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Abstract: 

      In this paper, first  study some properties of  a Sugeno fuzzy measure  as a set function  

and Continunity of sugeno fuzzy measure space,  discuss pesuduometric generating properties 

 of  this measure and  prove some  theory. 
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Introduction: 

Fuzzy measure is generalization of the notion 

of measure in mathematical analysis .  In 

1974, the Japanese Scholar Sugeno [1] 

presented a kind of typical non additive 

measure Sugeno fuzzy measure. The 

properties and application of Sugeno 

measure have been studied by many authors  

as [2]and [4] , in this paper we present  

definition sugeno fuzzy measure as a 

monotone and continuous set function and 

study pesuduometric generating  properties 

of sugeno  fuzzy measure space and prove 

some important theory   
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Preliminaries

Definition(2.1)[1]: 

    A family F of subsets of   a set X is  

called  a  -field on a set , if 

(1) X    F 

(2) If  AF, then  
cA   F 

(3) If ,...2,1,  nFAn   then FAn

n







1

 

A measurable space is a pair ( X ,F), 

where X is a set and F is  -field on X  

A subset A of X  is called measurable 

 ( measurable  with   respect   to  the 

  -field F) , if AF  i.e. any member of  F 

is called a measurable set. 

Definition(2.2)[1][2]:- 

        Let  X is nonempty set and  F  is  

    field , a set function 

  

]1,0[: F   

that is satisfy the following axioms:  

1)( X (1)  
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


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
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






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
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0,1))](1([
1

)()2(

1

1
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






i

i

i

i

i

i

A

A
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where

  

),1(   is called  - Sugeno 

fuzzy  measure  and atripe ),,( FX

  

  - 

Sugeno fuzzy  measure space , X  is a set.  

 

    

     Example:  Let 
 

]1,0[: X 

}},2{},1{,{},2,1{ XFX  

XA

A

A

A

A






















}2{

}1{

1

,2.0

,4.0

,0

)(



 

Is  - Sugeno fuzzy  measre where 5 

Solve:- 

1)(})2{}1({  X  

}1})2({51})(1{51{
5

1
})2{}1({    

1)]11)(21[(
5

1
 

1
5

1

5

6
 

In the following we called

 

 - Sugeno 

fuzzy  measure is  Sugeno fuzzy  measure   

Main Result  

1- Properties of Sugeno fuzzy measure 

space: 

Theorem(2.3): 

     Let ),,( FX be Sugeno fuzzy measure 

space then 

(1)
 

0)(   

(2) if FAA 21,  then 

)()()()()( 212121 AAAAAA    
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(3) if FAAA n ,...,, 21  then 






























0,)(

0,1))(1([
1

)(

1

1

1






n

k

k

n

k

k
n

k

i

A

A

A  

FA(4) if  

)()(1)()( cc AAAA  Then   

: Proof 

(1) since XX  

1)()(  XX   

)()()()()(  XXX  

1)()(1   

0)()(   

0)()1(  
 

(2) )1))(1((
1

)(

2

1

21  


i

i

AAA 


 
 

)]1)(1)((1[(
1

21  AA 


 

]1)()()((1[(
1

21
2

21  AAAA 


)]()()(([(
1

21
2

21 AAAA 




)()()()( 2121 AAAA  
 

(3) put A   when nk  
















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




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






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0,1))(1([
1

)()(

1

1
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






k

k

k

k

k

k

n

k

k

A

A
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
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

 

 














0,)()(
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1
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1 1

1 1

1
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



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

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










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1
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
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 (4) since   AF,   

1)(0)()()(  AXA  Then
 

Since 1)()(  XAAXAA cc   

1)()()()(  cc AAAA  

))()()((1)( cc AAAA   

 Then  

1)()()()(  cc AAAA  

0     If 

Then   )(1)( cAA   

Proposition(2.4): 

 If 
 2121 ,, AAFAA 

 
 

  then
  

)()( 21 AA   

Proof: 

   since 21 AA   cc AA 12 
 

1)()( 22  XAAc   

)()()()( 2121 AAAA cc   
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)()()()()()((1 212111 AAAAAA cc  

 

1)](1)[()](1)[(1 1211  cc AAAA 

 

0)]()()][(1[ 121  AAAc  

0)()( 12  AA 
 

)()( 12 AA    

Proposition (2.5 ) :- Let ),,( FX be a 

Sugeno fuzzy  measure space then 

)(1

)(1
)(

21

21
21

AA

AA
AA














  

Proof:-  since cAAAA )( 2121    

c

c

AAAAAA

AAAA

)()()(1

)()(

212121

2121













)()]()()()([

)]()()()([1)(

212121

212121

AAAAAA

AAAAAA













)())()()()((

)()()()(1)(

212121

212121

AAAAAA

AAAAAA













)()()()(1

)())()(

)()(()(

2121

2121
2

2121

AAAA

AAAA

AAAA















))()()()((1

)]()()()((1[)(

2121

212121

AAAA

AAAAAA







 

)(1

)(1
)(

21

21
21

AA

AA
AA














  

Remark:-  from Proposition (2.5 ) we have 

)(1

)(1
)()(

21

21
2121 c

c
c

AA

AA
AAAA
















 

2- Continunity of sugeno fuzzy measure 

space: 

      Let }{ nA be a sequence of subset of X  

The set of all points which are belong to 

infinitely many sets of the sequence }{ nA is 

called the upper limit(or limit superior ) of 

}{ nA  and (in symbol A
*
) defined by  

:{suplim*
nn

n
AxAA 


 for infinitely 

many n} 















nk

k
n

n nk

k AA lim

1

 

Thus, nAx  iff  for all n , then kAx  for 

some k n  

the lower  limit (or limit inferior ) of }{ nA  

defined by A * is the set of all points which 

belong to almost all sets of the sequence 

}{ nA , and denoted by  

:{inflim* nn
n

AxAA 


for all but finitely 

many n} 















nk

k
n

n nk

k AA lim

1

 

 Thus, nAx  iff  for some  n , then kAx  

for all k n  . 

