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Abstract  In the present paper, we study a subclass of k-uniformly convex functions (k – UCV (𝜆𝜆 ,𝛼, 𝛽𝛽, 𝛿𝛿)) with 
negative coefficients defined by integral operator 𝑄𝑄𝛿𝛿

𝛽𝛽 , we obtain some interesting properties, like, coefficient bounds, 
integral means, convex linear combinations, convolution, integral operator, radii of close – to –convexity and convexity and 
closure theorem. 
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1. Introduction 
Let A denote the class of functions of the from : 

𝑓𝑓(𝑧𝑧) = 𝑧𝑧 −  ∑ 𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛  ,   (𝑎𝑎𝑛𝑛 ≥ 0 ,𝑛𝑛 ∈ 𝑁𝑁)   ∞
𝑛𝑛=2    (1.1) 

which are analytic and univalent in the open unit disk 
U= { 𝑧𝑧 ∶  |𝑧𝑧| < 1}. A function 𝑓𝑓 ∈ 𝐴𝐴 is said to bein the class 
k–ST(𝛼) (the class of k–starlike functions of order 𝛼 , (0 ≤
𝛼 < 1)) if f satisfies the condition 

𝑅𝑅𝑅𝑅 �𝑧𝑧 𝑓𝑓′ (𝑧𝑧)
𝑓𝑓(𝑧𝑧)

� > 𝑘𝑘 �𝑧𝑧 𝑓𝑓′ (𝑧𝑧)
𝑓𝑓(𝑧𝑧)

− 1� + 𝛼   , 𝑘𝑘 ≥ 0 .     (1.2) 
Replacing f in (1.2) by  𝑧𝑧𝑓𝑓′  , we obtain the condition 

𝑅𝑅𝑅𝑅 �𝑧𝑧 𝑓𝑓′′ (𝑧𝑧)
𝑓𝑓′ (𝑧𝑧)

 + 1� > 𝑘𝑘 �𝑧𝑧 𝑓𝑓′′ (𝑧𝑧)
𝑓𝑓′ (𝑧𝑧)

�  + 𝛼   ,    𝑘𝑘 ≥ 0 .   (1.3) 

Replicated for the function f to be in the subclass 
k–UCV(𝛼) of k–uniformly convex functions of order 𝛼 . 
Uniformly starlike and convex functions were first 
introduced by Goodman [1, 2] and then studied by various 
authors. Recently, the starlikeness and convexity of a certain 
integral operators have been studied by Atshan and Kulkarni 
in [3]. Motivated by the works Frasin [4, 5], 
Murugusundaramoorthy and Magesh [6] and others [7, 8, 9, 
10, 11, 12]. 

Lemma (1.1) [13]: Let  𝑤𝑤 = 𝑢𝑢 + 𝑖𝑖𝑖𝑖 . Then 
𝑅𝑅𝑅𝑅 𝑤𝑤 ≥ 𝛼 if and only if �𝑤𝑤 − (1 + 𝛼)� ≤ �𝑤𝑤 + (1 − 𝛼)�. 
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Lemma (1.2) [13]: Let 𝑤𝑤 = 𝑢𝑢 + 𝑖𝑖𝑖𝑖 and 𝛼,𝛾𝛾 are real  
numbers. Then 
𝑅𝑅𝑅𝑅 𝑤𝑤 ≥ 𝛼|𝑤𝑤 − 1| + 𝛾𝛾  if and only if  𝑅𝑅𝑅𝑅�𝑤𝑤�1 + 𝛼𝑅𝑅𝑖𝑖𝑖𝑖 � −

 𝛼𝑅𝑅𝑖𝑖𝑖𝑖>𝛾𝛾 . 
Let  𝑓𝑓 ∈ 𝐴𝐴 defined by (1.1) and  𝑔𝑔(𝑧𝑧) ∈ 𝐴𝐴 is given by 

𝑔𝑔(𝑧𝑧) = 𝑧𝑧 −  �𝑏𝑏𝑛𝑛𝑧𝑧𝑛𝑛  ,   (𝑏𝑏𝑛𝑛 ≥ 0 ,𝑛𝑛 ∈ 𝑁𝑁)  .
∞

𝑛𝑛=2

 

Then, the Hadamard product (or convolution) of f and g is 
defined by 

(𝑓𝑓 ∗ 𝑔𝑔)(𝑧𝑧) = 𝑧𝑧 − ∑ 𝑎𝑎𝑛𝑛𝑏𝑏𝑛𝑛𝑧𝑧𝑛𝑛  .  ∞
𝑛𝑛=2       (1.4) 

Definition (1.1): For  0 ≤ 𝜆𝜆 < 1 , 0 ≤ 𝛼 ≤ 1 , 𝑘𝑘 ≥
0 ,𝛽𝛽 ≥ 0 and  𝛿𝛿 > −1, a function f∈ A is said to be in the 
class  𝑘𝑘 − 𝑈𝑈𝑈𝑈𝑈𝑈�𝜆𝜆,𝛼,𝛽𝛽, 𝛿𝛿� if it satisfies the inequality 

𝑅𝑅𝑅𝑅 �
𝑧𝑧 �𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′′

+ (1 − 𝜆𝜆) �𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′

(1 − 𝜆𝜆) �𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′
+ 𝜆𝜆𝑧𝑧 �𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′′ � ≥ 

𝑘𝑘 �
𝑧𝑧  �𝑄𝑄𝛿𝛿  

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′′

+(1−𝜆𝜆)�𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′

(1−𝜆𝜆)�𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′  
+𝜆𝜆𝑧𝑧  �𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′′ − 1� + 𝛼 ,    (1.5) 

where  𝑄𝑄𝛿𝛿
𝛽𝛽  is the generalized Jung–Kim–Srivastava integral 

operator [14] defined by 

𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧) =  

𝛤𝛤(𝛽𝛽 +  𝛿𝛿 + 1)
𝑧𝑧𝛤𝛤(𝛽𝛽)𝛤𝛤( 𝛿𝛿 + 1)� 𝑡𝑡𝛿𝛿−1

𝑧𝑧

0
�1 −

𝑡𝑡
𝑧𝑧

 �
𝛽𝛽−1

 𝑓𝑓(𝑡𝑡) 𝑑𝑑𝑡𝑡  

 = 𝑧𝑧 −  ∑ 𝛤𝛤(𝛽𝛽+ 𝛿𝛿+1)𝛤𝛤( 𝛿𝛿+𝑛𝑛)
𝛤𝛤(𝛿𝛿+1)𝛤𝛤(𝛽𝛽+ 𝛿𝛿+𝑛𝑛) 𝑎𝑎𝑛𝑛  𝑧𝑧𝑛𝑛∞

𝑛𝑛=2      (1.6) 

and for 𝛽𝛽 = 0, we have 𝑄𝑄𝛿𝛿0𝑓𝑓(𝑧𝑧) = 𝑓𝑓(𝑧𝑧).  
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2. Coefficient Bounds 
Theorem (2.1): The function f(z) defined by (1.1) is in the class 𝑘𝑘 − 𝑈𝑈𝑈𝑈𝑈𝑈(𝜆𝜆 ,𝛼 ,𝛽𝛽 ,𝛿𝛿) 
if and only if 

