg L     and

qp
gffg 

1

Proof :
          If 0

p
f   or 0

q
g   , the inequality is immediate

If 0
p

f   and 0
q

g  , take
( ) ( )

,
p q

f x g x
a b

f g
 

Since qp b
q

a
p

ab
11
  , we have

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1
( ) ( )

p q

p q

p q
p q

p q p q p q

f x g x f x g x f x g x f x g x

f g p f q g f g p f q g
     

( ) ( ) ( ) ( ) ( ) ( )
( )

p q p q

p q p q

p q p q

p q

f x g x f x g x f x g x
d d d d

f g p f q g p f q g
   

   
       

1 1 1
( ) ( ) 1p q

p q

p q

p q

p q

f g
f x g x d

f g p qp f q g



     

1

1
1

p q

fg
f g

 
1 p q

fg f g 

Corollary (3.4.6) Cauchy-Schwarz Inequality
. If 2, ( , , )f g L    , then 1( , , )fg L     and

1 2 2
fg f g

Proof :
    Take 2 2p q   .

By using Holder’s inequality, we have 1( , , )fg L     and
1 2 2

fg f g

Theorem(3.4.7)
    Let 0, 0a b 
(1) If 0 1p  , then ( )p p pa b a b   (2) If 1p  , then 1( ) 2 ( )p p p pa b a b  
Proof :
    (1) Since ( ) ( ) 1p pa b a b a b

a b a b a b a b a b


    

    
.

1 1 ( )
( ) ( ) ( )

p p p p
p p p

p p p

a b a b
a b a b

a b a b a b


        

  

    (2) Let
1

1 1 1(( ) 2 ( ))
( ) ( ) ( ) 2

p p p p
p p pa x a x

f x f x p a x px
x





    

    

Since 1p   ,
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( ) 0f x   for x a    , ( ) 0f x   at x a , ( ) 0f x   for x a
The maximum therefore occurs at x a , hence 1 1( ) 2 ( ) ( ) 2 ( ) 0p p p p p p p pa b a b a a a a        

Theorem (3.4.8) Minkokowsk's Inequality
Let 1 p    and let , ( , , )pf g L    ,then ( , , )pf g L      and

p p q
f g f g  

Proof :
  Since 1( ) 2 ( )

p p pp pf g f g f g f g f g        

Since , ( , , )pf g L     ( , , )pf g L     .
Now the inequality is clear when 1p  , so assume 1p   and choose q  such that

1
11


qp
. Then 1 1 1 1

( )
p p p p p

f g f g f g f g f g f f g g f g
             

Now 1
( , , )

p qf g L     , for 1 1 1
( 1)

1 1 1
1

p p p
p q p

p

q p p

  
    




,

 hence
1

( ) (
p pqf g d f g d 


 
     

Since , ( , , )pf g L     and 1
( , , )

p qf g L     . By using Holder’s inequality, we have
1 1 1, ( , , )

p p
f f g g f g L        and

1
1 1

( ( ) )
pp p q q q

p p p
f f g d f f g d f f g 

 

 
       and

1 pp
q

p p
g f g d g f g




  

Since 1 1p p p
f g f f g g f g

      , we have ( )( )
p
qp

p p p p
f g f g f g   

Since 1
p

p
q
  , the result follows.

Corollary (3.4.9)
 Let ( , , )  be a measure space and p  is a real number with 0 p   . Then ( , , )pL  
is a subspace of ( )L 
Proof :
Let , ( , , )pf g L     and ,   , by using Minkokowsk's Inequality, we have

( , , )pf g L     

Theorem(3.4.10)
p
 is a seminorm on ( , , )pL    where 1 p   . i.e.

(1) 0
p

f   for all ( , , )pf L    (2) If 0f   , then 0f 

(3) f f   for all ( , , )pf L     and all 
(4)

p p p
f g f g    for all , ( , , )pf g L   
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Proof :
The first two properties  follow from the definition of

p
, and the last property is

consequence of Minkokowsk's Inequality.
Remark

We can change
p
 into a norm by passing to equivalence as follows.

If , ( , , )pf g L    , define ~f g  iff f g   a.e.
p p

f g  . Then
p

f  is the same

for all f  in given equivalence class . Thus ( , , )pL    is the family of equivalence class,
( , , )pL    becomes a linear space, and

p
 is a seminorm on ( , , )pL   . In fact

p
 is

a norm, since 0
p

f   implies 0f   a.e.

Since every normed space is a metric space , so ( , , )pL    is a metric space.

Remark
If 0 1p  ,

p
 is not a seminorm on ( , , )pL   .

Definition(3.4.11)
A sequence { }nf in ( , , )pL   is said to be

(1) convergent in ( , , )pL   if there is ( , , )pf L     such that 0n p
f f   as n  .

(2) Cauchy in ( , , )pL   if 0n m p
f f   as ,n m  .

Theorem(3.4.12)
 Let { }nf be a sequence in ( , , )pL   , 0 p    satisfying 1

1
( )
4

n
n n p

f f   , 1,2,n     .

