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8. Spectral Theory

8.1 Matrix of Linear Transfor mation

Recall that a function between linear spaces is often referred to as a transformation. Let
T :X =Y linear transformation where X andY arefinite dimensiona linear spacesover a
field F suchthat dmX =n,dimY =m.

Let b ={x,,x,,---,x,} bean ordered basisfor X so that each vector in X isexpressible as
linear combination of the elementsof b, i.e. for every x e X has unique representation

x=>1x, |, eF, i=12--n
i=1

Thevector | =(1,1,,---,1 ) iscalledtheCoordinaI&sVector of x :Let b'={y,,y,,--,y,}be

an ordered basisfor Y so that each vector inY isexpressible aslinear combination of the
elementsof b'.

Let uschoose nmscalars a; e F wherei =1,2,---,m, j =12,--,n
Since x,eX = T(x,)eY = T (x,)canbeexpressibleaslinear combination of mvectorsin
b'.l.e
T(Xl):aily1+a21y2+"'+am1ym:Zailyi
i=1
Also

T (Xz) =apy; tayy,+--t+a,,Y, :Za1 2Yi

i=1
T (X)) =8,Y1+8, Y, + +anYa =&Y,
i=1

We can write the above n-equationsin symbolic form as under

T(Xj)zzaijyi ) j::L2,---,n
i=1
The coefficient matrix in the above expression is
Q& Ay e Ap
qy Qp - Ay
&, &y - G

Then the matrix of T : X —»Y with respect to the given basis b and b’ isthe transpose of the

above coefficient matrix which is obtained by changing the rows into columns and columns into
rows of the coefficient matrix,
Matrix of T withrespecttobasisb and b’ is
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A Gy . &y
A 8y o By
A= :1 :2 S L)
A1 Gpp e Gy

Above matrix is mxn matrix consisting of mrowsand n columns. The above matrixis
symbolically writtenas [T :b,b’] or ssmply [T].
Remark
If X =Y ,thenT :X — X and m=n so that the matrix of T with respect tobasisb will bea
nxn matrix and the rule for writing is same as expressed above.
Theorem(8.1.1)
LetT :X —»Y linear transformation where X andy arefinite dimensional linear spaces over a
field F suchthat dmX =n,dimY =m. Let b ={x,,x,,---,x,} be an ordered basisfor X , and let
b'={y,¥,. Y.} beanordered basisfory .If | =(,I,,---,I'",) isthe Coordinates Vector of
x e X withrespectto b and a =(a,,a,,---,a,) isthe Coordinates Vector of T (x) ey with respect
to b’ . Thenthe matrix Aof T with respect tothegiven basis b and b’ issatisfyinga =1 A
Proof :

Sincel =(1,1l,,---,1,) isthe Coordinates Vector of x e X with respect to b

= x=znlljxj = T(x)=T(Zn:Ijxj)=Zn:IjT(xj)

Since T(Xj):i:(’:\1.].yi . j=12-+n = T(X):ilj(iajjyi):i(znlljajj)yi

i=1 j=1
Sincea =(a,a,,--,a,) isthe Coordinates Vector of T (x) ey with respect to b’
= T(X):Zaiyi = Zaiyi:Z(zljaij)yi

i=1 i=1 i=1 j=1

Since every y €Y ‘hasunique representation of linear combination of vectorsin b’. Thus

yi:zlkaki
k=1
&, a, ... &,
@pa,iea ) =01, ) a_ﬂ a_” ; a?” —~ a=IA
A Ay e Ay

Example(8.1.2)
(D) Let X =R?Y =R* and T :R*> > R® defined by T (x,y)=(x,x +y,2x —y) fordl (x,y)eR?,
then T islinear operator , the matrix Aof T with respect to the given basis b ={(1,0),(0,1)}
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and b’'={(1,0,0),(0,1,0),(0,0,1)} iISA = 112
~{(10,0),(01.0),(0,0.0) {0 / _J.

(2) Let X =P,(R)Y =R’and T : P,(R) - R? defined by T (a+bx +cx?) = (2a,b—c) for all

a+bx +cx? e P,(R) then T islinear operator , the matrix Aof T with respect to the given basis

|
-10 0

b ={52x,x% and b’'={(-10),(0,3)} iSA=| 0 %

Theorem (8.2.3)
If b={x,,x,,~--,x,}iSan ordered basis for afinite dimensional linear space X over F. Then

the function T — [T Jwhich assigns to each operator T its matrix relativeto b isan
isomorphism of algebra L (X ) onto the total matrix algebraM (F).