        A sequence }{ nA of subset of a set X  

is said to be converge if   

AAA n
n

n
n




inflimsuplim   and  A  is said to be 

the limit of }{ nA we write 

 n
n

AA


 lim    or AAn      [4]. 

      A sequence }{ nA  of subset of a set   

is said to be increasing if 1 nn AA    for 

,...2,1n . And is said to be decreasing if 

nn AA 1   for  ,...2,1n  . 

     A monotone sequence of sets is one 

which either increasing or decreasing. 
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        If }{ nA  is an increasing sequence of 

subset of a set X  and  AA
n

n 





1

,we say 

that nA  an increasing sequence of a set 

with limit A, or that nA  increase to A, write 

AAn  , also if }{ nA  is a decreasing 

sequence of subset of a set X  and 

AA
n

n 





1

, we say that the nA  a 

decreasing sequence of a set with limit A, 

or that the nA   decrease to A, write 

AAn   [4].   

Theorem (3.1)[4]: 

        Let }{ nA be a sequence of  subset of a 

set X and let A X  

(1)  If   AAn    then cc
n AA      

(2)  If   AAn    then  cc
n AA     

Theorem(3.2 ): 

   Let ),,( FX be Sugeno  fuzzy measure 

space and FAn   then 

(i) If AAn   then )()( AALim n
n

 


 

(ii) If AAn   then )()( AALim n
n

 


 

(iii) If nA  then 0)( 


n
n

ALim  

(iv) If XAn   then 1)( 


n
n

ALim  

Proof:- (i) since AAn  , 1 nn AA  and 

AA

n

n 






1

 

)|()()()( 1

2

1

1











 i

i

i

n

n AAAAA    

)|(lim)( 1

2

1 





 i

i

i
n

AAA   

)()(lim)( 1

2

1 






  i

i

i
n

AAA   

))()((lim)( 11 AAA n
n

 


 

)((lim n
n

A


  

then  )()( AALim n
n

 
  

(ii) cc
nn AAAA   

  Then  from (i) )()( cc
n

n
AALim  


 

)()()(1

)()()(1(

c

n
c
nn

n

AAA

AAALim








  

)()()(1

)()()(1

c

n
c
nn

n

AAA

AAALim








  

)()( AALim n
n

 


 

)()( AALim n
n

 


 

(iii)from(ii) nA  then )()(  


n
n

ALim  

0)( 


n
n

ALim  

(iv) XAn   then  from  (ii) 

)()( XALim n
n

 


 

1)( 


n
n

ALim  . 
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 Theorem(3.3 ):-  Let ),,( FX  be  Sugeno  

Fuzzy measure space and 

FAn  , 0)( nA
 
as n   then  

)()()( AAALimAA n
n

n  


 . 

Proof:-  

nAAAAAA nn  )()(    

)()()()()( nnn AAAAAA    

Since 0)( nA  then )()( AAA n    

and nnn AAAAAA )(   

We have 

)()()()(

)()(

nnnn

n

AAAAAA

AAA








 

Since 0)( nA  we have  

)()( AAA n   . 

 

3-pesduometric generating properties: 

       In this section we will study 

pesduometric generating properties in 

sugeno measure many  authors  was study 

with another measure as [3],[5]. 

Definition(4.1 )[4]: 

       Let   be a collection of all real valued 

function defined on a set X , and 

nff , ,  Nn  and XA  we say that 

}{ nf  uniformly convergent to f   on A, if 

for every 0  there is Zk  such that 

0)()(  xfxfn  kn   and ,Ax  we 

write ffn    on  A. 

 

Definition (4.2 ): 

   A set function    is said to be have 

pseudometic generating  property (p.g.p) if 

for any 0 , there exist 0  such for 

any Borel  sets  A and B, 

  )()()( BABA . 

Theorem( 4.3): 

      A set function   has p.g.p if and only 

if there exist a sequence nn}{  of real 

number such that  0n  and, for any 

sequence nnA }{  with nnA  )( , the 

following inequalities hold  

1,)(

1







nA n

nk

k   . 

Proof: 

Let a set function   has p.g.p then there 

exist )
2

1
,0(1  such that  

1)()(   BA  implies 
2

1
)(  BA  

For above 1  there exist )
2

1
,0( 122    to 

satisfy that 2)()(   BA  implies 

1)(  BA  and, similarly there exist  

 )
2

1
,0( 233   to     satisfy      that 

3)()(   BA  implies 2)(  BA  
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Repeating this procedure,we can obtain a 

sequence nn}{ such that 

1
2

1
0

11 
 nnnn  . 

If 1,)(  nA nn    

then we have  1,)(
1






nA n

rn

nk

k    

So that 1,)(

1







nA n

nk

k    

Conversely, for any 0 , there exist 

10 n  such that  
on  

 if we choose 2
on  and , when 

  )()( BA then we have 

 





on

nk

nABA )()(

10

  

If we choose 2
on  and 

when   )()( BA  then we have 

 





n

nk

kABA )()(

1

  where 

,, 21 BAAA
oo nn    and otherwise 

nA  

Thus  a set function     has p.g.p. 
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