Then { }nf  converges a.e.
Proof :

Set 1{ : ( ) ( ) 2 }n
n n nA x f x f x 

    . By Chebyshev's inequality , we have

1

1
( ) 2 ( ) 2 2

4
p p p p

pn n n n

n n nA f f d  


        . This show that
1

( )n
n

A




 
By Borel  Cantelli lemma, we have (limsup ) 0n

n

A




But if limsup n
n

x A


 , then 1( ) ( ) 2 n
n nf x f x 

   for large n , so { ( )}nf x is Cauchy sequence

in   and hence { ( )}nf x converges .

Theorem(3.4.13)
( , , )pL   , where 1 p    is a Banach space

Proof :
           Since ( , , )pL    is a normed space. We need to show that ( , , )pL    is complete
Let { }nf  be a Cauchy sequence in ( , , )pL   , where 1 p  
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Given any 0  , there is N   such that n m p
f f    for all ,n m N

The for each 1, 2,k  there is a kn  such that 1
( )
4

n
n m p

f f   for all , kn m n

By theorem(3.4.12), we have ( )
knf x f  a.e. . We need to show that ( , , )pf L     and that it is

the ( , , )pL    limit of { }nf . Let 0   . Take N so large that n m p
f g    for all ,n m N

Fix such an m . Then by the pointwise convergence of the subsequence and by Fatou's
lemma we have

lim liminf
k k

p p p p
m n m n m

k k
f f d f f d f f d   

   
       

Therefore nf f  in ( , , )pL    and mf f d 

     for m  sufficiently large . But then,

m m m mp p p p
f f f f f f f       , which shows that ( , , )pf L    .

Remark
Let is an arbitrary set,  consists of all subsets of  ,   is counting measure,(i.e. if A has n

numbers , 0,1, 2,n   , then ( )A n  ; if A  is an infinite set , then ( )A    ).
If ( ( ) : )f f    is a nonnegative real-valued function on  , then

( ) (1)fd f


 



where the series is defined as sup{ ( ) : ,f A A



    is finite } . If ( ) 0f    for

uncountably many  , then for some 0   we have ( )f    for infinitely many  , so
that ( )f



   .

  If the nonnegative hypothesis is dropped, we apply the above results to f   and f   to
again
    obtain equation (1) , where the series is interpreted as

( ) ( )f f
 

   
  The space ( , , )pL    will be dented by ( )p  , it consists of all real-valued functions

( ( ) : )f f    such that ( ) 0f    for all but countably many   and
1

1

( ( ) )
p p

p
n

f f 




  
  If   is the set of positive integers, the space ( )p   will be dented  simply by p , it consists

of all sequences { }nf x such that
1

1

( )
p p

np
n

f x




  
     It will be useful to state the Holder and Minkowski inequalities for sums
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 If ( )pf L   and ( )qg L  where p  and q  are conjugate exponent, 1 p   , then 1( )fg L 

   and
1 1

( ) ( ) ( ( ) ) ( ( ) )
p qp qf g f g

  

     
  If , ( )pf g L  , 1 p    , then ( )pf g L    and

1 1

( ( ) ( ) ( ( ) ) ( ( ) )
p p pp pf g f g

  

       
Theorem(3.4.14)
(1) A sequence { }nf  in ( , , )L     is converges to ( , , )f L     iff there is a set A   with

( ) 0A   such that u
nf f  on cA .

(2) A sequence { }nf  is Cauchy in ( , , )L     iff there is a set A   with ( ) 0A   such that
{ }nf  is uniformly Cauchy on cA .

Proof :
          Suppose that nf f  in ( , , )L    0nf f


  

Then for each 1k   there is an kn n  sufficiently large so that 1
nf f

k
  . Thus, there

is a set kA  so such that ( ) 0kA   and 1
( ) ( )nf x f x

k
   for every c

kx A  . Let
1

k
k

A A


 .

Then ( ) 0A   and nf f  uniformly on cA .
Conversely : Suppose nf f  uniformly on cA nf f  uniformly on cA  and ( ) 0A  .
Then given 0   there is an N such that for all n N and cx A , ( ) ( )nf x f x   . This

is the same as saying that nf f 


   for all n N .

Theorem(3.4.15)
( , , )L    is a Banach space

Proof :
Since ( , , )L     is a normed space. We need to show that ( , , )L     is complete

Let { }nf  be a Cauchy sequence in ( , , )L    , by theorem(3.4.14), there is a set A 

with ( ) 0A   such that { }nf  is uniformly Cauchy on cA . That is, given any 0  , there
is N   such that  for all ,n m N and all cx A , ( ) ( )n mf x f x   .

Therefore the sequence { }nf  converges uniformly on cA to a function f . Define ( ) 0f x 

for x A . Then { }nf  converges to f  in ( , , )L     and ( , , )f L   

Remark
If  is an arbitrary set, consists of all subsets of  ,  is counting measure, then ( , , )L     is
the set of all bounded real-valued functions ( ( ) : )f f    , dented by ( )  . The essential
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supremum is simply the supremum; in other words, sup{ ( ) : }f f  


 is the set of positive

integers, ( )   is the space of bounded sequences of real numbers denoted by 
Theorem(3.4.16)
 If 0 1p  . Define : ( , , ) ( , , )p p

pd L L       by

( , )
p

pd f g f g d 


   for all , ( , , )pf g L   

Then ( ( , , ), )p
pL d   is a metric space , i.e.