Proof :
Defineafunction f :B(X)—>M (F) by f (T)=[T] foral T eB(X)

LetT,T,eB(X), then f (T) =[T.]=[a,1,., ad f () =[T,]=[b, 1.,
Tl(XJ):Zaijyi' j=12,---,n, Tz(xj):Zbijyi, j=12--n
Let X:anlixj

i1

To prove:
(1) f isone-one: Let T, .T,eB(X) suchthat f (T,)=f (T,

= [aij]nxn:[bij]nxn = Zaij izzbijxi’ j =12
= =

= T,(x)=T,(X)) j=12-n = YIT(x)=D1T,x;) = T,Q1x,)=T,O.I,x,)
j=1 j=1 j=1 j=1
= T,(x)=T,(x) foral xexXx = T,=T,.Hencef isone-one.
(2) f isonto: let [c;] beany matrix in M  (F) the corresponding to this matrix three exists a
linear operator T : X — X such that T(xj)zznllijxi, j=12,n
i=1

Above definesthe operators T is extended by linearity to whole of X then the resulting
operator has [c;] asitsmatrix relativeto b . Hence f isonto.

From (1),(2), we have f isbijective.
(3) f ispreservesaddition, i.e. f (T,+T,)=f (T,)+f (T,)
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0T =Ty06)+Totx)) = Sk, + 30, = 32, +5,)x

f (T1+T ) lT1+T ] [8” +b ]n xn _[au]n n+[b ] U]]Jrﬂ_z]:f (rl)+f (Tz)
(4) f ispreserves scalar multiplication,i.e. f (IT)=1f (T)

TN =1T (x, )—IZaJ i—ZIa, i=2(c.1)x

fAT)=0T]=[c;lnm [|aJ]nn—|[aJ]nn—|F]—|f(F)
(5) f ispreservesmultiplication, i.e. f (T,T,)=f (T)f (T,)

(TT)(x;) =Ty (T (x;)) T(Zbk,x )= Zbij (X)) = Zbk, (Z&kx) Z(Z&kx)
_Z(Zalkbk])x +Zblj i Z(Cij)xi

f (Tsz)zl.Tsz] :[Cij]nxn =[Za1'kbkj]:[aij]nxn[bij]nxn =ﬂ'1]ﬂ'z] =f (Tl)f (Tz)
Henceisf :B(X)—>M (F) by f (T)=[T] foral T eB (X)) anisomorphism

Matrices of identity and zer o operators
If T be alinear operators on linear space whose matrix relativeto basis b ={x,,x,,---,x,} be

[aij]theniST(Xj):Zaijyi , 1=12-4n
i=1
() =X; =0x,+0x, +---+1-X, +- 40X, = I(xj):znl(dij)xi Wheredijz{z’ |
i=1 =
= [I]=[d,], i.e. unit matrix.

Again 0(x;)=0=0x,+0x;+-+0x, = 0(x;)=>(0,)x,
i=1

= [0]1=[0;], i.e.null matrix.
Matrix of an inverse operator

Theorem(8:1.4)
Let T belinear operator on alinear space X whose matrix relative to basis b ={x,,x,,---,x }IS

[3;] . ThenT isnonsingular iff [a,] isnon singular and in thiscase [, ] =[T ]
Proof :

SinceT isnonsingular iff T oT *=T *oT =1

iff [T =T 71 l=[1]

iff [, 1[T *1=[T "1[a;]1=d; unit matrix |

iff [a,] isnon singular and [a, 1" =[T ]
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8.2 Eigenvalues and Eigenvectors.
Definition(8.2.1)
Let X bealinear spaceover F,andlet T eL(X).
(1) A scalarl < F iscalled an eigenvalueof T , if there exists anon zero vector x € X
suchthat T(x)=1 x..
(2)A non zero vector x e X iscaled an eigenvector of T , if thereexistsl < F such
that T(x)=I x .
Form(1),(2) , we say that x isan eigenvector of T associated with eigenvaue | .
Eigenvalues are some times a so called characteristic values, proper values, or spectral values.
Similarly eigenvectors are called characteristic vectors, proper vectors; or spectral vectors.

