On properties of Sugeno Fuzzy Measure space

Firas Hussean Maghool

AL- Qadisiya University

College of Computer science and Mathematic

Department of mathematics.

h.mfiras@yahoo.com

Abstract:

In this paper, first study some properties of a Sugeno fuzzy measure as a set function
and Continunity of sugeno fuzzy measure space, discuss pesuduometric generating properties

of this measure and prove some theory.
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Introduction:

Fuzzy measure is generalization of the notion
of measure in mathematical analysis . In
1974, the Japanese Scholar Sugeno [1]
presented a kind of typical non additive
measure Sugeno fuzzy measure. The
properties and application of Sugeno
measure have been studied by many authors

as [2]Jand [4] , in this paper we present
definition sugeno fuzzy measure as a
monotone and continuous set function and
study pesuduometric generating properties
of sugeno fuzzy measure space and prove
some important theory



Preliminaries
Definition(2.1)[1]:

A family F of subsets of a set X is

called a o -field onasetQ, if
1) X eF

(2) If AcF,then A°e F
@) If A eF,n=12,.. then | JA eF
n=1

A measurable space is a pair ( X ,F),
where X isasetand Fis o -field on X
A subset A of X is called measurable
(' measurable with respect to the

o-field F) , if Ae F i.e. any member of F
is called a measurable set.

Definition(2.2)[1][2]:-

Let X is nonempty setand F is
o — field , a set function u:F —[01]
that is satisfy the following axioms:

(1) wuX)=1

| | (DS .
@uJA)=1

S u(A) . 2=0
i=1

where 1 e(-1,00) iscalled A- Sugeno
fuzzy measure and atripe (X,F,u) A -

Sugeno fuzzy measure space, X is a set.

Example: Let z: X —[0]]

X={12}, F={s{3{2} X}
0, A=g
o4, A={n
HM =10, A={2}
1 A=X

Is A - Sugeno fuzzy measre where 4 =5
Solve:-

#fULZ) = u(X) =1

u{BU{2) = %{1 +541)(1+54({2) -1

= é[(l+ 2)1+1]-1

In the following we called A- Sugeno

fuzzy measure is Sugeno fuzzy measure
Main Result

1- Properties of Sugeno fuzzy measure

space:
Theorem(2.3):

Let(X,F,x)be Sugeno fuzzy measure

space then
(1) u(g)=0

(2)if A,A, eF then
AL UA) = (A + p(Ao) + A (A) a(Ay)



3)if A A,,...,A, €F then

S [a+ 2 uan-1 . 220

#(U a=

k=1

DAy . 4=0
k=1

(@) if AcF

Then  (A) + u(A®) =1 Au(A) u(A°)
Proof :

(1) since XUg=X
H(XUg) = u(X)=1

X Ug) = u(X) + u(p) + Au(X) ()
=1+ u(p) + Au () =1

= u(@)+Au(p) =0

= L+ () =0

2
(2) a(rUn) == Jwrau(a)-1

i=1

=%[(1+ﬂﬂ(&)(1+%u(Az)—1)]

=L A+ Aa(A) + 22 uA)u(A) -1

_ %[(/Iy(Al + Au(Ag) + 2 (A (A )]
= 1(A) + 1(Ay) + A u(A) u(Ay)

(3)put A=¢ when k>n

%[Ham.ﬂ(Ak))fl . A0

n 0
w(UJA0) = (A=
k=1 k=1 el
> 1(A) , 4=0
k=1

n 0
S 2 uth) TT@+auA)-1 . 220
k=1

n = k=n+1
m(\JA) =
k=1 n s}
DAY+ D u(A) , A=0
k=1 k=1

S+ 2 A1 . 220
k=1

D H(A) . A=0
k=1

(4)sincereF,A=¢

Then u(g) < p(A) < 1(X) = 0< u(A) <1
Since AUA® =X — u(AUA®) = u(X) =1
p(A) + p(A%) + Au (A u(A°) =1

p(A) =1 (u(A°) + Au(A) p(A°)

Then
H(A) + p(A%) + Au (A u(A°) =1

IfA1=0

Then  u(A)=1-u(A%)
Proposition(2.4):
If A,ALeF, ACcCA

then  u(A) < u(A;)
Proof:

since A cA => AcCA
= (A UA)=u(X)=1

H(A) = u(Ay) + (A u(Ay)



T—(u(A ) + A (A) 1(AY) + p(Ay) + A (A (Ay)

1= p(ADIL+ Au (AT + p(A)I+ Au(A)] =1

[+ A (AN (Ay) — (A1 = 0
u(A) — u(A) =0
1(A) = u(Ay)

Proposition (2.5) :- Let (X,F,u)be a
Sugeno fuzzy measure space then

_1-u(AUA)
ﬂ(AiﬂAz)——lJHw(AlUAZ)
Proof:- since A NA, =(A UA)°

(AN AY) = u(A UA,) =
1-p(ALUA,) = Au(A U A (A U Ay

(AN Ag) =1=[u(Ay) + p(Ag) + (A u(Ay)]

= ALu(A) + 1(Ag) + A (A) (A (AL N Ay)

AN A) =1= u(A) — u(Ag) — Au(A) u(Ay)

— (A (A) + 1(Ay) + A (A) (A (AL N AY)
H(AN A) + (Au(A) + Au(Ag) +

2 (M) (A (AL N Ay)

=1-pu(A) — u(A) + Au(A) u(Ay)

= 1A N A L+ A(u(A) + 11(Ag) + Apt (A (A )]

=1-(u(A) + u(A) + Au(A) u(Ay)

_ 1‘#(A1 U Az)
A U

Remark:- from Proposition (2.5) we have

_ _ cy _ 1_ﬂ(A1UA§)
H(A = A) = (AN A) L an(A UAS)

2- Continunity of sugeno fuzzy measure

space:

Let {A,}be a sequence of subset of X
The set of all points which are belong to

infinitely many sets of the sequence{A, }is

called the upper limit(or limit superior ) of

{A.} and (in symbol A™) defined by
A" =limsupA, ={xe A,: for infinitely

many n}= (" JA = lim [ JAc
-,

n=lk=n

Thus, x € A, iff forall n, then xea, for

some k>n

the lower limit (or limit inferior ) of {a.}

defined by A. is the set of all points which

belong to almost all sets of the sequence

{A.}, and denoted by

A= lim inf A, ={xe A, :Tor all but finitely
n—o0

many n} = G ﬁAk = lim ﬁAk

n=lk=n P k=n

Thus, x € A, iff for some n,then xe A,

forallk>n .

