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0. Bipolar Theorem
6.1 Dual linear Spaces

Definition(6.1.1)
Let X,yand z belinear spacesover F and afunction G: X xY — Z associateto each ae X
andto each beY thefunctionsG,: X -z and G, :Y — Z by defining G, (b) = G(a,b) =G, (a) .
We say that G isabilinear function if every G, and every G, arelinear.
Theorem(6.1.2)
Let X and Y belinear spacesover F and afunction G: X xY — F isabilinear functional. Put
N, ={xe X:G(x,y)=0, VyeY} and N, ={yeY:G(x,y)=0, Vxe X}
Then N, isasubspaceof X and N, isasubspaceof Y. N, and N, arecalled null spaces.
Proof :
Since G(0,0)=G,(0)=0 = 0eN, = N, #f

Let x,x,eN, anda,beF.Foral yey
G(ax +bx,,y) =G, (ax +bx,) =aG,(x) +bG, (x,) =aG(x, y) + bG(X,, y) =a(0) + b(0) =0
ax, +bx, e N, = N, isasubspaceof X .Smilarly to prove N, isasubspaceof Y.
Definition(6.1.3)
Let X and Y belinear spaces over F . A bilinear functional G: XxY — F is called anon-
degenerate if N, ={0yand N, ={0} .
Remarks
(1) N, ={0}, ,meansthat : v x=0;xe X, JyeY suchthat G(x,y) =0,

l.e.if G(x,y)=0 forall yeY,then x=0
(2) A non-degenerate bilinear functional G: X xY — F will be denoted by (, ),

l.e. G(x,y)=(xY)
Definition(6.1.4)

Tow linear spaces X,Y over F are said to be dual spaces, if there is a non-degenerate

bilinear functional G: XxY - F.
Example(6.1.5)

Let X bealinear space over F. Show that X, X’ aredua spaces.
Ans:

X'={y :X > F , y islinear functional }. Define G: X'x X — F by
Gl ,.x) = ,x)=y (x) foraly e X" andforall xeX.
It isclear to show that G isabilinear functional
N, ={xe X:Gy ,x)=0, Vy € X}={xeX:y (x)=0, Vy €X'}
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It isclear to show that N, isasubspaceof X and N, ={0}
N, =fy eX":y (X)=0, VxeX} = N, and N, ={0} = G isanon -degenerate
bilinear functional , then X, X’ aredua spaces.

Theorem(6.1.6)
Let X and Y bedual linear spacesover F . For any element yeY, define the functional

forX>F byf (x)=(xy) foral xeX.

(1) f, islinear functional

(2) R, ={f,:yeY} isasubspace of X’

(3) Y=F

Proof :

(1) Let x,x,e X anda,beF
f @x +bx,)=(ax +bx,, y)=a(x,y)+b(x,,y)=af (x)+bf (x)= f, islinear
(2) since 0eY = f,=0 = 0eR, = F, =f

Let foofy, eF anda,beF

+bf | )@ +a,x,) =(@f )@ x +a,x,)+(bf | )@;x +a,x,)
=alfaf, (x)+af, () +blaf, (x)+a.f, (x,)]
=a,[af , (x))+bf (x)]+a,[af, (x,)+bf (x,)]
—a,(af , +bf )og)+a,(@f, +bf )(x)

= af, +bf eF, = F isasubspaceof X’

(3) Define H:Y > F, by H(y)=f, foral yeY

(i) lety,y,eY anda,beF:Foral xeX

H @y, +by,)(X) =f 6, () = (x.2y, + by,) =a(x,y,) +b(x,y,)

=f, () +bf (x)=(f, +bf )(X)=@H(y,)+bH(y,))(X)

= H(y, +by,) =aH(y,)+bH(y,) = H islinear

(i) let y,,y, €Y suchthat H(y,)=H(y,)

= f .=f, = f, (0=f, (0 forxex = (xy)=(xy,) for xeX

= .G(xY,)=G(x Yy, for xeX = G(x,y,-Y,)=0 for xe X

=Y -Y, €Ny

SinceN, ={0} = vy,-y,=0 = y =y, = H isonetoone

(lii) Letf,er, = yeY = G(y)=f, = H isonto.

Sothat Y=F,

(af

Y1
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6.2 Weak Topology
Definition(6.2.1)
Let X and Y be dual topological linear spacesover F.

« The weakest topology on X, for which al functional f, are continuous ,is called the
weak topology on X and it is denoted by s (X,Y), the member of this topology is
weakly open sets. Similarly: one may define the weak topology s (Y, X) on'Y.
es(X,Y) is alocally convex topology as it is defined by the family {P;}
seminorms P, (x) = Kx y>‘

o A weakly continuous (s - continuous) functional on X is by definition, a continuous

functiona in the weak topology. We aso use the notions of weakly closed (or s -
closed) ser, weakly compact s, etc.

of dl

yeYy

It is clear to show that : A subset of X isweakly open if for every x, € A, thereis an
e>0andthereare y,,y,,---,y, €Y such that
[Y{xe X :Re<x—X,y, ><e}c A

Theorem(6.2.2)
Let X and Y be dual topological vector spacesover F . Any weakly continuous linear
functiona f on X hasaunique representation of theform f(x) =(x,y) foral xe X

Proof :