The set of all eigenvaluesof T is called the spectrum of T and we shall denoteit by s (T).

Remark

If the linear space X has no non zero vectors at all, then T.certainly has no eigenvectors. In

this case the whole theory collapsesinto triviaity. Therefore throughout the present lector we

shall assumethat X ={0}.

Examples(8.2.2)

(DLet X =R?and T :R* > R?* defined by T (x,y)=(-y,x) foral (x,y)eR?,thenT islinear
operator has no eigenvalue.

(2 Let X =R?and T :R* > R? defined by T (x,y)=(x +2y,3x +2y) fordl (x,y)eR?,thenT
islinear operator have eigenvalues | =-1,1 =4.

(3) Let X =/ and T : ¢* — ¢* defined by T (x,,X,,X5,) = (0,X,,X,,X5,-+) foral (x,,x,,x,,---) e ¢?,
then T islinear operator. hasno eigenvalue.

Theorem(8.2.3)

Let X bealinear spaceover F,andlet T eL(X). If x isan eigenvector of T corresponding to

the eigenvaluel and-a isany non zero scalar, then ax isaso an eigenvector of T corresponding

to the same eigenvalue | .

Proof:

Since x isaneigenvector of T correspondingto theeigenvaluel ,then x 20 and T (x) =1 x

Sinceaz#0and x #0 = axz#0 = T(ax)=aT(x)=a(l x)=(@l)x=(a)x =1 (@ax)

Therefore ax isan eigenvector of T corresponding to the eigenvalue | .

Remark

Corresponding to an eigenvalue | there may correspond more than one eigenvectors.

Theorem(8.2.4)

Let X bealinear spaceover F,andlet T eL(X). If x isan eigenvector of T, then x cannot

correspond to more than one eigenvaluesof T .
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Proof :
Letx be an eigenvector of T corresponding to two distinct eigenvalues |, and |, of T

T(x)=IxandasoT (x)=1,x.Thereforewehave | x =1 x = (I,-1,)x=0

Sincex#0 = |,-1,=0 = |,=I,

and a isany non zero scalar, then ax isalso an eigenvector of T corresponding to the same
eigenvalue | .

Definition (8.2.5)

Let X bealinear spaceover F, T eL(X) and letl be an eigenvalue of T . The set consisting
of al eigenvectorsof T which correspond to eigenvalue | together with.the vector 0 is called
eigenspace of T corresponding to the eigenvalue | and isdenoted by M, .

(1) Since by definition an eigenvector isanon zero vector, therefore the set M, necessarily

contains some non zero vectors.
(2) Since by definition of M, anon zero vector x isin M, iff T (x) =1 x . Also it isgiven that

the vector 0 isinM, . thevector 0 definitely satisfiesthe equation T (x) =1 x . Therefore
M, ={xeX TX)=Il x}={xeX (T -11)x)=0}
Thus M, isnull space(or kernel of ) of linear operator T -1 1 on X .
Hence M, isasubspace of X .
(3) Let x eX ,since M, isasubspaceof X.and | eF = |xeM,
SincexeM, = TX)=lx = Tx)eM, = M, isaninvariantunderT .
From(1),(2) and (3) , we have M, isanon zero subspace of X invariant under T .
(4) If X isnormed space, andT eB(X ) then M, isclosed subspace of X
M, iscaled eigenspace of T-corresponding to the eigenvalue |

Characteristic equation of operator

Theorem(8.2.6)
Let b ={x,,x,,---,x,}be an ordered basis for afinite dimensional linear space X over F, and

let T be alinear operator on X whose matrix with respectto b be Aand let | eF.Then | is
an eigenvalueof T iff |[A-11|=0
Proof :

Supposethat | isan eigenvalueof T, then there exist non zero vector x e X such that
Tx)=Ix = TX)=11X) = TX)-11X)=0 = (T -11)x)=0 = xeke( -11)

Sincex #0 = ke(T -11)#{0} = T -11 isnotone-one = T —I| | isnot bijective.

i.e. T -11 issingular (not invertible)

Since A isthe matrix of T with respect to thegiven basis b, then A-11 isthe matrix of

T -1 withrespecttothegiven basisb, = A-I1 issingular (notinvertible) = |A-11]=0
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Conversely : Supposethat [A-11|=0

= A-Il1 issingular (notinvertible) = T —11 issingular (not invertible)
= ker(T =1 1)#{0}, thereexistsnon zero x e X suchthat (T -1 1)(x)=0

= TX)-I1(x)=0 = THX)-Ix=0 = TX)=Ix = TX)=Ix

Remark

The equation |[A-11|=0 iscalled characteristic equation of T where Aisthe matrix of T
with respect to b . Since b ={x,,x,,---,x,} ad A=[g],.., ,then |A—11|=0 isan equation of nth
degreein | .