(1) ( , ) 0pd f g   for all , ( , , )pf g L   

(2) ( , ) ( , )p pd f g d g f  for all , ( , , )pf g L   

(3) ( , ) 0pd f g   if f g

(4) ( , ) 0pd f g   implies only that f g  a.e.

(5) ( , ) ( , ) ( , )p p pd f h d f g d g h   for all , , ( , , )pf g h L   

Theorem(3.4.17)
 If 0 1p  . Then ( , , )pL    is complete metric space

Example(3.4.18)
   The space pL  with 10  p  is not locally convex
Ans :

{ :[0,1] ,pL f    where f  is measurable function }for which

 
1

0
)()( dxxff

p

Since 10  p  , the inequality ppp baba  )(  holds when 0,0  ba .This gives
)()()( gfgf  .

Define RLLd pp :  by )(),( gfgfd   for all pLgf , . Then d  is an invariant on pL .
The balls

})(:{ rfLf p
r 

Form a local base for the topology of pL ,
We claim that pL  contains no convex open sets, other than   and pL .

To prove this, suppose V  is open and convex in pL . Assume V0 , without loss of
generality. Then Vr   for some 0r .

Pick PLf  . Since 1P , there is a positive integer n  such that rfn p  )(1 .

By the continuity of the indefinite integral of
p

f ,there are points 10 1  nxxx 

such that
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nkfndxxf
k

k

x

x

p ,,2,1,)(|)(|
1

1 




Define


 
 

wo

xxxxnf
xg nk

k .,0

)(
)( 1

So that Vgk   because rfng p
k   )()( 1 , nk ,,2,1   , we have V

Since V  is convex and )(
1

1 ngg
n

f  

it follows that VLVf P   Hence VLP  .

3.5  Hilbert Spaces
Definition(3.7.1)
Let X  be linear space over the filed F .An inner product on X  is a function FXX :,

such that for all Xzyx ,,  and F ,  the following are  satisfied
(1) 0, xx

(2) 0, xx  iff 0x

(3) xyyx ,,    where yx,   denote the conjugate complex of the number yx,

(4) zyzxzyx ,,,  

The linear space X  over the filed F together with ,  is called a pre-Hilbert (or inner

product) space and is denoted by ),,(X or simply X .

Remark
  Every subspace of pre-Hilbert space is also pre-Hilbert space
Example (3.5.2)
(1) Let nFX   . Define FXX :,  by 




n

i
ii yxyx

1
,  for all 1 2( , , , )nx x x x X  ,

1 2( , , , )ny y y y X  . Then X  is a  pre-Hilbert space

(2) Let 





1

1
2 },:),,,({

i
iin xiFxxxxX  . Define FXX :,   by







1
,

i
ii yxyx   for all Xyyyxxx  ),,(),,,( 2121  . Then X  is a pre-Hilbert space

(ِ3) Let [ , ]X C a b . Define , : X X   by , ( ) ( )
b

a

f g f x g x dx   for all ,f g X . Then

X  is a pre-Hilbert space.
Ans :
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     (1) Let Xzyx ,,  and F ,

(a) 2

1 1

, 0
n n

i i i
i i

x x x x x
 

   

(b) 2

1

, 0 0 0
n

i i
i

x x x x


      for all 1, 2, , 0i n x  

(c)
1

, ,
n n n

i i i i i i
i i i

x y x y x y y x y x
  

     

(d)
1 1 1

, ( ) , ,
n n n

i i i

x y z x y z xz yz x z y z       
  

        
 Then X  is a pre-Hilbert space.

Theorem(3.5.3)
    Let X  be pre-Hilbert space over the filed F
(1) 0, ,0 0x x    for all x X

(2) , , ,x y z x y x z       for all Xzyx ,,  and F ,

(3) If , ,x z y z  for all z X , then x y

Proof :
            (1) 0, 0 0, 0 0, 0x x x   

           (2)
, , , , , , , , , ,x y z y z x y x z x y x z x y x z x x y x z                     

            (3) , ,x z y z  for all z X , , 0 , 0x z y z x y z       for all z X

In particular, put z x y x y X     , 0 0x y x y x y x y        

Corollary (3.5.4)
Let X  be pre-Hilbert space over the filed F

(1)
1 1

, ,
n n

i i i i
i i

x y x y 
 

    (2)
1 1

, ,
m m

j j j j
j j

x y x y 
 

 

(3)
1 1 ,

, ,
n m

i i j j i j i j
i j i j

x y x y   
 

  

Theorem(3.5.5) Cauchy-Schwarz inequality
Let X  be pre-Hilbert space over the filed F . Define : X    by ,x x x  for all

x X , then yxyx ,  for all Xyx , .

