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1. Introduction 

Let 𝒜(𝑝) denote the class of functions of the form: 

𝑓 𝑧 = 𝑧𝑝 −  𝑎𝑛𝑧𝑛

∞

𝑝+1

, (𝑎𝑛 ≥ 0, 𝑛 ≥ 𝑝 + 1, 𝑝 ∈ ℕ =  1,2, … ,               (1.1) 

which are 𝑝- valent in the unit disk 𝑈 = {𝑧 ∈ ℂ:  𝑧 < 1}. 

For a function 𝑓(𝑧) in the class 𝒜(𝑝) we define 

𝐷𝑝
0𝑓 𝑧 = 𝑓 𝑧 , 

𝐷𝑝
1𝑓 𝑧 = 𝐷𝑝𝑓 𝑧 =

𝑧

𝑝
𝑓 ′ 𝑧  

𝐷𝑝
2𝑓 𝑧 = 𝐷  𝐷𝑝𝑓 𝑧  , 

𝐷𝑝
𝜇
𝑓 𝑧 = 𝐷  𝐷𝑝

𝜇−1
𝑓 𝑧  = 𝑧𝑝 −   

𝑛

𝑝
 

𝜇

𝑎𝑛𝑧𝑛

∞

𝑛=𝑝+1

, 𝜇 ∈ ℕ.                        1.2  

For 𝑝 = 1, the differential operator 𝐷𝜇  was introduced by salagean [4]. 

Let  𝑓 ∗ 𝑔 (𝑧) denote the Hadamard product of the functions𝑓(𝑧) and 𝑔(𝑧), 

that is, if 𝑓(𝑧) is given by (1.1) and 𝑔(𝑧) is given by 

𝑔 𝑧 = 𝑧𝑝 −  𝑏𝑛𝑧𝑛

∞

𝑛=𝑝+1

,  𝑏𝑛 ≥ 0 ,                                                                   (1.3) 

then 

 𝑓 ∗ 𝑔  𝑧 = 𝑧𝑝 −  𝑎𝑛𝑏𝑛𝑧𝑛

∞

𝑛=𝑝+1

.                                                                      (1.4) 

For a function 𝑓(𝑧) of the form (1.1), we define the class 𝑊𝑝
𝜇

(𝛽, 𝛼, 𝑢, 𝑣) as 

follows: 
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Definition (1.1): Let 𝑓(𝑧) ∈ 𝒜(𝑝)  be given by (1.1). Then the class 

𝑊𝑝
𝜇

(𝛽, 𝛼, 𝑢, 𝑣) is 

𝑊𝑝
𝜇  𝛽, 𝛼, 𝑢, 𝑣 

=  𝑓 ∈ 𝒜 𝑝 :  
𝑧  𝐷𝑝

𝜇
𝑓 𝑧  

′′
+  2 − 𝑝  𝐷𝑝

𝜇
𝑓 𝑧  

′

 𝑢 + 𝑣 + 2𝛽  𝐷𝑝
𝜇
𝑓 𝑧  

′
+ 𝛽𝑧  𝐷𝑝

𝜇
𝑓 𝑧  

′′  < 𝛼, 0

≤ 𝛽 < 1,0 < 𝑢 ≤ 1,0 ≤ 𝑣 < 1, 𝜇, 𝑝 ∈ ℕ and 0 < 𝛼 < 1  1.5  

The same properties have been found for other classes in [2], [3] and [1]. 

2. Coefficient inequality 

The following theorem has given a necessary and sufficient condition for a 

function 𝑓  to be in the class 𝑊𝑝
𝜇

(𝛽, 𝛼, 𝑢, 𝑣). 

Theorem (2.1): Let a function 𝑓(𝑧) ∈ 𝒜 𝑝 . Then 𝑓(𝑧) ∈ 𝑊𝑝
𝜇

(𝛽, 𝛼, 𝑢, 𝑣) if 

and only if 

 𝑛[𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝]  
𝑛

𝑝
 

𝜇

𝑎𝑛

∞

𝑛=𝑝+1

≤ 𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 1  ,                                                      (2.1) 

where 0 ≤ 𝛽 < 1,0 < 𝑢 ≤ 1, 𝜇, 𝑝 ∈ ℕ and 0 < 𝛼 < 1. 

