Vector space
In the following lectures we study the vector space, subspace ,study the
linear Independence , basis and the rank of a matrix .

Definition :

Areal vector space is a set V of elements with two operations® and ©

defined with the following properties .
(a)If X and Y are any elements inV . then X®Y isin V (that is closed

under the operation @ ).

I XoY=Y®X forall X,Y inV.

2- X® (Y®Z)=(X®Y ) @Z for all X ,Y,Z inV

3- There is a uniqueelement 0 in V such that X®0 = 0@ X = Xfor every
Xin V.

4- For each X in V there exists a unique -X in V such that X®-X =0

(b)If X is any element in V and ¢ is any realnumber
then coXisinV .

5-co(X@Y)=co X®coY forany X, Y in V, and any real number c.
6-(c+d) ©X = coX® doY for any X in v and any real numbers ¢ and d .
7-co(doX) = (cd)oX for any X in v and real numbers ¢ and d .



8-1@X =X forany X inv.

(V,®,0) is vector space .The operation @ is called vector addition .

The operation © is called scalar multiplication .
The vector 0 is called Zero vector .

Example 1:

Let R” be the set of ordered n- tuples (a;, a, ....... , a,) where we define
@by(a,,az, ....... ,an)®(b|,b2, ....... ,bn)

=(a;+by,a by, ....... _a,+b,)and @ by co(a;, ay, ..., )

=(cay , Cl3 4 ssmssss , ca,)

R is a vector space .

Example 2: :
Let V be the set of ordered triples of real number ( a, , a; , 0) where we

define @ by (a;, a;,0)®( b,, by, 0)
=( a;+ by, ayt b ,0) and © by co( a;, a; ,0)= (ca; , ca; ,0)
V is a vector space .

Example 3:
Let V be the set of ordered triples of real number (x , y , z) where we define

® by (x;y,2)®0x .y 2)
=(x+x',y+y' ,ztz'))and @ by co(x, y ,z)= (cX, ¥ ,2)

V is not vector space the property (c+d) ©X = coX® doX fgtils to hold

thus (ct+d) O(x , y ,z)=((ctd)x, ¥ ,2),
On other hand  co(x, y ,z)®do(x, y Z)=(ex ,y ,z)@(dx, Y ,Z)
=(cx+dx , y+y ,ztz)=((c+d)x 2y ,22).

Example 3:
Let V be the set of 2x3 m

and scalar multiplication
V is vector space ¢.h.

atrices under usual operation of matrix addition



Example 4: '
Let V be the set of all real —valued function on R.if / and ¢ are inV

we define 7 ® ¢ by (f @ g)()= /()@ g(1) and if / and cis a scalar

define co fby co f=c f(t).
V is vector space c.h.

Example S: .
Let p_ be the set of all real polynomials of degree <n with zero
polynomial .if p(r)=a,t” +a,t"'+ ...... +a, t+a, and

g(1)=b,t" +b t""'+ ... +b t+b, are inV wedefine p(r) @ g(1)

by p(t) ® q(t) = (a,tb )t" Ha,+b t"'+ ...... +a, +b, t+a,tb,) and
if cis ascalar define co p(r) by

cO p(1)= (ca t" +(ca "'+ ...... +ca, t+ca,

the above definition show that the degree of p(t) @ g(1) and cO p(r) sn

- pl)= - t" @™ F e -a,_t-a, isnegativeof p(1) and since

a +tb,=b +a, then p()® g()=q()+ pt)

And

(c+d)o p(r)=(ct d)a,t" +(ct+d Y 4" s i +(ctd)a, t+(ctd)a,
=efa, t” Ha "+ oo +a t+a, )*d(a,t” ta "'+ .. +a, t+a, )

= cO p(1) ®@do p(1)
V is vector space c.h.

Theorem :
If V is a vector space then .