A sequence {A, } of subset of a set X

is said to be converge if

lim sup A, = lim inf A,=A and A is said to be
n—oo

n—w

the limit of {A,}we write

A= lim A, Or A,—»>A [4].

n—oo

A sequence {A,} of subset of a set o
is said to be increasing if A,caA,, for
n=12,.... And is said to be decreasing if
AgchA, for n=12,... .

A monotone sequence of sets is one
which either increasing or decreasing.



(i)

(i)

(iv)

If {A} is an increasing sequence of

subset of a set X and UAn = A ,we say

n=1

that A, an increasing sequence of a set
with limit A, or that A increase to A, write

A TA, also if {A} is a decreasing

sequence of subset of a set X and

a

n

ﬂAn:A, we say that the A
=1

decreasing sequence of a set with limit A,

or that the A, decrease to A, write

A LA 4]
Theorem (3.1)[4]:

Let {A,}be a sequence of subset of a

set X and let Ac x

(1) If A, TA then ASLA®
(2 If A, LA then AStAC
Theorem(3.2):

Let (X, F, ) be Sugeno fuzzy measure

space and A, € F then
If A T Athen Limu(A,) = u(A)
If A, LA then Limu(A,) = u(A)

If A,{¢ then Limu(A)=0

If A, T X then Limu(A,)=1

Proof:- (i) since A, TA, A, c A,,, and

=
n=1

() = JA) = i(A) + Y (A T AL)
i=2

n=1

= u(A)+1im > p(A | A)
i=2

)+ lim S ()~ ()
 HA) + (A ()
— lim(u(A)
then Limu(A,) = u(A)
(i) A,y A> AT A°
Then from (i) Limu(A}) = u(A°)

= Lim(L- u(A;) - (AL u(A,)

=1— pu(A) = Au(A) u(A°)

= 1= Limu(Ay) = Au (A7) u(Ay) =

1= p(A) = Au(A) u(A®)

——nl-_ir:lwu(An) =—u(A)

HE“(A‘) =u(A)

(iii)from(ii) A, 1 ¢ then Limu(A,) = 1(¢)
Limu(A,) =0

(iv) A, T X then from (ii)
L-i{ljﬂ(%) = u(X)

— Lim u(Aq)=1.
n—o0



Theorem(3.3):- Let(X,F,u) be Sugeno

Fuzzy measure space and
A, eF,u(A)—>0as n—>o then

(AU A,) = Limu(A=A,) = u(A).

Proof:-
Ac AUA, - u(A) < u(AUA,) vn

1(AUA,) = u(A) + u(A) + Au(A) u(A,)

Since u(A,) — 0 then u(AUA,) - u(A)
and A-A, c Ac(A-A)UA,

We have
u(A=A) < u(A)
= u(A= A+ u(A) + A (A= A u(A,)

Since u(A,) — 0 we have

(A= A) > u(A).

3-pesduometric generating properties:

In this section we will study
pesduometric generating properties in
sugeno measure many authors was study

with another measure as [3],[5].
Definition(4.1)[4]:

Let S be a collection of all real valued
function defined on a set X, and

f,f,ef, neN and Ae X we say that
{f,} uniformly convergent to f on A, if

for every &£>0 there is keZ* such that

[f, () - f(¥)|<0 Vn>k and xe A, we

write f, > f on A.

Definition (4.2 ):

A set function u is said to be have

pseudometic generating property (p.g.p) if

for any ¢>0, there exist y >0 such for

any Borel sets A and B,
A v u(B)<y= u(AuB)<e¢.
Theorem( 4.3):

A set function x has p.g.p if and only
if there exist a sequence {y,}, of real

number such that »,40 and, for any

sequence {A.}, with u(A)<y,, the

following inequalities hold

w(JA) <y n=1

k=n+1
Proof:

Let a set function u has p.g.p then there

exist y, e (0,%) such that
u(A) v u(B) <y, implies u(AuB) <%

For above y, there exist y, e (0,2%/\ 7n) to

satisfy that u(A)v w(B) <y, implies

u(AUB) <y, and, similarly there exist

73 € (0,2—13 Ay, )to  satisfy  that

H(A) v u(B) < y5 implies u(AUB) <y,



Repeating this procedure,we can obtain a

sequence {y, }, such that

1
0<7/n+l<F/\7n vn>1.

If w(A)<y,, Vnx1

n+r

thenwe have (| JA)<y,, n=x1

k=n+1

So that 6( UAk)Syn, n>1

k=n+1

Conversely, for any & >0, there exist

N, 21 suchthat y, <¢

if we choose y=y,., and , when
u(A) v u(B) <y then we have

(AUB) =6( [jAﬂ)S)/nO <&

k=ny+1

If we choose

V= yno+2 and

when u(A)v u(B)y<y  then we have

u(AU B):,u(UAk)Syn <e where
k=n+1

A=A A ,=B and otherwise

A =¢

Thus a set function ¢ has p.g.p.
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