Theorem(8.2.7)

A non zero eigenvectors x,,x,,---,x, corresponding to eigenvalues | ,1.,,---,1 . of linear operator

T onalinear space X over F arelinearly independent.
Proof :
We shall prove linear independent by induction method
If n=1
Let ax,=0,8ncex, =0 = a,=o0.Thusthetheoremistruefor n=1
Suppose the theorem istruefor n=m. i.e. x,,x,;--+,X,, arelinearly independent
We shdl provethat x,,x,,--,x,,X,.,, aelinearlyindependent
Consider therélation a x, +ax,+---+a X +a X . .=0 (1
= T@X,+aX,++a X, +8,,,X,.,)=1(0)=0
= ajl (X)) +a,l (X;)+-+a,T (X,)+agl (Xq.,)=0
Since T(x,)=1,x, foral i =12--+n = alx,+a,l x,++a,l X, +a8m mXm:=0 (2
Multiplying (1)by | ., and substracting from (2)we get
al(l 1_I m+1)X1+a2(| 2_| m+1)X2+"'+am(| m -1 m+l)Xm =0
Since x,,x,,---,x, arelinearly independent and I, are al distinct and as such it follows from
abovethat a,=a,=:-=a,_=0.Puttingin (1) wegeta,_ x. =0
Since x,,#0 -=~ 1 _,,=0.Hence x,,x,,--,X,,,X,,,, aelinearly independent

Thusthe theoremistruefor al n.

Corollary(8.2.8)

If T isalinear operator on an ndimensional linear space X over F,then T can not have
more than n distinct eigenvalues

Proof :

Supposethat T has more than n distinct eigenvalues, then these will form alinearly
independent subset of X which will contain more than more n vectors. But thisis not
possible as a ndimensional linear space can not have alinearly independent set containing
more than n elements. Hence can not have more than n distinct eigenvalues.

m+1
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Theorem(8.2.9)

If T beasdf —adjoint operator on an ndimensional Hilbert space X over F, then the eigenvaues
of T arerea and the eigenvectors of T corresponding to distinct eigenvalues are orthogonal.
Proof :

(1) Let | betheegenvalueof T so that there exists non zero vector x e X suchthat T (x) =1 x

SinceT isself-adjoint, then (T (x),x) isred
Now (T (<).x) = (I x.x)=1 (x,.x)=1 [x[[ = | :<T|TX|)|2’X>
X
Since [x|* >0 and (T (x),x) isredl it followsthat | isreal.
(2) Let 1,1, betwo distinct eigenvaluesof T and x,,x, be the corresponding eigenvectors so
that T (x,) =1 x,, T(x,)=1,x, where | I, arered . To provethat x; 1 x,
SinceT issdf-adjoint = T*=T ,asosincel, |, aered=. I/=1,, I,=I,
I 1<X1’X2>:<| 1X11X2> :<T (X1)1X2> :<X11T *(X2)>=<X1’T (X2)>=<X1’I 2X2>:E<X11X2>=| 2<X1’X2>
= (XX =1, (X, %,) = (1,—1,)(x,%,)=0
Sincel,l, aredistinct = 1,-1,=0, therefore (x;;x,)=0 = x,Lx,,I.e x,x, areorthogonal.
Remark
If T isnon negative or positive, then theegenvalues of T are non negative or positive
respectively.
Theorem(8.2.10)
If T be an unitary operator on an n.dimensional Hilbert space X over F, then the eigenvalues of
T arereal unimodular and the corresponding distinct el genvectors are orthogonal .