Proof: Suppose that the inequality (2.1) holds true and  𝑧 = 1. Then, we have 

 𝑧  𝐷𝑝
𝜇
𝑓 𝑧  

′′
+  2 − 𝑝  𝐷𝑝

𝜇
𝑓 𝑧  

′
 

− 𝛼   𝑢 + 𝑣 + 2𝛽  𝐷𝑝
𝜇
𝑓 𝑧  

′
+ 𝛽𝑧  𝐷𝑝

𝜇
𝑓 𝑧  

′′
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=   𝑛 𝑛 − 𝑝 + 1  
𝑛

𝑝
 

𝜇

𝑎𝑛𝑧𝑛−1

∞

𝑛=𝑝+1

− 𝑝𝑧𝑝−1 

−  𝛼𝑝 𝛽 𝑝 + 1 + 𝑢 + 𝑣 𝑧𝑝−1

−  𝑛𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣  
𝑛

𝑝
 

𝜇

𝑎𝑛𝑧𝑛−1

∞

𝑛=𝑝+1

  

≤  𝑛 𝑛 − 𝑝 + 1  
𝑛

𝑝
 

𝜇

𝑎𝑛  𝑧 𝑛−1

∞

𝑛=𝑝+1

− 𝑝𝑧𝑝−1

− 𝛼𝑝 𝛽 𝑝 + 1 + 𝑢 + 𝑣  𝑧 𝑝−1

+  𝑛𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣  
𝑛

𝑝
 

𝜇

𝑎𝑛  𝑧 𝑛−1

∞

𝑛=𝑝+1

 

=  𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝  
𝑛

𝑝
 

𝜇

𝑎𝑛

∞

𝑛=𝑝+1

− 𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  ≤ 0, 

by hypothesis. 

Hence, by maximum modulus principle, 𝑓 ∈ 𝑊𝑝
𝜇

(𝛽, 𝛼, 𝑢, 𝑣). Then from (1.5), 

we have 

 
𝑧  𝐷𝑝

𝜇
𝑓 𝑧  

′′
+ (2 − 𝑝)  𝐷𝑝

𝜇
𝑓 𝑧  

′

(𝑢 + 𝑣 + 2𝛽)  𝐷𝑝
𝜇
𝑓 𝑧  

′
+ 𝛽𝑧  𝐷𝑝

𝜇
𝑓 𝑧  

′′   

=  
 𝑛 𝑛 − 𝑝 + 1  

𝑛

𝑝
 
𝜇

𝑎𝑛𝑧𝑛−1∞
𝑛=𝑝+1 − 𝑝𝑧𝑝−1

𝑝 𝛽 𝑝 + 1 + 𝑢 + 𝑣 𝑧𝑝−1 −  𝑛 𝛽 𝑛 + 1 + 𝑢 + 𝑣  
𝑛

𝑝
 
𝜇

𝑎𝑛𝑧𝑛−1∞
𝑛=𝑝+1

 . 

Since 𝑅𝑒(𝑧) ≤  𝑧  for all 𝑧 𝑧 ∈ 𝑈 , we get 
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𝑅𝑒  
 𝑛 𝑛−𝑝+1  

𝑛

𝑝
 
𝜇
𝑎𝑛 𝑧𝑛−1∞

𝑛=𝑝+1 −𝑝𝑧𝑝−1

𝑝 𝛽 𝑝+1 +𝑢+𝑣 𝑧𝑝−1− 𝑛 𝛽 𝑛+1 +𝑢+𝑣  
𝑛

𝑝
 
𝜇
𝑎𝑛 𝑧𝑛−1∞

𝑛=𝑝+1

 < 𝛼. 