∑ 𝑛𝑛 [(1 − 𝜆𝜆)(1 − 𝛼) + (𝑛𝑛 − 1)(1 + 𝑘𝑘 − 𝜆𝜆𝛼 − 𝜆𝜆𝑘𝑘)]𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿) 𝑎𝑎𝑛𝑛 ≤ (1 − 𝜆𝜆)(1 − 𝛼) ,∞
𝑛𝑛=2      (2.1) 

Where 0 ≤ 𝛼 < 1 , 𝑘𝑘 ≥ 0 , 0 ≤ 𝜆𝜆 < 1 , 𝛽𝛽 ≥ 0 , 𝛿𝛿 > −1 𝑎𝑎𝑛𝑛𝑑𝑑 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿) = 𝛤𝛤(𝛽𝛽+ 𝛿𝛿+1)𝛤𝛤( 𝛿𝛿+𝑛𝑛)
𝛤𝛤(𝛿𝛿+1)𝛤𝛤(𝛽𝛽+ 𝛿𝛿+𝑛𝑛)

  . 
Proof: By Definition (1.1), we get 

𝑅𝑅𝑅𝑅 �
𝑧𝑧 �𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′′

+ (1 − 𝜆𝜆) �𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′

(1 − 𝜆𝜆) �𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′
+ 𝜆𝜆𝑧𝑧 �𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′′ � ≥ 𝑘𝑘 �

𝑧𝑧 �𝑄𝑄𝛿𝛿  
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′′
+ (1 − 𝜆𝜆) �𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′

(1 − 𝜆𝜆) �𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′  
+ 𝜆𝜆𝑧𝑧 �𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′′ − 1� + 𝛼. 

Then by Lemma (1.2), we have 

𝑅𝑅𝑅𝑅 �
𝑧𝑧 �𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′′

+ (1 − 𝜆𝜆) �𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′

(1 − 𝜆𝜆) �𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′
+ 𝜆𝜆𝑧𝑧 �𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′′ �1 + 𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 � − 𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖� ≥ 𝛼 ,           − 𝜋𝜋 < 𝑖𝑖 ≤ 𝜋𝜋 

or equivalently 

𝑅𝑅𝑅𝑅 �
�𝑧𝑧�𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′′

+(1−𝜆𝜆)�𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′
��1+𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 �−�(1−𝜆𝜆)�𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′
+𝜆𝜆𝑧𝑧  �𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′′
��𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 �

(1−𝜆𝜆)�𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′
+𝜆𝜆𝑧𝑧  �𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′′ � ≥ 𝛼 ,        (2.2) 

Let 
      𝐴𝐴(𝑧𝑧) = �𝑧𝑧 �𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′′

+ (1 − 𝜆𝜆) �𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′
� �1 + 𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 � − �(1 − 𝜆𝜆) �𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′

+ 𝜆𝜆𝑧𝑧 �𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′′
� (𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 ) 

and 
  𝐵𝐵(𝑧𝑧) = (1 − 𝜆𝜆) �𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′

+ 𝜆𝜆𝑧𝑧 �𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′′
. 

By Lemma (1.1), (2.2) is equivalent to 
�𝐴𝐴(𝑧𝑧) + �1 − 𝛼�𝐵𝐵(𝑧𝑧)� ≥ �𝐴𝐴(𝑧𝑧) − �1 + 𝛼�𝐵𝐵(𝑧𝑧)�    for    0 ≤  𝛼 < 1 . 

But � 𝐴𝐴(𝑧𝑧) + �1 − 𝛼�𝐵𝐵(𝑧𝑧)� 

= � [ −  �𝑛𝑛(𝑛𝑛 − 1)𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1 + (1 − 𝜆𝜆)(1 –�𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1)]�1 + 𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 �
∞

𝑛𝑛=2

−  [(1 − 𝜆𝜆)
∞

𝑛𝑛=2

� × 

(1 −�𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1) + 𝜆𝜆(−�𝑛𝑛(𝑛𝑛 − 1)𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1)]�𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 � + (1 − 𝛼) [(1 − 𝜆𝜆)
∞

𝑛𝑛=2

∞

𝑛𝑛=2

× 

(1 −�𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1) + 𝜆𝜆
∞

𝑛𝑛=2

(�−�𝑛𝑛(𝑛𝑛 − 1) 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1)]
∞

𝑛𝑛=2

� 

= �−  �𝑛𝑛(𝑛𝑛 − 1)𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1 + (1 − 𝜆𝜆) − (1 − 𝜆𝜆)�𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1
∞

𝑛𝑛=2

∞

𝑛𝑛=2

� 

−𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 �𝑛𝑛(𝑛𝑛 − 1)𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1 +
∞

𝑛𝑛=2

�1 − 𝜆𝜆�𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 − 𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 (1 − 𝜆𝜆)�𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1 − �1 − 𝜆𝜆�𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖
∞

𝑛𝑛=2

 

 +�1 − 𝜆𝜆�𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 �𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1
∞

𝑛𝑛=2

+ 𝜆𝜆𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 �𝑛𝑛(𝑛𝑛 − 1)𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1 + �1 − 𝛼��1 − 𝜆𝜆�
∞

𝑛𝑛=2

− �1 − 𝛼��1 − 𝜆𝜆��𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1 − 𝜆𝜆
∞

𝑛𝑛=2

�1 − 𝛼� ��𝑛𝑛(𝑛𝑛 − 1)𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1
∞

𝑛𝑛=2

� 

= ��2 − 𝛼��1 − 𝜆𝜆�

−�� 𝑛𝑛(𝑛𝑛 − 1) + �1 − 𝜆𝜆�𝑛𝑛 + �1 − 𝛼��1 − 𝜆𝜆�𝑛𝑛 +  𝜆𝜆�1 − 𝛼�(𝑛𝑛 − 1)𝑛𝑛 �𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛  𝑧𝑧𝑛𝑛−1
∞