Proof :
          If 0x   or 0y  , then , 0x y   and the conclusion is clear.
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Suppose 0y  . Let 1
y

z z
y

   , we shall prove ,x z x

For each F , then , 0x z x z   

Since 2 2
, , ,x z x z x x z z x z          , then 2 2

, , 0x x z z x     
2 2

, , , , , , 0x x z x z x z x z x z z x         For all F
22

, , ( , ) ( , ) 0x x z x z x z z x         For all F
22

, , ( , ) ( , ) 0x x z x z x z x z          For all F
22

, ( , )( , ) 0x x z x z x z         For all F
2 22

, , 0x x z x z        For all F

 Put ,x z    because ,x z F  ,
22

, 0 ,x x z x z x    

Since y
z

y
 , then 1

, , , ,
y

x z x x x x y x x y x y
y y

      

Theorem(3.5.6)
    Every pre-Hilbert space is normed space
Proof :
Let X  be pre-Hilbert space over the filed F . Define : X    by ,x x x  for all x X

(1)  Since , 0x x   for all x X  , then 0x    for all x X

(2) 0 , 0 , 0 0x x x x x x      

(3) Let x X  and let F  , , ,x x x x x x x x        

(4) Let ,x y X

Since 2 2 2
, ,x y x x y x y y      and , , 2 Re( , )x y x y x y   , then

2 2 2
2 Re( , )x y x x y y   

Since 2 2 2
Re( , ) , 2 ,x y x y x y x x y y     

Since 2 2 2 2, 2 ( )x y x y x y x x y y x y          for all Xyx , .

x y x y     for all Xyx , X  is normed space.

Theorem(3.5.7)
  Let X  be a pre-Hilbert space
(1) 222

,Re2 yyxxyx    for all Xyx ,  (Polar Identity)

(2) 2222
22 yxyxyx   for all Xyx ,  (Parallelogram Law)
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(3)  2222

4

1
, yixiyixiyxyxyx   for all Xyx ,  (Polarization identity)

Proof :
          (1)

22222
,Re2,,,,,,, yyxxyyxyxxyyxyyxxxyxyxyx 

         (2) 222
,,, yxyyxxyxyxyx 

222
,,, yxyyxxyxyxyx 

2222
22 yxyxyx 

       (3) form (2),(3), we have
xyyxyxyx ,2,2

22   , 222
,, yxyiyxixyix 

222
,, yxyiyxixyix   , xyyxyixiyixi ,2,2

22 

yxyixiyixiyxyx ,4
2222 

so that  2222

4

1
, yixiyixiyxyxyx  .

Theorem(3.5.8)
 In any  be a pre-Hilbert space X .
(1) If nx x   and ny y , then , ,n nx y x y

(2) If { }nx  and { }ny  are Cauchy sequence in X , then { , }n nx y  is a Cauchy sequence in F

Proof :
           (1) , ( ), ( ) , , , ,n n n n n n n nx y x x x y y y x y x y y x x y x x y y            

, , , , ,n n n n n nx y x y x y y x x y x x y y       

, , , , , , , ,n n n n n n n n n nx y x y x y y x x y x x y y x y y x x y x x y y              

, ,n n n n n nx y x y x y y x x y x x y y       

Since nx x , then 0nx x   as n , also Since ny y , then 0ny y   as n

, , 0n nx y x y    as n

   (2)  Similarly , we have , ,n n m m m n m n m m n m n mx y x y x y y x x y x x y y       

Since nx  and my  are bounded , , 0n n m mx y x y    as ,n m

Corollary(3.5.9)
In any  be a pre-Hilbert space X .

(1) If nx x , then nx x

(2) If { }nx  is a Cauchy sequence in X , then { }nx  converge.

(3) ,  is (jointly) continuous.
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Definition (3.5.10)
   A complete pre-Hilbert space  is called a Hilbert space, i.e. A Hilbert space  is a vector
space X  over a filed F  together with an inner product , such that relative to the

metric ( , )d x y x y   induced by the norm, X  is a complete metric space.

Example (3.5.11)
(1) The  space n  is a Hilbert space with inner product defined by

1

,
n

i i
i

x y x y


   where

1 2 1 2( , , , ), ( , , , ) n
n nx x x x y y y y    

(2) The space 2  is a Hilbert space  with inner product defined by
1

, i i
i

x y x y




  where

2
1 2 1 2( , , ), ( , , )x x x y y y      satisfying the convergence 2

1
i

i

x




  .

Example (3.5.12)
 Let ]1,1[ CX .Define FXX :,  by xdxgxfgf 




1

1

)()(,   for all Xgf ,, . Then X  is

not  Hilbert space
Ans :
       We now show that X  is not complete. Consider the sequence  nf  in X  defined as
follows

 






















1
1

,1

1
0,

01,0

x
n

n
xnx

x

xf n

mn

mn
ffffff mnmnmn 2

2

3

)(
,


 0 nm ff  as mn,

}{ nf  is a Cauchy sequence. But this sequence is not convergent.
For if there existed a Xf   such that  ff n

1, 1 0
lim ( )

0, 0 1n

x
f(x) f x

n x

  
    

This contradiction, because f  is not continuous.