Letting 𝑧 → 1− , through real values, we obtain the inequality (2.1), so the 

proof  is complete. 

Corollary (2.1): Let 𝑓 ∈ 𝑊𝑝
𝜇

(𝛽, 𝛼, 𝑢, 𝑣). Then 

𝑎𝑛 ≤
𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

 
𝑛

𝑝
 
𝜇

𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 
, 𝑛 = 𝑝 + 1, 𝑝 + 2, …     2.2  

3. Distortion and Growth Theorem 

Theorem (3.1): Let the function 𝑓(𝑧)  defined by (1.2) be in the class 

𝑊𝑝
𝜇

(𝛽, 𝛼, 𝑢, 𝑣). Then for  𝑧 = 𝑟 < 1 and 𝑛 ≥ 𝑝 + 1, we have 

 𝐷𝑝
𝜇
𝑓 𝑧  ≥  1 +

𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

 𝑝 + 1  𝛼 𝛽 𝑝 + 2 + 𝑢 + 𝑣 + 2 
𝑟 𝑟𝑝 ,                         3.1  

and 

 𝐷𝑝
𝜇
𝑓 𝑧  ≤  1 −

𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

 𝑝 + 1  𝛼 𝛽 𝑝 + 2 + 𝑢 + 𝑣 + 2 
𝑟 𝑟𝑝 .                         3.2  

The result is sharp for the function 𝑓 𝑧  is given by 

𝑓 𝑧 = 𝑧𝑝

−
𝑝[1 + 𝛼 𝛽 𝑝 + 2 + 𝑢 + 𝑣 ]

 
𝑝+1

𝑝
 
𝜇

 𝑝 + 1 [𝛼 𝛽 𝑝 + 2 + 𝑢 + 𝑣 + 2]
𝑧𝑝+1 ,  𝑧

∈ 𝑈 .                              (3.3) 

Proof: Let 𝑓 ∈ 𝑊𝑝
𝜇

(𝛽, 𝛼, 𝑢, 𝑣). Then by Theorem (2.1), we get 
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𝑝 + 1

𝑝
 

𝜇

 𝑝 + 1  𝛼 𝛽 𝑝 + 2 + 𝑢 + 𝑣 + 2  𝑎𝑛

∞

𝑛=𝑝+1

≤  𝑛 𝑛 + 1 + 𝛼 𝛽 𝑝 + 2 + 𝑢 + 𝑣 − 𝑝  
𝑛

𝑝
 

𝜇
∞

𝑛=𝑝+1

≤ 𝑝 1 + 𝛼 𝛽 𝑝 + 2 + 𝑢 + 𝑣   

or 

 𝑎𝑛

∞

𝑛=𝑝+1

≤
𝑝 1 + 𝛼 𝛽 𝑝 + 2 + 𝑢 + 𝑣  

 
𝑝+1

𝑝
 
𝜇

 𝑝 + 1  𝛼 𝛽 𝑝 + 2 + 𝑢 + 𝑣 + 2 
.                           3.4  

Hence, 

 𝐷𝑝
𝜇
𝑓 𝑧  ≤  𝑧 𝑝 +   

𝑛

𝑝
 

𝜇

𝑎𝑛  𝑧 𝑛
∞

𝑛=𝑝+1

≤  𝑧 𝑝 +  
𝑝 + 1

𝑝
 

𝜇

 𝑧 𝑝+1  𝑎𝑛

∞

𝑛=𝑝+1

= 𝑟𝑝 +  
𝑝 + 1

𝑝
 

𝜇

𝑟𝑝+1  𝑎𝑛

∞

𝑛=𝑝+1

≤ 𝑟𝑝 +
𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

 𝑝 + 1  𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣 + 2 
𝑟𝑝+1

=  1 +
𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

 𝑝 + 1  𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣 + 2 
𝑟 𝑟𝑝 .                       3.5  