- 06X =0 forany vector XinV

2- ¢c00 =0 forany scalarc
3- If co X=0 then eitherc=0 or X =10
4- (-1)oX=- X forany X inV.
Proof:
1) 0X =(0+0)X=0X+0X by (6) of def. adding -0X
0=0X+(-0X)=(0X+0X)+(-0X)
=0X+[0X+(-0X)]
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=0X+0=0X.
2) c.0 =¢.(0+0) =c.0+c.0
¢.0-¢.0=c.0+c.0 —c.0
0 =c.0

3)suppose ¢X=0 and c = 0 then
1 ] I
0=(=).0= (=) (ex) =[(-) ] X =1.X
c c C

4) (DX +X= (DX + ()X =(-1+1)X=0X =0 so that (-1)X =-X

Definition :

Let V be a vector space and W a nonempty subset of V if W is a

vector space with respect to the same operations as these in V , then
W is called a subspace of V .

Example :If(V,®,0) is vector space then
{0} cV.,VcV are two subspaces.

Example :

Let W be the set of ordered triples of real number ( a, , a, , 0) where we
define @ by (a;, a,,0)®(b,,b,,0)

:( a,t+ b| 5 At bz ,0) and © by C@( ap, a ,0): (Ca| , Cay ,0)
Then (W, ®,0) is subspace of (R*,®,0).

Theorem:

Let (V,®,0) be a vector space and let W be a nonempty subset of
V.W is a subspace of V if and only if the following condition hold
I- If X, Y are any vectors in W then X@® Yis in W

2- If ¢ is any real number and X is any vector in W then co X is
in W,



Example:
Let W be the set of all 2x3 matrices of form

W= {[a i OJ,a,b,ce R} W is subset of vector space V of all

0 ¢ d
2x3  matrices under usual operations of matrices  addition and

scalar multiplication then W is subspace of V.
Solution :
, b, 0],
Consider X=|% & © and Y=|" 7 in W then
0 d 0 d,

€ 1 s

: , 0 ¢ s
X+y = |4t Hth isin W also  letreR
0 ¢ +ec, d,+d,

: b 0| .. .
X = is in W ,W is subspace of V.
0 re rd,

Example:

Let W be the sub set of(k"-',@,o).
W is ordered triples of real number (a, b, 1),
let XZ( ap, a, l),Yz( b| . bz 5 1)

X+Y =(ajt+ by, ayt by ,2) Then W is not subspace of (&', ®.0):

Example 5:
Let W be the set of all real polynomials of degree exactly=2

Wis subset of p, but not subspace of p,since

20 +3t+1 and -212 +t+2 is polynomial of degree 1 is not in W.



Excrcises:

I- Let W ,J

|

ices r usual
of all 2x3  matrices unde ! ]
. . 3 5 " 0' V‘

addition and scalar multiplication is W is subspacc

d ¢

[” b li}”~v2cr'} W is subset of vector space V

operations of matrices

. space R'is W is
2- Let W ={ab,c),b=2a+1] subset of vector sp
subspace?

Definition( ] — 7)) .
Let X, X5, ... ,X, be vectors in a vectors space V. A vector X
in V is called Jinear combination of this vectorsif it can written as X

o Xite, X, |, L tc, X, for some real number where ¢, ,C>
....... c, are scalers,
Example:Consider  the vector  space R' . g Xi=(1.2,3,-1)

A2(1,0,2,-3) X, =(1,1,0,-2) the vector - X=(2,1,5,-5) is linear
combination of X1, X, , X, if we find ) ,C2C, S.i..



X = C|X|+C3X3+C ‘X 1
(2,1,5,-5)=¢,(1,2,1,-1)+cx(1,0,2,-3)+c,(1,1,0,-2)

(2,1,5,-5)=(c),2¢),¢1,-¢))+ (c3,0,2¢5,-3¢,)+H(c ¢ 5,0,-2C )

¢+ cyte,=2

2¢)tc, =1

cit2¢c, =5

-Ci- 3¢y-2¢C.= -5 &
sz;vijgzt!fizllinear system by Gauss-Jordan we obtain ¢,=1, c;=2,c;= -1
then X is linear combination of XX, X,

3 = g X,=(1,0.-
Example: Consider the vector space R’ . let X,=(1,2,-1), 2=(

1), is the vector X=(1,0,2) is linear combination of X,,X;

if we find ¢, ,c, s.t..
X = C|X]+C)_X2

(1,0,2) =¢(1,2,-1)+cy(1,0,-1)

Ccit+cr=1

2C|: 0

-C)- 2C2: 2 .

Which has no solution then X is not linear combination of X, X..