Proof :
(1) Let | beaeigenvaueof T , sothat there existsnon zero x e X suchthat T (x) =1 x

Also since T is an unitary operator, then (T (x),T (x))=(x,x)
= (IxIx)=(x;%) = 1T{xx)=(x,x) = | |2||x||2=||x||2 = |l |2=1 = |I|=1
i.e. eigenvaluesare unimodular.
(2) Letl I, betwo distinct eigenvaluesof T and x,,x, be the corresponding el genvectors so
that T«(x,)=1x,, T(x,)=I,x,, wherel I, areunimodular.
sinceT is an unitary operator, then (T (x,),T (x,)) =(X.,X,)

S Xl o) = (k0 = L (xux,) = (x,,x,). Since |Lf =1 = 1,i,=1 = Ezli
2
1
= I1|—<x1,x2>:<xl,x2> = Il<xl,x2>:lz<x1,x2> = (Il—I2)<x1,x2>:O
2

Sincel |, aredigtinct = 1,-1,=0, therefore (x,,x,)=0 = x, Lx,.
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Theorem(8.2.11)
Let T be anormed operator on afinite dimensional Hilbert space X over F

DIf1 es@),thenT -11 isnormal
(2)Every eigenvector of T isalso aeigenvector for T -.
(3) the eilgenspaces of T are pair wise orthogonal
Proof :
(1) SinceT isnormal = T oT" =T 0T
T=11)y =T =11"=T" =11 = T=1D)T=11)y=T=11)T =11)=TT"=IT 21T+
= T-=11)YT=1)=@"=1)T=1D=TT=IT =IT+lIl = TT=IT"=IT+I1l
= T-1D)T-=1)'=T-=11)T-=I1) = T-11 isnormal
(2) Let x be an eigenvector of T corresponding to eigenvalue | = T (x)=1x

T OO =T ()T (x))=(x.T°T () ={x.T ")) =(T )T V=T )| = [T =[x
SinceT -1 | isnormal, therefore x e X , we have

[ =t o= =11y 0] = T e)=1x|=|@ " =THe)f= [T ) -Tx|

Since T (x)=1x = ozvr*(x)—l_xu. Henceit follows that T *(x) =1 x , therefore x is

eigenvector of T* and corresponding eigenvalueis |
(3)Let x, and x; belongto M; and M, the eigenspaces of T and the corresponding eigenvalues

bel, and |, respectively sothat T (x;)=l/x;, T(x;)=I,x, andT"(x,)=Ix, asT isnormal

Ii<xi,x].>=<lixi,xj>=<T(xi),xj>=<xi,T*(xj)>=<xi,Ijxj>= J.<xi,xi>=lj<xi,xj>

= Ii<xi,xj>:lj<xi,xj> = (Ii—lj)<xi,xj>:0

Since |, I, aredistinct = “1,-1; =0, therefore (x;,x;)=0 = x, Lx, ,i.e. M, and M, are pair
wise orthogonal.

Theorem(8.2.12)

If T be anormal operator on an ndimensional Hilbert space X over F , then each eigenspace
reduces T .

Proof :

Let x, belong to M, the eigenspace of T and the corresponding eigenvalue bel ; so that
T(x;)=1,x,

SinceT isnormal = T*(x)=1x

Since M, isasubspace = IxeM, = T*(x)eM, = M, isinvariantunder T, but M, is
invariant under T . Hence M, isreduces T .
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8.3 Spectral Theorem for Normal Operators

Theorem(8.3.1) Spectral theorem for normal operators
Let T bean arbitrary linear operator on finite dimensiona Hilbert space X ,and 1,,1,,---,1 . be

eigenvalues of T with eigenspaces M,,M,,---,M . Further P,P,,---,P, are perpendicular
Projections on the spaces M,,M,,---,M . respectively. Then the spectral theorem states that the
following statements are equivalent.

(1) The subspaces M,,M,,---,M . are pair wise orthogonal and spanx

(2) P,P,,--,P, arepair wiseorthogonal and (i) P,.+P,+---+P, =1 (ii) I ,Pa#l P, +---+1 P =T
(3) T isanormal operator.