Similarly, 

 𝐷𝑝
𝜇
𝑓 𝑧  ≥  𝑧 𝑝 −   

𝑛

𝑝
 

𝜇

𝑎𝑛  𝑧 𝑛
∞

𝑛=𝑝+1

≥  𝑧 𝑝 −  
𝑝 + 1

𝑝
 

𝜇

 𝑧 𝑝+1  𝑎𝑛

∞

𝑛=𝑝+1

= 𝑟𝑝 −  
𝑝 + 1

𝑝
 

𝜇

𝑟𝑝+1  𝑎𝑛

∞

𝑛=𝑝+1

≥ 𝑟𝑝 −
𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

 𝑝 + 1  𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣 + 2 
𝑟𝑝+1

=  1 −
𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

 𝑝 + 1  𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣 + 2 
𝑟 𝑟𝑝 .                       3.6  

From (3.5) and (3.6), we get (3.1) and (3.2) and the proof is complete. 
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Theorem (3.2): Let the function 𝑓(𝑧)  defined by (1.2) be in the class 

𝑊𝑝
𝜇

(𝛽, 𝛼, 𝑢, 𝑣). Then for  𝑧 = 𝑟 < 1 and 𝑛 ≥ 𝑝 + 1, we have 

  𝐷𝑝
𝜇
𝑓 𝑧  

′
 ≥  

𝑝

𝑟
+

𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣 + 2
 𝑟𝑝 ,                                  3.7  

and 

  𝐷𝑝
𝜇
𝑓 𝑧  

′
 ≤  

𝑝

𝑟
−

𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣 + 2
 𝑟𝑝 ,                                  3.8  

The  result is sharp for the function 𝑓 is given by (3.3). 

Proof: The proof is similar to that of Theorem (3.1) 

4. Closure Theorem 

Let the function𝑓𝑖 𝑧  𝑖 = 1,2, … , 𝑚  be defined by 

𝑓𝑖 𝑧 = 𝑧𝑝 −  𝑎𝑛 ,𝑖𝑧
𝑛

∞

𝑛=𝑝+1

,  𝑎𝑛 ,𝑖 ≥ 0 .                               4.1  

We shall prove the following results for the closure functions in the class 

𝑊𝑝
𝜇  𝛽, 𝛼, 𝑢, 𝑣 . 

Theorem (4.1): Let the functions 𝑓𝑖 𝑧  𝑖 = 1,2, … , 𝑚  be defined by (4.1) be 

in the class 𝑊𝑝
𝜇  𝛽, 𝛼, 𝑢, 𝑣 . Then the function (𝑧) defined by 

 𝑧 =  𝑐𝑖𝑓𝑖 𝑧 

𝑚

𝑖=1

,  𝑐𝑖 ≥ 0 , 

is also in theclass 𝑊𝑝
𝜇  𝛽, 𝛼, 𝑢, 𝑣 , where 

 𝑐𝑖 = 1

𝑚

𝑖=1

. 

Proof: According to the definition of (𝑧), it can be written as 
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 𝑧 =  𝑐𝑖  𝑧𝑝 −  𝑎𝑛 ,𝑖𝑧
𝑛

∞

𝑛=𝑝+1

 

𝑚

𝑖=1

 

=  𝑐𝑖𝑧
𝑝 −   𝑐𝑖𝑎𝑛 ,𝑖𝑧

𝑛

∞

𝑛=𝑝+1

𝑚

𝑖=1

𝑚

𝑖=1

 

= 𝑧𝑝 −   𝑐𝑖𝑎𝑛 ,𝑖𝑧
𝑛

𝑚

𝑖=1

∞

𝑛=𝑝+1

. 

Furthermore, since the functions 𝑓𝑖 𝑧  (𝑖 = 1,2, … , 𝑚)  are in the class 

𝑊𝑝
𝜇

(𝛽, 𝛼, 𝑢, 𝑣), then 

 𝑛[𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝]  
𝑛

𝑝
 

𝜇

𝑎𝑛 ,𝑖

∞

𝑛=𝑝+1

≤ 𝑝 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣  . 

Hence 

 𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝  
𝑛

𝑝
 

𝜇

  𝑐𝑖𝑎𝑛 ,𝑖

𝑚

𝑖=1

 

∞

𝑛=𝑝+1

 

=  𝑐𝑖   𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝  
𝑛

𝑝
 

𝜇
∞

𝑛=𝑝+1

𝑎𝑛 ,𝑖 

𝑚

𝑖=1

 

≤ 𝑝 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣  , 

which implies that (𝑧) is in the class 𝑊𝑝
𝜇

(𝛽, 𝛼, 𝑢, 𝑣). 

Corollary (4.1): Let the function 𝑓𝑖 𝑧  (𝑖 = 1,2) defined by (4.1) be in the 

class𝑊𝑝
𝜇

(𝛽, 𝛼, 𝑢, 𝑣). 

Then the function (𝑧) defined by 

 𝑧 =  1 − 𝛾 𝑓1 𝑧 + 𝛾𝑓2 𝑧 ,  0 ≤ 𝛾 < 1 , is also in the class 

𝑊𝑝
𝜇

(𝛽, 𝛼, 𝑢, 𝑣). 

5. Extreme points: 
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Theorem (5.1): Let 𝑓𝑝 = 𝑧𝑝  and 

𝑓𝑝 = 𝑧𝑝 −
𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

 
𝑛

𝑝
 

𝜇
𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

𝑧𝑛 ,  𝑛 ≥ 𝑝 + 1; 𝑝 ∈ ℕ .   5.1  

Then the function 𝑓(𝑧) is in the class 𝑊𝑝
𝜇

(𝛽, 𝛼, 𝑢, 𝑣) if and only if it can be 

expressed in the form  

𝑓 𝑧 =  𝜎𝑛𝑓𝑛 𝑧 

∞

𝑛=𝑝+1

, 

where 

𝜎𝑛 ≥ 0 and  𝜎𝑛

∞

𝑛=𝑝

= 1.                                        (5.2) 

Proof: Suppose that 𝑓(𝑧) is expressed in the form 

𝑓 𝑧  𝜎𝑛𝑓𝑛 𝑧 

∞

𝑛=𝑝

 

= 𝜎𝑝𝑧𝑝 +  𝜎𝑛  𝑧𝑝 −
𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

 
𝑛

𝑝
 

𝜇

𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 
𝑧𝑛 

∞

𝑛=𝑝+1

 

= 𝑧𝑝  𝜎𝑝 +  𝜎𝑛

∞

𝑛=𝑝+1

 −  
𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

 
𝑛

𝑝
 

𝜇

𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 
𝜎𝑛𝑧𝑛

∞

𝑛=𝑝+1

 

= 𝑧𝑝 −  𝑞𝑛𝑧𝑛

∞

𝑛=𝑝+1

, 

where 

𝑞𝑛 =
𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

 
𝑛

𝑝
 

𝜇
𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

𝜎𝑛 . 

Therefore 𝑓 ∈ 𝑊𝑝
𝜇(𝛽, 𝛼, 𝑢, 𝑣), since 
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𝑛

𝑝
 

𝜇

𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  
𝑞

𝑛

∞

𝑛=𝑝+1

 

=  𝜎𝑛

∞

𝑛=𝑝+1

= 1 − 𝜎𝑝 ≤ 1. 

Conversely, assume that 𝑓 ∈ 𝑊𝑝
𝜇(𝛽, 𝛼, 𝑢, 𝑣), then by (2.1) we may set 

𝜎𝑛 =
 

𝑛

𝑝
 

𝜇

𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  
𝑎𝑛 , 𝑛 ≥ 𝑝 + 1 

and 

1 −  𝜎𝑛

∞

𝑛=𝑝+1

= 𝜎𝑝 . 