𝑛𝑛=2

− 𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 �� 𝑛𝑛(𝑛𝑛 − 1) − 𝜆𝜆𝑛𝑛(𝑛𝑛 − 1)� 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1
∞

𝑛𝑛=2

� 
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≥ �2 − 𝛼��1 − 𝜆𝜆�

−�𝑛𝑛 �(𝑛𝑛 − 1) + �1 − 𝜆𝜆� + �1 − 𝛼��1 − 𝜆𝜆� + 𝜆𝜆�1 − 𝛼�(𝑛𝑛 − 1)�𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛 |𝑧𝑧|𝑛𝑛−1
∞

𝑛𝑛=2

−  𝑘𝑘�  𝑛𝑛�(𝑛𝑛 − 1) − 𝜆𝜆(𝑛𝑛 − 1)�𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛 |𝑧𝑧|𝑛𝑛−1.
∞

𝑛𝑛=2

 

 
Also � 𝐴𝐴(𝑧𝑧) − �1 + 𝛼�𝐵𝐵(𝑧𝑧)� 

= � [ −  �𝑛𝑛(𝑛𝑛 − 1)𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1 + (1 − 𝜆𝜆)(1 –�𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1)]�1 + 𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 �
∞

𝑛𝑛=2

−  [(1 − 𝜆𝜆)
∞

𝑛𝑛=2

� × 

(1 −�𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1) + 𝜆𝜆(−�𝑛𝑛(𝑛𝑛 − 1)𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1)]�𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 � − (1 + 𝛼) [(1 − 𝜆𝜆)
∞

𝑛𝑛=2

∞

𝑛𝑛=2

× 

(1 −�𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1) + 𝜆𝜆
∞

𝑛𝑛=2

(− ��𝑛𝑛(𝑛𝑛 − 1) 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1)]
∞

𝑛𝑛=2

� 

= �−  �𝑛𝑛(𝑛𝑛 − 1)𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1 + (1 − 𝜆𝜆) − (1 − 𝜆𝜆)�𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1
∞

𝑛𝑛=2

∞

𝑛𝑛=2

� 

−𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 �𝑛𝑛(𝑛𝑛 − 1)𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1 +
∞

𝑛𝑛=2

�1 − 𝜆𝜆�𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 − 𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 �1 − 𝜆𝜆��𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1 − �1 − 𝜆𝜆�𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖
∞

𝑛𝑛=2

 

 +�1 − 𝜆𝜆�𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 �𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1
∞

𝑛𝑛=2

+ 𝜆𝜆𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 �𝑛𝑛(𝑛𝑛 − 1)𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1 − �1 + 𝛼��1 − 𝜆𝜆�
∞

𝑛𝑛=2

 

+(1 + 𝛼)(1 − 𝜆𝜆)�𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1 + 𝜆𝜆
∞

𝑛𝑛=2

(1 + 𝛼) �� 𝑛𝑛(𝑛𝑛 − 1) 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1
∞

𝑛𝑛=2

� 

= �−𝛼�1 − 𝜆𝜆� −�� 𝑛𝑛(𝑛𝑛 − 1) + �1 − 𝜆𝜆�𝑛𝑛 − �1 + 𝛼��1 − 𝜆𝜆�𝑛𝑛 −  𝜆𝜆�1 + 𝛼�(𝑛𝑛 − 1)𝑛𝑛 �𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛  𝑧𝑧𝑛𝑛−1
∞

𝑛𝑛=2

− 𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 �� 𝑛𝑛(𝑛𝑛 − 1) − 𝜆𝜆𝑛𝑛(𝑛𝑛 − 1)� 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1
∞

𝑛𝑛=2

� 

≤ �1 − �𝜆𝜆𝛼 + �𝑛𝑛 [(𝑛𝑛 − 1) + �1 − 𝜆𝜆�
∞

𝑛𝑛=2

− (1 + 𝛼)(1 − 𝜆𝜆) − 𝜆𝜆(1 + 𝛼)(𝑛𝑛 − 1)] 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿) 𝑎𝑎𝑛𝑛 |𝑧𝑧|𝑛𝑛−1

+ 𝑘𝑘�𝑛𝑛�𝑛𝑛(𝑛𝑛 − 1)�1 − 𝜆𝜆��𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛 |𝑧𝑧|𝑛𝑛−1
∞

𝑛𝑛=2

, 

and so 
�𝐴𝐴(𝑧𝑧) + �1 − 𝛼�𝐵𝐵(𝑧𝑧)� − �𝐴𝐴(𝑧𝑧) − �1 + 𝛼�𝐵𝐵(𝑧𝑧)� 

≥ 2�1 − 𝜆𝜆��1 − 𝛼� − 2�𝑛𝑛 [(𝑛𝑛 − 1) + �1 − 𝜆𝜆� −
∞

𝑛𝑛=2

𝛼�1 − 𝜆𝜆� − 𝛼𝜆𝜆(𝑛𝑛 − 1)] 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿) 𝑎𝑎𝑛𝑛 |𝑧𝑧|𝑛𝑛−1

− 2𝑘𝑘��𝑛𝑛(𝑛𝑛 − 1)�1 − 𝜆𝜆�� 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛 |𝑧𝑧|𝑛𝑛−1  ≥ 0 
∞

𝑛𝑛=2

, 

or 

� 2𝑛𝑛 [(𝑛𝑛 − 1) + �1 − 𝜆𝜆� − 𝛼�1 − 𝜆𝜆� −
∞

𝑛𝑛=2

𝛼𝜆𝜆(𝑛𝑛 − 1) + 𝑘𝑘(𝑛𝑛 − 1)(1 − 𝜆𝜆)] 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛 ≤  2(1 − 𝜆𝜆)(1 − 𝛼). 

This is equivalent to 

�𝑛𝑛 [(1 −
∞

𝑛𝑛=2

𝜆𝜆)(1 − 𝛼) + (𝑛𝑛 − 1)(1 + 𝑘𝑘 − 𝛼𝜆𝜆 − 𝜆𝜆𝑘𝑘)] 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛  ≤ (1 − 𝜆𝜆)(1 − 𝛼). 

Conversely, suppose that (2.1) holds. Then we must show 
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𝑅𝑅𝑅𝑅 �
�𝑧𝑧 �𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′′

 +  �1 − 𝜆𝜆� �𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′
� �1 + 𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 � −  ��1 − 𝜆𝜆� �𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′

+  𝜆𝜆𝑧𝑧 �𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′′
� �𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 �

�1 − 𝜆𝜆� �𝑄𝑄𝛿𝛿
𝛽𝛽  𝑓𝑓(𝑧𝑧)�

′
+  𝜆𝜆𝑧𝑧 �𝑄𝑄𝛿𝛿

𝛽𝛽  𝑓𝑓(𝑧𝑧)�
′′ � ≥ 𝛼 . 