Proof :

0=
Since P,P,,---,P, are perpendicular Projections on the spaces M ,M ,,---,M  respectively. Also the
subspaces M ,M,,---,M arepair wise orthogonal and spanx ,i.e. X =M, ®M,®---®@M . Hence
any x e X can by uniquely expressed as x =x, +x, +-+X,, where x, eM,
Since M, ,M  are subspaces of X and P,,P, are perpendicular projectionson M, ,M, respectively
then M,,M, areorthogonal iff B oP, =0 iff P, ¢ =0
Since M, ,M, areorthogonal, then B -P, =0, i # j
P isprojectionon M, and x =x, +X,+-<+X,, X, €M,
Sincex; eM; and M, LM, = .x, eM;".But M isnull spaceof P and hence B, (x;)=0, i # |
Thus P (x;)=x; forali and P(x,)=0,i =] = B (X)=P X +X,++X,)=P (X)) =X,
NOW I (X)=X =X, + X, +++X=P,(X)+P,(X)+--+ P, (X)=(P,+ P, +---+P.)(X)
Since above istrue for. x~It followsthat P, +P,+---+P, =1 .
Now x, e M, the eigenspace of T corresponding to eigenvalue |, = T(x,)=1,x,
TX)=T X+ X, +04X,) =T (X)+T (X)) +--+T (X)) =1 X, +1 X, +--+1 X,
T(X)=1P(X)+L,P,(x)+-+1 P (x)=(I P+ ,P,+--+I P)(X)
Since above holdsfor all x wehaveT =1 ,P,+1,P,+---+I ,P,
2=
SinceT =1,P+l P+-+l P = T =(,P+I,P+-tl P) =(,P)+(,P)+-+(P)
Since (1,R) =I\R" and R'=R =R* = T =1 B+ ,P, ++I B =L P+ P+l P,

n

TOT*:(l 1P1+|2P2++|np)(EP1*+EP2*++:Pn*)zzn:||_P2+leﬁP|PJ ) I iJ
i=1
- T OT*zzn:||i|2pi +0=Zn:|li|2Pi in asimilar manner we can show that T*-T =§n:|li|2Pi
= = =
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HenceT oT " =T *oT and assuch T isnormal operator .
Q=0

Theorem(5.3.2) Uniqueness of spectra resolution of anormal operator
The spectral resolution of anormal operator on afinite dimensional Hilbert space X isunique.

Another form. Let T be anormal operator on finite dimensional Hilbert space x . If Zn“l P is
the spectral formof T , then |, areall the distinct eigenvaluesof T . If more 1<k'<n then
there exists polynomials P, with complex coefficients such that P (1,) =0 whenever i =k

and P, (I,)=1. For al such polynomials P, (T)=Q,, i.e. each Q, isapolynomia in T .

Proof :

Theorem(5.3.3)

Let T be anormal operator on afinite dimensional on Hilbert space X , thenXx has on orthonormal
basis b consisting of eigenvectors of T . Consequently the matrix of T relativeto b isadiagonal
matrix.

5.4 Spectral theorem for Self adjoint Operators

Theorem(5.4.1)

Let T be a self-adjoint operator on finite dimensional Hilbert space X , then there exists n

real numbers| 1l ,,---,1 . and perpendicular projections P,P,,--,P,,( where n>0, and n <

the dimension of X ) such that

D1,,i=22--,n arepar wise distinet

(2) P,P,,---,P, arepair wise orthogonal and different from zero.

3 P+P,+--+P =1

4 1 P+I,P++] P =T

Proof :

Theorem(5.4.2)

Let T be a self-adjoint operator on finite dimensional Hilbert space X . If il P isthe
spectral form,of T , then |, areadl thedistinct eigenvaluesof T . If moreO\;er 1<k <n then
there exists polynomials P, with real coefficientssuchthat P, (I,)=0 whenever i #k and
P (I . )=1. For al such polynomials P (T)=Q,, i.e. each Q, isapolynomial in T .

Theorem(5.4.3)
Let T be a self-adjoint operator on finite dimensional Hilbert space X such that T :il P

If Sisany linear transformation on X , then S commutes with T iff S commutes with each
P fori=212--,n
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Proof :
Supposethat S commuteswith each P, i.e. SoP, =P oSforall i . Toprovethat : SoT =T S

SinceT :ilie
i=1

= ST =Se(Y1R)=D1,(SP) =31, (R =5)=3.(1,P)oS=T oS

Conversely : Supposethat S commuteswith T ,i.e. SoT =T oS. To provethat: SoP =P oS
for all i
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