Example (3.5.13)
   Every Hilbert space is a Banach space , but the converse is not true
Ans :
         Let X  be a Hilbert space , then X  is complete Pre-Hilbert space
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Since every Pre-Hilbert space is normed space , then X  is complete normed space.
Hence X  is Banach space.
The converse : take , 2pX p  , then X  is a Banach space but not Hilbert space ,
because X  is not Pre-Hilbert space , i.e.
Let (1, 1,0,0, ), (1,1,0,0, ) , px y x y      

1

2 px y  , 2x y x y    ,  so that 2 2 2 2
2 2x y x y x y    

Theorem (3.5.14)
A closed convex subset A  of a Hilbert space X  contains a unique element of smallest norm.
Proof :
     Let inf{ : }d x x A  , by definition  of the d  there is a sequence { }nx in A  such that

nx d . To prove that { }nx  a Cauchy sequence in A , i.e. to prove 0n mx x   as ,n m ,

Consider the two vectors mx  and nx  belonging to the sequence { }nx

Since A  is convex and ,n mx x A
1

( )
2 n mx x A  

Hence by the definition of d  , we have 1
( )

2 n mx x d   so that 2 (1)n mx x d  

Since 2 2 2 2
2 2n m n m n mx x x x x x    

2 2 2 2 2 2 22 2 2 2 4n m n m n m n mx x x x x x x x d        

Now nx d  and mx d  as ,n m . . Therefore
2 2 2 2 2 22 2 4 2 2 4 0n mx x d d d d     

Hence  as ,n m , we have 0n mx x  . Therefore { }nx  is a Cauchy sequence in A

Since X  is complete , then there exists x X  such that nx x

Since { }nx  in A , then x A , but A  is closed , then A A x A  

n nx x x x x d    

Suppose x  and y  are two elements in A  such that x d  and y d

Since A  is convex 1 1
( ) ( )

2 2
x y A x y d       so that 2x y d 

Now
2 2 2 2 22 2 22 2 2 4 0 0x y x y x y d d d x y           

Since 2 2
0 0 0 0x y x y x y x y x y            

Theorem (3.5.15)
Let A  be a non-empty closed convex subset  of a Hilbert space X and let 0x A . Then
there exists a unique element a A  such that 0 0( , )x a d x A  .
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Proof :
0 0 0( , ) inf{ ( , ) : } inf{ : }d x A d x x x A x x x A     ,

Let 0( , )d d x A  by definition  of the infimum  there is a sequence { }nx in A  such that

0 nx x d  . To prove that { }nx  a Cauchy sequence in A , i.e. to prove 0n mx x   as ,n m ,

Consider the two vectors mx  and nx  belonging to the sequence { }nx

Since A  is convex and ,n mx x A
1

( )
2 n mx x A  

Hence by the definition of d  , we have 0

1
( )

2 n mx x x d    so that 02 ( ) 2 (1)n mx x x d   

2 2 2 2 2

0 0 0 0 0 0

2 2 2

0 0 0

( ) ( ) 2 2 ( ) ( )

2 2 2 ( )

n m n m n m n m

n m n m

x x x x x x x x x x x x x x

x x x x x x x

            

      

Since 0 nx x d   and 0 mx x d   as ,n m . Therefore 0n mx x   as ,n m .

Hence { }nx  is a Cauchy sequence in X

Since X  is complete , then there exists a X  such that nx a

Since { }nx  in A , then a A , but A  is closed , then A A a A  

0 0n nx x x x x a d     

Suppose a  and b  are two elements in A  such that 0x a d  and 0x b d 

Now
2 2 2 2 2 22 2

0 0 0 0 0 0 0

2

( ) ( ) 2 2 ( ) ( ) 2 2 2 ( ) 0

0

a b x b x a x b x a x b x a d d x a b

a b

                  

  

Since 2 2
0 0 0 0a b a b a b a b a b            

Orthogonality :
Definition(3.5.16)
Let X  be a pre-Hilbert space , and Xyx , . we say that x  is orthogonal to y  (written yx ), if

0, yx

Remarks
(1) The relation of  orthogonality is symmetric. i.e. if x y , then y x

since if x y , then , 0 , 0 0 , 0x y x y y x y x       

(2) If x y , then x y    for all F
    Since x y , then , 0x y   , and , , 0 0x y x y x y        

(3) The zero vector is orthogonal to every vector.
    For, every vector x  in X , we have 0, 0x  . Therefore 0 x  for all x X

(4) The zero vector is the only vector which is orthogonal to itself.
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      If , 0 0x x x x x    

Example (3.5.17)
 If x  is orthogonal to each of 1 2, , , nx x x  , then x  is orthogonal to every linear combination of
this kx

Proof :
           Let ix x  for all 1,2, ,i n  , 0ix x   for all 1,2, ,i n 

Let
1

n

i i
i

z x


  such that i F  for all 1,2, ,i n 

1

, , , 0
n n

i i i i
i i

x z x x x x 
 

    x z  .

Theorem (3.5.18)
If x  and y  are any two orthogonal vectors in a pre-Hilbert space X , then

2 2 2 2
x y x y x y    

Proof :
         Since , , 0x y x y y x    , so

2 2 2 2 2
, , , , , 0 0x y x y x y x x x y y x y y x y x y             

Similarly 2 2 7
x y x y   .

Corollary(3.5.19)
If 1, , nx x 1, , nx x  are orthogonal vectors space in a pre-Hilbert space X  then

2
2

1 1

n n

i i
i i

x x
 

 
Definition(3.5.20)
  Let A  be a non-empty subsets of  a pre-Hilbert space X . A vector Xx is said to be
orthogonal to A  (written Ax ), if yx for all Ay .
To non-empty subsets A and B  of a pre-Hilbert space X  are said to be orthogonal
(written BA ), if yx  for all Ax  and for all By .