Upon choosing the values of 𝑧𝑧 on the positive real axis where 0 ≤ 𝑧𝑧 = 𝑟𝑟 < 1, the above inequality reduces to 

𝑅𝑅𝑅𝑅 �
�−∑ 𝑛𝑛(𝑛𝑛 − 1)𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑟𝑟𝑛𝑛−1 + (1 − 𝜆𝜆)(1 − ∑ 𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑟𝑟𝑛𝑛−1∞

𝑛𝑛=2
∞
𝑛𝑛=2 � �1 + 𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 �

�1 − 𝜆𝜆� (1 − ∑ 𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑟𝑟𝑛𝑛−1) − 𝜆𝜆∑ 𝑛𝑛(𝑛𝑛 − 1)𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑟𝑟𝑛𝑛−1 ∞
𝑛𝑛=2

∞
𝑛𝑛=2

−
 [�1 − 𝜆𝜆� (1 −∑ 𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑟𝑟𝑛𝑛−1 ) − 𝜆𝜆∑ 𝑛𝑛(𝑛𝑛 − 1)𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑟𝑟𝑛𝑛−1∞

𝑛𝑛=2
∞
𝑛𝑛=2 ] (𝛼 + 𝑘𝑘𝑅𝑅𝑖𝑖𝑖𝑖 )

�1 − 𝜆𝜆� (1 − ∑ 𝑛𝑛 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑟𝑟𝑛𝑛−1) − 𝜆𝜆∑ 𝑛𝑛(𝑛𝑛 − 1)𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛𝑟𝑟𝑛𝑛−1 ∞
𝑛𝑛=2

∞
𝑛𝑛=2

� ≥ 0,        

since 𝑅𝑅𝑅𝑅 �−𝑅𝑅𝑖𝑖𝑖𝑖 � ≥ − �𝑅𝑅𝑖𝑖𝑖𝑖 � = −1 , the inequality is correct for all 𝑧𝑧 ∈ 𝑈𝑈 , letting  𝑟𝑟 → 1 yields 

𝑅𝑅𝑅𝑅 �
�1 − 𝜆𝜆��1 − 𝛼� −  ∑ 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛� 𝑛𝑛(𝑛𝑛 − 1) + �1 − 𝜆𝜆�𝑛𝑛 − 𝛼�1 − 𝜆𝜆�𝑛𝑛 − 𝛼𝜆𝜆𝑛𝑛(𝑛𝑛 − 1) + 𝑘𝑘𝑛𝑛(𝑛𝑛 − 1)�1 − 𝜆𝜆��∞

𝑛𝑛=2

�1 − 𝜆𝜆� −  ∑ 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛  [ 𝑛𝑛 − 𝜆𝜆𝑛𝑛 + 𝜆𝜆𝑛𝑛(𝑛𝑛 − 1)] ∞
𝑛𝑛=2

� ≥ 0 , 

and so by the mean value theorem, we have 

𝑅𝑅𝑅𝑅 ��1 − 𝜆𝜆��1 − 𝛼� −�𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)𝑎𝑎𝑛𝑛   𝑛𝑛 [(𝑛𝑛 − 1) + �1 − 𝜆𝜆� − 𝛼�1 − 𝜆𝜆� − 𝛼𝜆𝜆(𝑛𝑛 − 1) + 𝑘𝑘(𝑛𝑛 − 1)(1 − 𝜆𝜆) 
∞

𝑛𝑛=2

� ≥ 0 , 

we get desired conclusion 
 
Corollary (2.2): If  𝑓𝑓(𝑧𝑧)  ∈ 𝑘𝑘 − 𝑈𝑈𝑈𝑈𝑈𝑈�𝜆𝜆 ,𝛼,𝛽𝛽 , 𝛿𝛿� , then  

𝑎𝑎𝑛𝑛 ≤   �1−𝜆𝜆��1−𝛼�
𝑛𝑛  ��1−𝜆𝜆��1−𝛼�+(𝑛𝑛−1)�1+𝑘𝑘− 𝜆𝜆𝛼 −𝜆𝜆𝑘𝑘��𝐻𝐻𝑛𝑛 (𝛽𝛽 ,𝛿𝛿)    , (𝑛𝑛 ≥ 2),                         (2.3) 

where 0 ≤  𝛼 < 1  , 𝑘𝑘 ≥ 0  ,   0 ≤ 𝜆𝜆 < 1 ,𝛽𝛽 ≥ 0 𝑎𝑎𝑛𝑛𝑑𝑑 𝛿𝛿 > −1 . 
The result is sharp for the function 

𝑓𝑓(𝑧𝑧) = 𝑧𝑧 −  �1−𝜆𝜆��1−𝛼�
𝑛𝑛  ��1−𝜆𝜆��1−𝛼�+(𝑛𝑛−1)�1+𝑘𝑘− 𝛼𝜆𝜆 −𝜆𝜆𝑘𝑘��𝐻𝐻𝑛𝑛 (𝛽𝛽 ,𝛿𝛿) 𝑧𝑧

𝑛𝑛   ,   (𝑛𝑛 ≥ 2).                  (2.4) 

3. Integral Means 
Definition(3.1) [2]: Let 𝑓𝑓 and 𝑔𝑔 be analytic in U. Then, we say that the function 𝑓𝑓 is subordinate to  𝑔𝑔 , written f ≺ g or 

f(z) ≺  g(z), if there exists a Schwarz function 𝑤𝑤 , which is analytic in U with 𝑤𝑤(0) =  0, |𝑤𝑤(𝑧𝑧)| < 1  such that 
𝑓𝑓(𝑧𝑧) = 𝑔𝑔�𝑤𝑤(𝑧𝑧)�(𝑧𝑧 ∈ 𝑈𝑈). Indeed it is known that 

 𝑓𝑓(𝑧𝑧) ≺ 𝑔𝑔(𝑧𝑧), (𝑧𝑧 ∈ 𝑈𝑈) ⟹ 𝑓𝑓(0) = 𝑔𝑔(0) 𝑎𝑎𝑛𝑛𝑑𝑑  𝑓𝑓(𝑈𝑈) ⊂ 𝑔𝑔(𝑈𝑈). 
In particular, if the function  𝑔𝑔 is univalent in U , we have the following equivalence: 