Then 

𝑓 𝑧 = 𝑧𝑝 −  𝑎𝑛𝑧𝑛

∞

𝑛=𝑝+1

 

= 𝑧𝑝 −  
𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

 
𝑛

𝑝
 

𝜇

𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 
𝑧𝑛

∞

𝑛=𝑝+1

, 

= 𝑧𝑝 −  𝜎𝑛(

∞

𝑛=𝑝+1

𝑧𝑝 − 𝑓𝜎(𝑧)) = 𝑧𝑝(1 −  𝜎𝑛

∞

𝑛=𝑝+1

) +  𝜎𝑛𝑓𝑛
 𝑧 

∞

𝑛=𝑝+1

 

= 𝑧𝑝𝜎𝑝 +  𝜎𝑛𝑓𝑛 𝑧 

∞

𝑛=𝑝+1

 

=  𝜎𝑛𝑓𝑛 𝑧 

∞

𝑛=𝑝

. 

This completes the proof. 
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6. Hadamard product: 

Let the function 𝑓𝑖 𝑧 (𝑖 = 1,2) defined by (4.1). The Hadamard product of 

the functions 𝑓1(𝑧) and 𝑓2(𝑧) is defined by 

 𝑓1 ∗ 𝑓2  𝑧 = 𝑧𝑝 +  𝑎𝑛,1𝑎𝑛,2𝑧
𝑛

∞

𝑛=𝑝+1

.                           6.1  

Theorem (6.1): Let the functions 𝑓𝑖 𝑧  𝑖 = 1,2  defined by (4.1) be in the 

class 𝑊𝑝
𝜇

(𝛽, 𝛼, 𝑢, 𝑣) and  𝑛 ≥ 𝑝 + 1 . Then  𝑓1 ∗ 𝑓2  𝑧 ∈ 𝑊𝑝
𝜇

(𝛽, 𝛿, 𝑢, 𝑣) , 

where 

𝛿 ≤
 

𝑛

𝑝
 

𝜇

𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 2 −  𝑛 + 1 − 𝑝 𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  2

 𝛽 𝑝 + 1 + 𝑢 + 𝑣  𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  2 −  
𝑛

𝑝
 

𝜇

𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 2 
. 

The result is sharp for the functions 𝑓𝑖(𝑧) given by 

𝑓𝑖 𝑧 =
𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

 
𝑝+1

𝑝
 
𝜇

 𝑝 + 1  𝛼 𝛽 𝑝 + 2 + 𝑢 + 𝑣 + 2 
𝑧𝑝+1 ,  𝑖 = 1,2 .   6.2  

Proof: Since the functions 𝑓𝑖 𝑧 (𝑖 = 1,2) belong to the class 𝑊𝑝
𝜇

(𝛽, 𝛼, 𝑢, 𝑣), 

then from Theorem (2.1), we have 

 
 
𝑛

𝑝
 

𝜇
𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  
𝑎𝑛 ,1

∞

𝑛=𝑝+1

≤ 1.      (6.3) 

Employing the technique used earlier by Schild and Silverman [5], we need to 

find the largest 𝛿 such that 

 
 
𝑛

𝑝
 
𝜇

𝑛 𝑛 + 1 + 𝛿 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

𝑝 1 + 𝛿 𝛽 𝑝 + 1 + 𝑢 + 𝑣  
𝑎𝑛 ,1𝑎𝑛 ,2

∞

𝑛=𝑝+1

≤ 1.      6.4  

By Cauchy – Schwarz inequality, we get 
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𝑛

𝑝
 
𝜇

𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  
 𝑎𝑛 ,1𝑎𝑛 ,2

∞

𝑛=𝑝+1

≤ 1.      6.5  

Thus, it is sufficient to show that 

 
𝑛

𝑝
 
𝜇

𝑛 𝑛 + 1 + 𝛿 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

𝑝 1 + 𝛿 𝛽 𝑝 + 1 + 𝑢 + 𝑣  
 𝑎𝑛 ,1𝑎𝑛 ,2 ≤

 
𝑛

𝑝
 
𝜇

𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  
𝑎𝑛 ,1𝑎𝑛 ,2 

that is, that 

 𝑎𝑛 ,1𝑎𝑛 ,2 ≤
 1 + 𝛿 𝛽 𝑝 + 1 + 𝑢 + 𝑣   𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣   𝑛 + 1 + 𝛿 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 
.    6.6  