Example:Consider the vector space R? | |et X,=(1,0,1),
X>=(-1,1,0) , X=(0,0,1)is the vector X=(1,1,1) is linear combination

of X\,X, , X, if we find C14C2,C. 8,t,,
X= c,x,+c2x2+c3x3

(I,l,l)=c,(],O,l)+cz(-1,1,0)+03(0,0,])
Ci- ¢r=1]
C =]



CyTCs =18

2¢, =b

et 28 =<

we obtain

i a 1 0 2a-c¢
2 0 bi=>{0 1 c—da
b ¢ 0 0 : b-da+2c

If b-4a+2c = O then there is no solution to this system hence S does not

span P, .

Linear independence

Definition :Let S = {X; , X3, .....o. , X } be the set of vectors in a
vectors space V. thenS is said to be lmearly dependent if there exist

constants Cj ,C2 ....-.- ¢ not all zero, such that

oo, O o, +c X, =0 ,other wise . S is called linearly independent
That is S is linearly independent if the equation

CaR T 5 woemwne +c, X, =0 hold only if ¢; =Co= ....... =c, =0 :
Example:Consider the vector space R . let  X,;=(1,0,1,2),
X,=(0,1,1,2) , X,=(1,1,1,3)is S = (X, Xy , Xy} is linearly
independent

SOl;



Let o1 X e, Xo+e, X, =0 where ¢ ,¢;,¢, € R

¢i(d.9,1,2), +cz(0,1,1,2)+c}(1,1,l,3)=(0,0,0,0)
(¢1,0,¢1,2¢y), t (0,c2,c2,202)+(c3,c},c3,3c3)=(0,0,0,0)

gite,=0

c,tc, =0
Gty e, =10
e+ 2¢y+3¢,='0

we obtain ¢,;=0, ¢,=0,c,=0 then S is linearly independent.

Example :
Let V be the vector space R® . letS={X, Xz, X,,X, } set of vectors where

Xi=(1.2-1), X=(1,-2,1) > X.=(-3,2,-1), X,=(2,0,0) is the set S
linearly independent ?

SOL.:

Let c|X,+c2X2+ch3+c4X4=0

e,(1.2,-1y+ea(1,-2,1)+e,(-3,2,-1)+¢, (2,000

¢+ cx-3¢, ¥2¢,= 0

2¢- 2¢y12c¢, =0

-ct¢y -C, =0

There are infinitely many solution like ci=1, c2=2,c3=1;’é4 =0
, then S'is linearlydependent.

Example : )
Let V be the vector space RY.S={ij,k }is linearly independent.

Since

(0,0,0)=(c1,0,0)+(0,c2,0)+(0,0.,¢,,)
Then ¢,=0, ¢,=0,c,=0
Infact E E,,.ccoovin E are linearly independent in R".



Basis and Dimension

Definition:
A set of vectors S = {X, ,X,, ....... , X} ina vector space V is . called a

basis for V if S spans V and S is linearly independent .

Example :
In R" the unit vector are

E=(1,0,0,...,0) , Es=(0.1,0,...,0), ..., E;=(0,0,.... 1)
Form a basis forR"

Example; Let V be the vector space R4 let S={ X, , X5, X,,X, } set of

vectors where
X; =(1,0,1,0), X,=(0,1,-1,2) , X4 =(0,2,2,1) , X,=(1,0,0,1) is the set

S basis for V?

SOL.:
Let ¢ X e Xy + ¢, X,+c, X,=0
C +C4—O
C ""ZC3 =
CI-C +2C3 =

2¢cptec, +¢, =0
Only solution ¢, =¢;=c,=¢,=0 :
, then S is linearly independent.to show S spans R let X=(a,b,c,d,) be

4
any vectorin R

let ¢ X, +eX; + X,+c, X,=X  we can find a solution for ¢,
4

»C2,C;, ¢, bya,b, c,1d .then S spans R

then S is a basis forR .



Example : ' £ilie
The set S= {t" ,t"', ...... , 1,1} spans p, ,since every polynomialso

form p(ry=a,t" +a,t""'+ ... +a, t+a,  which is linear combination of
elements in S.