 𝑓𝑓(𝑧𝑧) ≺ 𝑔𝑔(𝑧𝑧), (𝑧𝑧 ∈ 𝑈𝑈) ⟺ 𝑓𝑓(0) = 𝑔𝑔(0) 𝑎𝑎𝑛𝑛𝑑𝑑  𝑓𝑓(𝑈𝑈) ⊂ 𝑔𝑔(𝑈𝑈). 
Theorem (3.1) [15]: If the functions 𝑓𝑓 and 𝑔𝑔 are analytic in U with g≺ f , then 

∫ �𝑔𝑔(𝑟𝑟𝑅𝑅𝑖𝑖𝑖𝑖 )�𝜏𝜏𝑑𝑑𝑖𝑖 ≤ ∫ �𝑓𝑓(𝑟𝑟𝑅𝑅𝑖𝑖𝑖𝑖 )�𝜏𝜏𝑑𝑑𝑖𝑖 ,   𝜏𝜏 > 0  ,   𝑧𝑧 = 𝑟𝑟𝑅𝑅𝑖𝑖𝑖𝑖 , 0 < 𝑟𝑟 < 1 .   2𝜋𝜋
0

2𝜋𝜋
0                 (3.1) 

Applying Theorem (2.1) with the extremal function and Theorem (3.1), we prove the following theorem. 
Theorem (3.2):  Let 𝜏𝜏 > 0 . If 𝑓𝑓 ∈ 𝑘𝑘 − 𝑈𝑈𝑈𝑈𝑈𝑈 �𝜆𝜆 ,𝛼 ,𝛽𝛽, 𝛿𝛿�and {Φ�𝜆𝜆 ,𝛼 ,𝛽𝛽, 𝛿𝛿, 𝑘𝑘,𝑛𝑛�}𝑛𝑛=2

∞  are non-decreasing sequences, 
then for 𝑧𝑧 = 𝑟𝑟𝑅𝑅𝑖𝑖𝑖𝑖and 0 < 𝑟𝑟 < 1 , 𝑜𝑜𝑛𝑛𝑅𝑅 ℎ𝑎𝑎𝑎𝑎 

∫ �𝑓𝑓(𝑟𝑟𝑅𝑅𝑖𝑖𝑖𝑖 �𝜏𝜏𝑑𝑑𝑖𝑖 ≤ ∫ �𝑓𝑓2(𝑟𝑟𝑅𝑅𝑖𝑖𝑖𝑖 )�𝜏𝜏𝑑𝑑𝑖𝑖  ,   𝜏𝜏 > 0 ,   𝑧𝑧 = 𝑟𝑟𝑅𝑅𝑖𝑖𝑖𝑖  ,    2𝜋𝜋
0

2𝜋𝜋
0                   (3.2) 

where 

𝑓𝑓2(𝑧𝑧) = 𝑧𝑧 −  
�1 − 𝜆𝜆� �1 −𝛼�
Φ�𝜆𝜆 ,𝛼 ,𝛽𝛽, 𝛿𝛿, 𝑘𝑘, 2�

𝑧𝑧2,                  

Φ�𝜆𝜆 ,𝛼 ,𝛽𝛽, 𝛿𝛿, 𝑘𝑘,𝑛𝑛� = 𝑛𝑛 [�1 − 𝜆𝜆� �1 −𝛼� + (𝑛𝑛 − 1) �1 + 𝑘𝑘 − 𝛼𝜆𝜆 − 𝑘𝑘𝜆𝜆) �  𝐻𝐻𝑛𝑛(𝛽𝛽,𝛿𝛿).  
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Proof: Let f of the form of (1.1) and 

𝑓𝑓2(𝑧𝑧) = 𝑧𝑧 −  
�1 − 𝜆𝜆� �1 −𝛼�
Φ�𝜆𝜆 ,𝛼 ,𝛽𝛽, 𝛿𝛿, 𝑘𝑘, 2�

𝑧𝑧2 . 

Then, we must show that 

� �1 −�𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1
∞

𝑛𝑛=2

�
𝜏𝜏

𝑑𝑑𝑖𝑖 ≤ � �1 −  
�1 − 𝜆𝜆� �1 −𝛼�
Φ�𝜆𝜆 ,𝛼 ,𝛽𝛽, 𝛿𝛿, 𝑘𝑘, 2�

𝑧𝑧�

𝜏𝜏

𝑑𝑑𝑖𝑖
2𝜋𝜋

0

2𝜋𝜋

0

. 

By Theorem (3.1), it suffices to show that 

1 −�𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1 ≺ 1 −  
�1 − 𝜆𝜆� �1 −𝛼�
Φ�𝜆𝜆 ,𝛼 ,𝛽𝛽, 𝛿𝛿, 𝑘𝑘, 2�

𝑧𝑧 .
∞

𝑛𝑛=2

 

Setting 

1 − ∑ 𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1 = 1 − �1−𝜆𝜆��1−𝛼�
Φ�𝜆𝜆 ,𝛼 ,𝛽𝛽 ,𝛿𝛿 ,𝑘𝑘 ,2�

∞
𝑛𝑛=2 𝑤𝑤(𝑧𝑧) .                            (3.3) 

From (3.3) and (2.1) we obtain 

| 𝑤𝑤(𝑧𝑧)| =  ��
Φ�𝜆𝜆 ,𝛼 ,𝛽𝛽,𝛿𝛿, 𝑘𝑘, 2�

(1 − 𝜆𝜆)(1 −𝛼)
𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1

∞

𝑛𝑛=2

� 

≤ |𝑧𝑧|�
Φ�𝜆𝜆 ,𝛼 , 𝛽𝛽, 𝛿𝛿, 𝑘𝑘, 𝑛𝑛�

(1 − 𝜆𝜆)(1 − 𝛼)
𝑎𝑎𝑛𝑛

∞

𝑛𝑛=2

 

                                    ≤ | 𝑧𝑧 | 
< 1 .                                                       

This completes the proof of Theorem (3.2) 
 

4. Convex Linear Combinations 

Theorem (4.1): Let  𝑀𝑀𝑖𝑖 ≥ 0  𝑓𝑓𝑜𝑜𝑟𝑟  𝑖𝑖 = 1,2, … , 𝑙𝑙  𝑎𝑎𝑛𝑛𝑑𝑑 ∑ 𝑀𝑀𝑖𝑖  ≤ 1  if the function 𝐹𝐹𝑖𝑖(𝑧𝑧) defined by𝑙𝑙
𝑖𝑖=1  