Remark
If 1M  and 2M  are subspaces of  a pre-Hilbert space X  such that 21 MM  , then  021 MM

Definition(3.5.21)
  Let A  be a non-empty subsets of  a pre-Hilbert space X . The orthogonal complement of A
,written as A  and is defined by    : , :A x X x y y A x X x A         .
Thus A  is the set of all elements in X  which are orthogonal to every elements in A .
And we define  A  written as A , by  : ,A x X x y y A     
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Remarks
  Let X  be a pre-Hilbert space, then  0X    and  0 X

 

Theorem (3.5.22)
   Let A and B  be subsets of a pre-Hilbert space X , then

 (1)  0 AA , and
 AA  (2) if BA ,  then   AB

Proof :
(1) Let x A A x A     and , 0 0x A x x x    

(2)  Let , 0x B x y    for all y B

Since , 0A B x y     for all y A x A B A     

Theorem (3.5.23)
 Let A  be a non-empty subsets of  a pre-Hilbert space X . Then A  is closed  subspace of X .
 Proof :
       First to prove A  is a subspace
 Since x0  for all 0x A A A      
Let , , ,x y A F   , then , 0x z   and , 0y z   for  all z A ,

For all z A , we have 0)0()0(,,,   zyzxzyx

x y A A        is a subspace of X .

Now we shall show that A  is a  closed subset of X .(i.e. to prove   AA )
Let x A   there is a sequence }{ nx  in A  such that xxn  .
Let , 0ny A x y    for all n   ( nx A for all n  )
Since xxn  , , , 0nx y x y x y   

For all , 0y A x y x A A A         , but A A  , then   AA

So that A  is closed  subspace of X .
Theorem (3.5.24)
Let M  be a proper closed subspace of a Hilbert space X , then there exists a non-zero  element

0x X  such that 0x M .
Proof :
Since M is a proper subspace of , then there is y X  such that y M
Let ( , ) inf{ : }d d y M d y x x M    

Since y M y x    for all 0x M d  
By theorem (3.5.15), there is x M  such that y x d 

Put 0 0 0 0x y x x X x y x d        

Therefore 0x  is a non-zero element in X .
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 Now we shall show that 0x M , (i.e. 0x m  for all m M )
Let m M , for any F , we have 0 ( )x m y x m y x m        

Since ,x m M  and M is a subspace , then x m M  .Then by definition of d , we

have 2 2

0 0 0 0( ) ) )y x m d x m d x x m x           

0 0 0 0, ,x m x m x x     0 0 0 0 0 0, , , , ,x x x m m x m m x x      

0 0, , , 0x m m x m m       0 0, , , 0x m x m m m        for all F

Let us take 0 ,x m   where   is an arbitrary real number. Then 0 0, ,x m x m   
22

0 0 0 0 0 0, , , , , , 0x m x m x m x m x m x m m      
2 2 22

0 02 , , 0x m x m m    
2 2

0 , ( 2) 0 (1)x m m        for all  

Suppose that 0 , 0x m  . Then taking   positive and so small that 2
2m  , we see

from (1) that
2 2

0 , ( 2) 0x m m    . This contradiction (1). Hence we must

0 0, 0x m x m    for all 0m M x M  

Theorem (3.5.25)
If M  is a subspace of a Hilbert space X , then M  is closed iff M M  .
Proof :
             Assume M M 
Since ( )M    is closed subspace of X  and ( )M M   M   is closed subspace of X

Since M M M   is closed subspace of X

Conversely suppose that M  is closed subspace of X
By theorem(3.5.22), we have M M  .
Suppose now that this inclusion is proper, i.e. M M 
Now M   is a Hilbert space and M  is a proper closed subspace of M  , by theorem (3.5.24),
there exists a non-zero 0x M   such that 0x M 0 0 (1)x M x M M      

Since M   is a subspace of X , therefore by theorem(4.22), we have {0} (1)M M  
From (1) and (2)we conclude that 0 0x  .This contradicts that 0x  is a non-zero element.
Therefore the inclusion M M   cannot be proper and we must have M M  .
Theorem (3.5.26)
If 1M  and 2M  are closed subspaces of a Hilbert space X  such that 1 2M M , then the subspace

1 2M M  is also closed.
Proof :
Let 1 2z M M  , then there exists a sequence { }nz  in 1 2M M  such that nz z
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Since 1 2 1 2 {0}M M M M      the subspace 1 2M M  is direct sum of the
subspaces 1M  and 2M , i.e. 1 2 1 2M M M M    .   each nz  can be uniquely written as

n n nz x y   where 1 2,n nx M y M 

Consider , ( ) ( )n n n m m m n m n m n mz x y z x y z z x x y y         

Since 1 2,n m n mx x M y y M     and 1 2M M ( ) ( )n m n mx x y y   
2 2 2

( ) ( )n m n m n m n mx x y y x x y y        2 2 2

n m n m n mz z x x y y     

Since nz z  { }nz  is a Cauchy sequence 2
0n mz z     as ,n m 

2 2
0n m n mx x y y      as ,n m  2

0n mx x    and 2
0n my y   as ,n m 

{ }nx  and { }ny  are Cauchy sequence in 1M  and 2M  respectively.
Since X  is complete and 1 2,M M   are closed subspace of X , therefore 1 2,M M  are complete.