But from (6.5), we have 

 𝑎𝑛 ,1𝑎𝑛 ,2 ≤
𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

 
𝑛

𝑝
 
𝜇

𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 
.            6.7  

Thus it is enough to show that 

𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

 
𝑛

𝑝
 

𝜇

𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

≤
 1 + 𝛿 𝛽 𝑝 + 1 + 𝑢 + 𝑣   𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣   𝑛 + 1 + 𝛿 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 
, 

which implies  

𝛿 ≤
 

𝑛

𝑝
 

𝜇

𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 2 −  𝑛 + 1 − 𝑝 𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  2

 𝛽 𝑝 + 1 + 𝑢 + 𝑣  𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  2 −  
𝑛

𝑝
 

𝜇

𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 2 
. 

This completes the proof. 

Theorem (6.2): Let the functions 𝑓𝑖 𝑧 (𝑖 = 1,2) defined by (4.1) be in the 

class𝑊𝑝
𝜇

(𝛽, 𝛼, 𝑢, 𝑣). Then the function 

 𝑧 = 𝑧𝑝 −   𝑎𝑛 ,1
2 + 𝑎𝑛 ,2

2  𝑧𝑛

∞

𝑛=𝑝+1

,                          (6.8) 

is in the class 𝑊𝑝
𝜇

(𝛽, 𝛿, 𝑢, 𝑣), where 
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𝛿 ≤
 𝑛 + 1 − 𝑝  1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  −  𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

 𝛽 𝑛 + 1 + 𝑢 + 𝑣  1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  −  𝛽 𝑝 + 1 + 𝑢 + 𝑣  𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 
. 

The result is sharp for the functions 𝑓𝑖 𝑧 (𝑖 = 1,2) given by (6.2). 

Proof: From Theorem (2.1), we have 

  
 

𝑛

𝑝
 

𝜇
𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  
 

2

𝑎𝑛 ,𝑖
2

∞

𝑛=𝑝+1

≤  
 

𝑛

𝑝
 

𝜇
𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  

∞

𝑛=𝑝+1

𝑎𝑛 ,𝑖 

2

≤ 1, 

it follows that 

 
1

2
 

 
𝑛

𝑝
 

𝜇
𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  
 

2

 𝑎𝑛 ,1
2 + 𝑎𝑛 ,2

2  ≤ 1

∞

𝑛=𝑝+1

.   6.9  

But  ∈ 𝑊𝑝
𝜇(𝛽, 𝛿, 𝑢, 𝑣) if and only if 

 
 

𝑛

𝑝
 

𝜇
𝑛 𝑛 + 1 + 𝛿 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

𝑝 1 + 𝛿 𝛽 𝑝 + 1 + 𝑢 + 𝑣  
(𝑎𝑛 ,1

2 + 𝑎𝑛 ,2
2 )

∞

𝑛=𝑝+1

≤ 1,           6.10  

the inequality (6.10) will satisfies if 

 
𝑛

𝑝
 

𝜇

𝑛 𝑛 + 1 + 𝛿 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

𝑝 1 + 𝛿 𝛽 𝑝 + 1 + 𝑢 + 𝑣  
≤

 
𝑛

𝑝
 

𝜇

𝑛 𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

𝑝 1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  
, 𝑛 ≥ 𝑝 + 1 

so that 

𝛿 ≤
 𝑛 + 1 − 𝑝  1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  −  𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 

 𝛽 𝑛 + 1 + 𝑢 + 𝑣  1 + 𝛼 𝛽 𝑝 + 1 + 𝑢 + 𝑣  −  𝛽 𝑝 + 1 + 𝑢 + 𝑣  𝑛 + 1 + 𝛼 𝛽 𝑛 + 1 + 𝑢 + 𝑣 − 𝑝 
. 

This completes the proof. 
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