𝐹𝐹𝑖𝑖(𝑧𝑧) = 𝑧𝑧 − ∑ 𝑎𝑎𝑛𝑛 ,𝑖𝑖𝑧𝑧𝑛𝑛   (𝑎𝑎𝑛𝑛 ,𝑖𝑖 ≥ 0 , 𝑖𝑖 = 1 , 2 , … , 𝑙𝑙 )   ∞
𝑛𝑛=2                          (4.1) 

are in the class𝑘𝑘 − 𝑈𝑈𝑈𝑈𝑈𝑈�𝜆𝜆,𝛼,𝛽𝛽, 𝛿𝛿� for every  𝑖𝑖 = 1,2, … , 𝑙𝑙 , then the function 
𝑓𝑓(𝑧𝑧) defined by 

𝑓𝑓(𝑧𝑧) = 𝑧𝑧 −�( �𝑀𝑀𝑖𝑖𝑎𝑎𝑛𝑛 ,𝑖𝑖  )𝑧𝑧𝑛𝑛
𝑙𝑙

𝑖𝑖=1

∞

𝑛𝑛=2

 
is in the class  𝑘𝑘 − 𝑈𝑈𝑈𝑈𝑈𝑈�𝜆𝜆,𝛼,𝛽𝛽, 𝛿𝛿�. 
𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏: Since 𝐹𝐹𝑖𝑖 ∈ 𝑘𝑘 − 𝑈𝑈𝑈𝑈𝑈𝑈 �𝜆𝜆,𝛼,𝛽𝛽, 𝛿𝛿�  , it follows from Theorem (2.1) that 

�𝑛𝑛 [ (1 −
∞

𝑛𝑛=2

𝜆𝜆)(1 − 𝛼) + (𝑛𝑛 − 1)(1 + 𝑘𝑘 − 𝜆𝜆𝑘𝑘 − 𝜆𝜆𝛼)] 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿) 𝑎𝑎𝑛𝑛  ,𝑖𝑖 ≤ (1 − 𝜆𝜆)(1 − 𝛼), 

for evey  𝑖𝑖 = 1,2, … , 𝑙𝑙  , 

hence�𝑛𝑛 ��1 − 𝜆𝜆��1 − 𝛼� + (𝑛𝑛 − 1)�1 + 𝑘𝑘 − 𝜆𝜆𝑘𝑘 − 𝜆𝜆𝛼�� 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿) ( �𝑀𝑀𝑖𝑖𝑎𝑎𝑛𝑛  ,𝑖𝑖 )
𝑙𝑙

𝑖𝑖=1

∞

𝑛𝑛=2

 

                  = �𝑀𝑀𝑖𝑖  ( �𝑛𝑛 ��1 − 𝜆𝜆��1 − 𝛼� + (𝑛𝑛 − 1)�1 + 𝑘𝑘 − 𝜆𝜆𝑘𝑘 − 𝜆𝜆𝛼�� 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)
∞

𝑛𝑛=2

𝑙𝑙

𝑖𝑖=1

 

                  ≤ �1 − 𝛼��1 − 𝜆𝜆��𝑀𝑀𝑖𝑖 ≤ �1 − 𝛼��1 − 𝜆𝜆�.
𝑙𝑙

𝑖𝑖=1

 

By Theorem(2.1) , it follows that 𝑓𝑓(𝑧𝑧) ∈ 𝑘𝑘 − 𝑈𝑈𝑈𝑈𝑈𝑈�𝜆𝜆,𝛼,𝛽𝛽, 𝛿𝛿�. 
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5. Radii of Close–to–Convexity and Convexity and Starlikeness 

We concentrate upon getting the radii of close–to–convexity, convexity and starlikeness 
Theorem (5.1): Let the function f(z) defined by (1.1) be in the class k – UCV(𝜆𝜆, 𝛼, β, δ). 
Then f(z) is close–to–convex of order 𝜑𝜑(0 ≤ 𝜑𝜑 < 1) 𝑖𝑖𝑛𝑛 |𝑧𝑧| < 𝑟𝑟1�𝜆𝜆,𝛼, 𝑘𝑘,𝛽𝛽, 𝛿𝛿,𝜑𝜑�, where 

𝑟𝑟1�𝜆𝜆 ,𝛼 , 𝑘𝑘 ,𝛽𝛽 , 𝛿𝛿 ,𝜑𝜑� = 𝑖𝑖𝑛𝑛𝑓𝑓
𝑛𝑛≥2 �

(1−𝜑𝜑)��1−𝜆𝜆��1−𝛼�+(𝑛𝑛−1)�1+𝑘𝑘−𝜆𝜆𝑘𝑘− 𝜆𝜆𝛼 ��𝐻𝐻𝑛𝑛 (𝛽𝛽 ,𝛿𝛿)
�1−𝜆𝜆��1−𝛼�

�
1

𝑛𝑛−1
.           (5.1) 

The result is sharp, with the external function f(z) given by (2.4). 
Proof: We must show that  |𝑓𝑓′(𝑧𝑧) − 1 | ≤ 1 − 𝜑𝜑  𝑓𝑓𝑜𝑜𝑟𝑟 |𝑧𝑧| < 𝑟𝑟1 �𝜆𝜆,𝛼, 𝑘𝑘,𝛽𝛽, 𝛿𝛿,𝜑𝜑�, 
where 𝑟𝑟1(𝜆𝜆, 𝛼, k, β, δ, 𝜑𝜑) is given by (5.1). Indeed we find from (1.1) that 

|𝑓𝑓′(𝑧𝑧) − 1| ≤�𝑛𝑛𝑎𝑎𝑛𝑛 |𝑧𝑧|𝑛𝑛−1 .
∞

𝑛𝑛=2

 

Thus 
|𝑓𝑓′(𝑧𝑧) − 1|  ≤ 1 − 𝜑𝜑       𝑖𝑖𝑓𝑓      ∑ � 𝑛𝑛

1−𝜑𝜑
�𝑎𝑎𝑛𝑛 |𝑧𝑧|𝑛𝑛−1 ≤ 1 .  ∞

𝑛𝑛=2                       (5.2) 
But by Theorem (2.1), we have 

∑  𝑛𝑛  [ (1−𝜆𝜆)(1−𝛼)+(𝑛𝑛−1)(1+𝑘𝑘−𝜆𝜆𝑘𝑘− 𝜆𝜆𝛼)] 𝐻𝐻𝑛𝑛 (𝛽𝛽 ,𝛿𝛿)
 (1−𝜆𝜆)(1−𝛼)