{ }nx  and { }ny  are convergent sequence in 1M  and 2M  respectively. Therefore there
exists 1x M  and 2y M  such that nx x  and ny y 1 2n n nz x y x y M M      

Since 1 2nz z z x y z M M      1 2 1 2M M M M    , but

1 2 1 2M M M M   , then 1 2 1 2M M M M    .Therefore 1 2M M  is a closed.

Theorem (3.5.27)   Projection Theorem
If M  is closed subspace of a Hilbert space X , then X M M  
Proof :
Since M and M   are closed subspaces of X  and M M   , then {0}M M  
In order to show that X M M    we need only check that X M M  
Let us put Y M M   M Y   and M Y  Y M    and Y M 

Y M M    
Since M  is closed subspace of X , then by theorem(3.5.25), we have M M 

Y M M   
But {0}M M   {0} {0} {0}Y Y Y X         
Since M and M   are closed subspaces of X  and M M   , by theorem(3.5.26), we have
M M   is closed subspace of X Y  is closed subspace of X , by theorem(3.5.25), we have
Y Y Y X   .

Orthonormal sets
Definitions(3.5.28)
A subsets A  of  a pre-Hilbert space X is said to be

(1) Orthogonal set if yx  for all Ayx ,  and yx 
(2) Orthonormal set if A  is orthogonal and 1x   for all x A , i.e. A  is Orthonormal set
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 if














yx

yx

yx

,1

,0

,

 for all Ayx , . In special case, a sequence }{ nx  is called an Orthogonal sequence in X
if mn xx   for all mn  , and }{ nx  is called an Orthonormal sequence in X  if














mn

mn

xx mn

,1

,0

,

Example(3.5.29)
Let 3X    and )}1,2,2(),2,1,2(),2,2,1{( A , then A   is an orthogonal set under the usual
inner product
Ans:
       Let (1, 2, 2), (2,1, 2), (2, 2,1)x y z    

3

1

, 1 2 2 1 2 ( 2) 2 2 4 0i i
i

x y x y


            ,

3

1

, 1 2 2 ( 2) 2 1 2 4 2 0i i
i

x z x z


           
3

1

, 2 2 1 ( 2) ( 2) 1 4 2 2 0i i
i

y z y z


            
Remark
(1) An Orthonormal set cannot contain zero vector  because 100 

(2) Every pre-Hilbert space X  which is not equal to zero space possesses on Orthonormal
    set.

Let 0 0x X x    . Put 1 { }
x

y y y
x

     is Orthonormal set.

Theorem(3.5.30)
Let A  be an orthogonal set in pre-Hilbert space X , then

(1) The set A  is linearly independent (2) The set }:{ Ax
x

x
B   is Orthonormal set.

Proof :

(1) Let 1{ , , }nx x  be a finite subset of A 
1 1

0 0 0
m m

i i i i
i i

x x 
 

    

Since ji xx   for all ji  , 2 2

1

0
n

i i
i

x


 



ماجستیر-دراسات علیا 
Functional Analysisتحلیل دالي  

3: عدد الوحدات 1: ناقشة م3: نظري 

65

Since 0ix , then 0ix  for all i , so 0i .

Theorem(3.5.31)
Let 1 2{ , , , }nA x x x   be a finite orthonormal set in pre-Hilbert space X . If x is any vector in X ,
then

(1) 



n

i
i

n

i
ii xxxxxxx

1

22
2

1

,, (2) 



n

i
i xxx

1

22
, (3)

1

( , )
n

i i j
i

x x x x x


   each j

Proof :
         (1) Let ii xx,

2 2

1 1 1 1

, ,
n n n n

i i i i i i i i
i i i i

x x x x x x x x x x  
  

        
2

2

1 1 1 1 1 1 1

22 2 2 2 2 2 2 2 2 2

1 1 1 1 1 1 1 1

, , , , , ,

,

n n n n n n n

i i i i i i i i i i i i i i
i i i i i i i

n n n n n n n n

i i i i i i i i i i i
i i i i i i i i

x x x x x x x x x x x x x x

x x x x x x x

      

        

      

       

       

           

      

       

(2) Since 0,
2

1




n

i
ii xxxx

22

1

, 0
n

i
i

x x x


   2 2

1

,
n

i
i

x x x


 

(3)
1 1 1

, , , , , , , ,
n n n

i i j j i i j j i i j
i i i

x x x x x x x x x x x x x x x x x
  

      

Since













ji

ji

xx ji

1

,0

,

0,,,,
1




jjji

n

i
i xxxxxxxxx . Hence

1

( , )
n

i i j
i

x x x x x


  for each j .

Corollary (3.5.32) Bessel’s Inequality

If }{ nx  is an orthonormal sequence in pre-Hilbert space X , then 2

1

2
, xxx

i
i 





 for all Xx  .

Theorem(3.5.33)   Gram-Schmidt Theorem
If }{ ny  is  linearly independent in pre-Hilbert space X , then there exists an orthonormal
sequence }{ nx  in X such that }{ ny  for all n  .
Proof :
           By mathematical induction .
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Theorem(3.5.34)   Gram-Schmidt Theorem
If }{ nx  is an orthonormal sequence in Hilbert space X and }{ n  is a sequence in F such that

2

1
i

i






  . Define 



n

i
iin xy

1

 , then }{ ny is a Cauchy sequence , hence convergent to 





1i

ii xy  .