Thereexists y, eY , i =12,---,n“such that

[ £00] < max{|(x, ;)| :1 =1.2,-+-,1}
Denoting
fi0)=(xy), i=12--n
Wehave f(x)=0 whenever f(x)=0 i=12,--,n
Hence f isalinear combination of f, i=212,--,n
6.3 Bipolar, Sets
Definition(6.3.1)
Let X.and Y be dual topological linear spacesover F, andlet Ac X . The polar set of A
isdenoted by A" anddefinedas: A" ={yeY:Re<x,y><1,vxe A}.Theset A", i.e. the
polar set of A", iscaled the bipolar set of A
A =(A) ={xe X:Re(x,y)<1,Vye A’}
It isclear to show that Ac A”. In particular, if X isaHausdorff locally convex space
and Y = X", then
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A ={feX |f(x[<1l,vxe A A" ={xex:|f(x)|<1,VfeA}
Theorem(6.3.2)
Let X and Y be dual topological linear spacesover F, and let A Bc X
(D If AcB,then B  c A
2 If 1 eFand | =0,then (1 A =1 A
(3) If A absorbs B, then B* absorbs A’
(4) If Alisbalanced, thensois A" and A" ={yeY:(xy)<l VxeA
(5) If A isasubspaceof X, then A° isasubspaceof Y and
A ={y eY :(x,y)=0 Vx eA}
(6) f =Y and X° ={0}
(7) A" isconvex
(8) A =(YfyeY:Re(xy)<1

xeA
(9 A" isweakly closed
Proof :
(Let yeB” = yeY and Re(x,y)<1foral xeB
Since AcB = Rexy)<l foral xeA= yeA = B cA
(2) Since (I x,y)=(x1y)=(x1y)
= Re(xly)<iforal xeA = TyeA
Sncel 20 = 1y el A = yel A = (A | A
Similarly | *A° c (I A sothat (1 A)° =1 *A°
(3) Since A isabsorbs B-= | , € F such that B 1 A, whenever |I 2|1, |
SinceBclA = ((A°cB = |I'AcB = AcClIB
= B’ absorbs A°
(4) Since Aisbalanced = |Ac Afordl |l eF with |l k1
AclA=IA = IAcA forall eF with|l K1
= A’ isbalanced.
Put D={yeY:(xy)kKl, vxeA
Let yeD = [(xy)kilfordl xeA
Since Re(x, y)<|(x,y)| = Re(x,y)<1foral xeA
yeA” = DcA
Now let ze A = Re(xz)<1forall xeA
Take | e F suchthat |I |1
Since A isbalanced =1 A=A
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= Rellxz)<lforal xeA = Kx,y)‘slforall Xe A
= zeD = AcD = A =D

(5) Since A isasubspaceof X = A isabaanced set
= A°={y€YZ‘<X,y>‘Sl,VXEA}
Put M={erZ‘<X,y>‘=O,VXeA}
Let yeM = (xy)=0 forall xeA
= |(xy)<iforal xeA= yeA = McA
Now
LetzeA = Km,z}‘glforall me A
Since Aisasubspace = IxeA foral xeAandforall eF
= |(xy)|lkiforal xe Aandforal | eF
(xyy=0foral xeA = yeM => AcM = A=M
= A ={yeY:(xy)=0, VxeA
Lety,y,eA anda,beF

Foral xe A
(xay, +by,)=a(xy;)+b(xy,) =0 ay, +by, e A" = A’ isasubspace.
(6)
(@ f ={yeY:Re(x,y)<1 Vxef}
Sincef isemptyset = f°={yeY}=Y
(b) Since X isavector space = X ={yeY:(x,y)=0,Vxe X}
Since (x,y)=0 foral xex = y=0,i.e. N, ={0} = X" ={0

(7) Let y,,y, e Anand 0<I <1
Re<xly +(@=1)y, >=Re(l <x,y,>+1-1)<XYy,>)
=l Re<xy, >+(1-1)Re<xy, ><| +(1-1)=1
ly, +@-1)y,e A = A isconvex st.
(8)Take D=(){yeY:Rexy)<T

XeA

Let ye A = yeY and Re(x,y)<1foral xeA

= yeD = A cD.Smilalytoprove Dc A’ = D=A

Theorem (6.3.3)

Let X and Y be dual topological linear spacesover Fand let Ac X, then A = co(AU{0})
where the closure " - taken in the weak topology.
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Proof :
Let B=co(Au{0})) = B issmallest closed convex set contained A

Since A’ isclosed convex setin Y = A” isclosed convex setin X contained
A= Bc A”. Wehaveto show that A” = B

Since A =B° = A”=B".Toshowthat B* B

L et us assume that there exists an x, e B~ such that x, ¢ B. By second separation
theorem, there exists y, e Y such that Re(x,,y,)>1 and Re(x,y,)<1 for al.xe B
Since Re(x,y,)<1 for al xeB, then y, e B°, but Re(x,,y,)>1, then x ¢B~. This

contradiction B°cB = A*cB = A”=B
Corollary (6.3.4)
Let X and Y be dual topological linear spaces over F
(1) If M isasubspaceof X ,then M~ =M
(2) If Ac X,then A~ = A
Proof :
(1) SinceM cX = M~ =co(M U{0})
Since M isasubspace, then 0eM = M U{}=M = M~ =co(M)
Since M isasubspace, then M isconvex set = co(M)=M = M“=M

Exer cises (6)

6.1
6.2
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