𝑎𝑎𝑛𝑛 ≤ 1 .   ∞
𝑛𝑛=2                    (5.3) 

Hence (5.2) will be true if 
𝑛𝑛 |𝑧𝑧|𝑛𝑛−1

1 − 𝜑𝜑
≤  

 𝑛𝑛��1 − 𝜆𝜆��1 − 𝛼� + (𝑛𝑛 − 1)�1 + 𝑘𝑘 − 𝜆𝜆𝑘𝑘 −  𝜆𝜆𝛼��𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)
 (1 − 𝜆𝜆)(1 − 𝛼)

 

equivalently if 

|𝑍𝑍|  ≤  �(1−𝜑𝜑) [ (1−𝜆𝜆)(1−𝛼)+(𝑛𝑛−1)(1+𝑘𝑘−𝜆𝜆𝑘𝑘− 𝜆𝜆𝛼)] 𝐻𝐻𝑛𝑛 (𝛽𝛽 ,𝛿𝛿)
 (1−𝜆𝜆)(1−𝛼)

�
1

𝑛𝑛−1
, (𝑛𝑛 ≥ 2) .            (5.4) 

The theorem follows from (5.4). 
Theorem (5.2): Let f(z) defined by (1.1) be in the class k-UCV(𝜆𝜆, 𝛼, β, δ). Then 
f(z) is convex of order  𝜑𝜑 for 0 ≤ 𝜑𝜑 < 1in |𝑧𝑧| < 𝑟𝑟2�𝜆𝜆 ,𝛼,𝑘𝑘,𝛽𝛽, 𝛿𝛿,𝜑𝜑�, where  

𝑟𝑟2�𝜆𝜆,𝛼, 𝑘𝑘,𝛽𝛽 , 𝛿𝛿,𝜑𝜑� =  𝑖𝑖𝑛𝑛𝑓𝑓𝑛𝑛≥2 �
(1−𝜑𝜑) [ (1−𝜆𝜆)(1−𝛼)+(𝑛𝑛−1)(1+𝑘𝑘−𝜆𝜆𝑘𝑘− 𝜆𝜆𝛼)]𝐻𝐻𝑛𝑛 (𝛽𝛽 ,𝛿𝛿)

(𝑛𝑛−𝜑𝜑) (1−𝜆𝜆)(1−𝛼)
�

1
𝑛𝑛−1

  .          (5.5) 

The result is sharp, with extremal function f(z) given by(2.4). 
𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏: We must show that 

 �𝑧𝑧𝑓𝑓
′′ (𝑧𝑧)

𝑓𝑓′ (𝑧𝑧)
� < 1 − 𝜑𝜑 for |𝑧𝑧| < 𝑟𝑟2 .                              (5.6) 

Substituting the series expansions of 𝑓𝑓′′ (𝑧𝑧) and 𝑓𝑓′(𝑧𝑧) in the left hand of (5.5), 
we have 

�
−  ∑ 𝑛𝑛(𝑛𝑛 − 1)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1∞

𝑛𝑛=2

1 −∑ 𝑛𝑛 𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1∞
𝑛𝑛=2

�  ≤   
∑ 𝑛𝑛(𝑛𝑛 − 1)𝑎𝑎𝑛𝑛 |𝑧𝑧|𝑛𝑛−1∞
𝑛𝑛=2

1 −  ∑ 𝑛𝑛 𝑎𝑎𝑛𝑛 |𝑧𝑧|𝑛𝑛−1∞
𝑛𝑛=2

 . 

The last expression above is bounded by (1−𝜑𝜑) if 

∑ 𝑛𝑛(𝑛𝑛−𝜑𝜑)
1−𝜑𝜑

𝑎𝑎𝑛𝑛 |𝑧𝑧|𝑛𝑛−1  ≤ 1 .∞
𝑛𝑛=2                                     (5.7) 

In view of (5.6), it follows that (5.7) is true if  
𝑛𝑛(𝑛𝑛 − 𝜑𝜑)

1 − 𝜑𝜑
|𝑧𝑧|𝑛𝑛−1 <

𝑛𝑛 ��1 − 𝜆𝜆��1 − 𝛼� + (𝑛𝑛 − 1)�1 + 𝑘𝑘 − 𝜆𝜆𝑘𝑘 − 𝛼𝜆𝜆��𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)
 (1 − 𝜆𝜆)(1 − 𝛼)

 

or 

|𝑧𝑧| < �(1−𝜑𝜑) [ (1−𝜆𝜆)(1−𝛼)+(𝑛𝑛−1)(1+𝑘𝑘−𝜆𝜆𝑘𝑘− 𝜆𝜆𝛼)] 𝐻𝐻𝑛𝑛 (𝛽𝛽 ,𝛿𝛿)
(𝑛𝑛−𝜑𝜑) (1−𝜆𝜆)(1−𝛼)

�
1

𝑛𝑛−1
, (𝑛𝑛 ≥ 2).              (5.8) 

Theorem (5.2) follows easily from (5.8). 
Theorem (5.3): Let f(z) defined by(1.1) be in the class 𝑘𝑘 −UCV (𝜆𝜆, 𝛼, β, δ). Then  
f(z) is starlike of order 𝜑𝜑(0 ≤ 𝜑𝜑 < 1) in |𝑧𝑧| < 𝑟𝑟3�𝜆𝜆,𝛼, 𝑘𝑘,𝛽𝛽, 𝛿𝛿,𝜑𝜑�, where 
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𝑟𝑟3�𝜆𝜆,𝛼 , 𝑘𝑘 ,𝛽𝛽 , 𝛿𝛿 ,𝜑𝜑� = 𝑖𝑖𝑛𝑛𝑓𝑓
𝑛𝑛 ≥ 2 �

(1−𝜑𝜑) 𝑛𝑛  ��1−𝜆𝜆��1−𝛼�+(𝑛𝑛−1)�1+𝑘𝑘−𝜆𝜆𝑘𝑘− 𝜆𝜆𝛼��𝐻𝐻𝑛𝑛 (𝛽𝛽 ,𝛿𝛿)
(𝑛𝑛−𝜑𝜑) (1−𝜆𝜆)(1−𝛼)

�
1

𝑛𝑛−1
.        (5.9) 

The result is sharp, with extremal function f(z) given by(2.4) . 
𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏: It suffices to show that �𝑧𝑧𝑓𝑓

′ (𝑧𝑧)
𝑓𝑓(𝑧𝑧)

− 1�  ≤ 1 − 𝜑𝜑 for |𝑧𝑧| < 𝑟𝑟3�𝜆𝜆,𝛼, 𝑘𝑘,𝛽𝛽, 𝛿𝛿,𝜑𝜑�. 