Proof :





m

i
iim

n

i
iin xyxy

11

, 

If m n m n k    , where k 

1 1

n k n k

m n k i i m n i i
i i n

y y x y y x 
 


  

     
2 2 2

2 2

1 1 1

0
n k n k n k

m n i i i i i
i n i n i n

y y x x  
  

     

      
{ }ny is a Cauchy sequence, since X is complete, { }ny  is convergent.

Theorem(3.5.35)
Let }{ nx be an orthogonal sequence in  pre-Hilbert space X , and let 






1i

ii xx  , 





1i

ii xy   , then

(1) 





1

,
i

iiyx  (2) kkxx ,  for all k (3)
2

1

2

1

2
,










i

i
i

i xxx 

Proof :
      (1) Let

1 1

,
n n

n i i n i i
i i

s x t x 
 

   ,n ns x t y   , ,n ns t x y 

1 1 , ,

, , ,
n n n

n n i i j j i j i j i j
i j i j i j

s t x x x x     
 

     
(2) Take 0, 1j k     for all kj   , then kkxx ,

(3)
2

1

2

11

2
,, 














i

i
i

i
i

ii xxxxx 

Definition(3.5.36)
Let A  be a subset of pre- Hilbert X . We say that A is a total set if }0{A .In special case, a
sequence }{ nx is called a total sequence  in X  if the following condition is satisfy "if nxx for
all n then 0x  "
It is clear to show that
(1) Any  pre- Hilbert X  is total set . because }0{X

(2) The set },,{ 21 eeA  where ),0,1,0,,0( ne  is total set in 2
(3) The set },,,,1{ 2 xxA   is total set in ],[ C .



ماجستیر-دراسات علیا 
Functional Analysisتحلیل دالي  

3: عدد الوحدات 1: ناقشة م3: نظري 

67

Definition(3.5.37)
Let A  be a subset of pre- Hilbert X . We say that A is an orthonormal basis in X  if it is total and
orthonormal set.
Remark
 The orthonormal basis not necessary  basis in X .
Theorem(3.5.38)
Every Hilbert space X which is not equal to zero space possesses an Orthonormal set.

Exercise (3)
3.1 Let A  be a subset of normed space X .show that ][A  is smallest closed subspace of X .
3.2 Let M be closed subspace of normed space X . Show that M X  iff )int(M

3.3 Let A be the set of all converge sequences  in a field F . Is A closed subspace of  ?.
3.4 Let 0A  be the set of all converge sequences to zero in a field F , then 0A  is complete
      subspace of  .
3.5 Let X  be a pre-Hilbert space . Prove or disprove

(1)
2

222
)(

2

1
2

2

1
yxzyxyzxz  for all Xzyx ,,

(2) ,x y x y   iff y x  for all ,x y X  and for some 0 

(3) x y x y     iff y x  for all ,x y X  and for some 0 

(4) x y x z z y       iff (1 )z x y     for all ,x y X  and for some 0 0 

(5) x y x y     iff y x  for all ,x y X  and for some 0 

(6) If 0nx   and { }ny  bounded, then , 0n nx y 

(7) If nx x  and , ,nx x x x , then nx x

(8) , Re( , ) Re( , )x y x y i x iy 

(9) 2 2
4Re( , )x y x y x y   

(10) If ,x y   and 4, 2x y  , then , 3x y 

(11) x y  iff x y x y     for all F

(12) x y  iff x x y   for all F

(13) Let :f X X  is bounded liner and F   . If ( ), 0f x x   for all x X , then 0f 

(14) If ,x y  are nonzero orthogonal vector in X , then { , }x y  is linear independent .
(15) If nx x  and ny x  for all n , then yx

3.6 Show that  2
2( ) : 0,n nM x x x n       is closed subspace of 2  and find M

3.7 Find M  if    2
21 ,...,,  neeeM , where )( ikie 
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3.8 Let 2X   . Find M  if
(1) { }M x    (2) 1 2{ , }M x x and M is linear independent.

3.9 If X is finite dimensional Hilbert space, then it has orthonormal basis.
3.10 Let { }nx  be an orthonormal sequence in a pre-Hilbert space X and let Xx . Show that

x y M  , where 



n

k
kk xy

1

  and   nxxxM ,...,, 21 .

3.11 Show that : In a finite dimensional normed space, each closed and bounded set is compact.
3.12 Let A be a subset of a Hilbert space X . Show that
   (1)   AA   (2)  AA    (3) A  is dense in X  iff  0A

3.13 Let ,X Y are Hilbert space on a field F . Show that ,X Y are Hilbert Isomorphic iff
YX dimdim 

3.14 Let 2)(  nxx . Find x  if (a)
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3.15 Show that: The colure of every compact subset of a Banach space is compact.
3.16 Show that : Suppose X  is a linear space that is complete with respect to norms

1
.  and

2
.

if there exists positive real numbers c  such that
1 2

x c x  for all Xx , then
1

.  and
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 equivalent