We have �𝑧𝑧𝑓𝑓
′ (𝑧𝑧)

𝑓𝑓(𝑧𝑧)
− 1� ≤ ∑ (𝑛𝑛−1)𝑎𝑎𝑛𝑛 |𝑍𝑍|𝑛𝑛−1∞

𝑛𝑛=2
1−∑ 𝑎𝑎𝑛𝑛 |𝑍𝑍|𝑛𝑛−1∞

𝑛𝑛=2
  . 

Thus 
�𝑧𝑧𝑓𝑓

′ (𝑧𝑧)
𝑓𝑓(𝑧𝑧)

− 1� ≤ 1 − 𝜑𝜑If∑ (𝑛𝑛−𝜑𝜑)𝑎𝑎𝑛𝑛 |𝑧𝑧|𝑛𝑛−1

1−𝜑𝜑
≤ 1  .∞

𝑛𝑛=2                                 (5.10) 

Hence (5.10) will be true if  
𝑛𝑛 − 𝜑𝜑
1 − 𝜑𝜑

|𝑧𝑧|𝑛𝑛−1   ≤   
 𝑛𝑛 [ (1 − 𝜆𝜆)(1 −𝛼) + (𝑛𝑛 − 1)(1 + 𝑘𝑘 − 𝜆𝜆𝑘𝑘 −  𝜆𝜆𝛼 )] 𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)

 (1 − 𝜆𝜆)(1 −𝛼)
 , 

or equivalently 

|𝑧𝑧|  ≤   �(1−𝜑𝜑)  𝑛𝑛  ��1−𝜆𝜆��1−𝛼�+(𝑛𝑛−1)�1+𝑘𝑘−𝜆𝜆𝑘𝑘− 𝛼𝜆𝜆��𝐻𝐻𝑛𝑛 (𝛽𝛽 ,𝛿𝛿)
 (𝑛𝑛−𝜑𝜑)(1−𝜆𝜆)(1−𝛼)

�
1

𝑛𝑛−1
, (𝑛𝑛 ≥ 2).                 (5.11) 

Theorem follows easily from (5.11). 

6. Closure Theorem 
Theorem (6.1): Let 

𝑓𝑓𝑖𝑖(𝑧𝑧) = 𝑧𝑧 −�𝑎𝑎𝑛𝑛 ,𝑖𝑖𝑧𝑧𝑛𝑛  ∈ 𝑘𝑘 − 𝑈𝑈𝑈𝑈𝑈𝑈(𝜆𝜆,𝛼,𝛽𝛽, 𝛿𝛿)
∞

𝑛𝑛=2

, 

𝑖𝑖 ∈  {1,2, … , 𝑙𝑙} and  0 < 𝑈𝑈𝑖𝑖 < 1 
such that 

�𝑈𝑈𝑖𝑖 = 1 .
𝑙𝑙

𝑖𝑖=1

 
Then the function 𝐹𝐹(𝑧𝑧)  defined by 

𝐹𝐹(𝑧𝑧) =  �𝑈𝑈𝑖𝑖  𝑓𝑓𝑖𝑖 (𝑧𝑧)
𝑙𝑙

𝑖𝑖=1

 
is also in the class 𝑘𝑘 − 𝑈𝑈𝑈𝑈𝑈𝑈 �𝜆𝜆,𝛼,𝛽𝛽, 𝛿𝛿� 

Proof: For every 𝑖𝑖 ∈ {1,2, … , 𝑙𝑙} , we obtion 

�
𝑛𝑛 [ (1 − 𝜆𝜆)(1 −𝛼) + (𝑛𝑛 − 1)(1 + 𝑘𝑘 − 𝜆𝜆𝑘𝑘 −  𝜆𝜆𝛼 )]𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)

(1 − 𝜆𝜆)(1 −𝛼)
𝑎𝑎𝑛𝑛 ,𝑖𝑖  ≤ 1 .

∞

𝑛𝑛=2

 

Since 

𝐹𝐹(𝑧𝑧) =  �𝑈𝑈𝑖𝑖𝑓𝑓𝑖𝑖(𝑧𝑧) =  �𝑈𝑈𝑖𝑖 �𝑧𝑧 −  �𝑎𝑎𝑛𝑛 ,𝑖𝑖𝑧𝑧𝑛𝑛
∞

𝑛𝑛=2

�
𝑙𝑙

𝑖𝑖=1

𝑙𝑙

𝑖𝑖=1

= 𝑧𝑧 −���𝑈𝑈𝑖𝑖𝑎𝑎𝑛𝑛 ,𝑖𝑖

𝑙𝑙

𝑖𝑖=1

�
∞

𝑛𝑛=2

𝑧𝑧𝑛𝑛  . 

Therefore 

�
𝑛𝑛 [ (1 − 𝜆𝜆)(1 −𝛼) + (𝑛𝑛 − 1)(1 + 𝑘𝑘 − 𝜆𝜆𝑘𝑘 −  𝜆𝜆𝛼 )]𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)

(1 − 𝜆𝜆)(1 −𝛼)
��𝑈𝑈𝑖𝑖𝑎𝑎𝑛𝑛  ,𝑖𝑖

𝑙𝑙

𝑖𝑖=1

�
∞

𝑛𝑛=2

 

           = �𝑈𝑈𝑖𝑖 ��
𝑛𝑛 [ (1 − 𝜆𝜆)(1 −𝛼) + (𝑛𝑛 − 1)(1 + 𝑘𝑘 − 𝜆𝜆𝑘𝑘 −  𝛼𝜆𝜆 )]𝐻𝐻𝑛𝑛(𝛽𝛽, 𝛿𝛿)

(1 − 𝜆𝜆)(1 −𝛼)
𝑎𝑎𝑛𝑛  ,𝑖𝑖

∞

𝑛𝑛=2

�
𝑙𝑙

𝑖𝑖=1

 

                                          ≤  �𝑈𝑈𝑖𝑖 = 1 .
𝐿𝐿

𝑖𝑖=1

 

Hence  𝐹𝐹(𝑧𝑧) ∈  𝑘𝑘 − 𝑈𝑈𝑈𝑈𝑈𝑈�𝜆𝜆,𝛼,𝛽𝛽, 𝛿𝛿�. 
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