S is linearly independent since

Clt" +C2t”-l+ """ +Cnt+cn+l _O """" (])
holds for every real numbert is root of
py= cit” +et™+ ..., +c, t+c,,

but nonzero polynomials have only a finite number of roots that (1) only if
i o T, =c,=c,,, =0

n+|

then S is a basis for p_

Example: The set S={{I OJ,[O IHO OHO O}} is a basis for V of all
) 0 0[O0 Of|1 O[]0 1

2x2 matrices to show S is linearly independent

0 0 1 0 0 0 0| (0 O
C TC; te, tc, =
0 0 0 0 [0 0 1] .40 0

a 5 O O
then[c' C‘J=[ }then Ci=c;=c¢,=c,=0
& £ 0 0

hence S is linearly independent . to show S spans V
0 0 1 0 0 0 0 a b
Let CE + X =
' C'[o OJ Cz[o OJ C-‘[l OJ C‘[o lil L d]
Thenc,=a,c, =b , €55¢,e,=d
then S is a basis for V

Theorem 1:If S = {Xi,X5,....... , X '} isabasis for a vector space V then
cvery vectorin 'V can be written in one and only one way as a linear

combination of the vectorin S |
Proof :-

First every vector X in V can be written as a linear combination of the
Vectors in S because S spans V .



Now let

X=a; Xj+ta X+t . +a.,X”and
X=b, X;+by X+ ... +by X~ we must show that a; = bi
Pori=1,2 ,cessnss , n we have

0= (a. — b| ) X| +(a2—b2 ) X 5+ .....+(Eln— bn ) X”
Since S is linearly independent , we conclude that
a-b=0fori=1,2,.......... Ll 5

So that a; = b;

Theorem 2:Let S={X; , X2, .ceeev: , X} set of non-Zero vectors and let

W=span.s S then some subset of S is basis for W.

Proof :Ex.(like example)

Example: Let V be the vector space R4 Clet S={ X, X2, X, X, } set of

vectors where
X, =(1,2,-2,1), X,=(-3,0,-4,3) , X, =(2,1,1,-1) , X4=(-3,3,-9,6) Find

a subset of S that is basis for W.

SOL.:
observe that every vector X in W is of the form
aX, +bXy +tc X, +d X, oooiiiennnn (1)

to find a basis for W we first determine the set
S={ X; . X2 , X;,X, } is linearly independent or not if S linearly

independent then S is basis for W . but S is not linearly independent

(ch.)

then
X2:X|-2 )(_1 ...................... (3)

(a+b) X, +(c -2b) X, +dX, .......... (4)
Thus W spanned by X, X,,X, . we check the set
S={ X,, X, ,X, } is linearly independent or not.
We find that X, ,X,, X, is linearly dependent and



-3 X[ +3 X3+ X4:O
Then X, T3Xy-3X,o0reeree. (3)
Substituting (5)in(4)) every vector X in W is linear combination of

X,, X, then W spanned by X, , X,
we check the set
{ Xy, X, } 1s linearly independent or not.

{ X1, X,} is linearly independent and is basis for W .



Linear transformation

Definition :

Let Vand W be vector
S 1 . . v
finction LV —s W paces. A linear transformation L of Vinto W isa

assigning a unique vector L(x) in W to each x in V such that
C .

a- L( X_+ y)=L(x)+L(y). foreveryxandyinV
b- L(cx) = cL(x) , for every x in V and every scalar ¢

Not:
If V=W the linear transformation
L:V—— W is also called a linear operator on V.

Example: LetL: R>— 5 R’ be defined by
L(x,y,z)=(X,Y)

L To verify that L is linear transformation we let
X =(x,,y1,2) and y =(x%2,Y¥2,%)

Than L( x+y)=L((x,,yl,2|)+(xz,)’z,22))
= L (X2, yitya, zitz) = (xitxe, yity2)

= (X ,Y|)+(X2,Y2)=L(X)+L(Y)
Also if cis a real number .

[hen

‘cx) =L (cx1,CY1> cz)) =( cxi, €Y1 )=
. =cL(x)

C(XI’YI)

gample : Let L: R} _—» R’ defined by



L(X.Y>2)=(x+1.2y 7). To det
transtormatlon or not ermine whether L is linear

we let X=(Xy,¥1,2) and Y
_(‘(? ) )
Than  LO X+ Y)=L((x1,y1,2) +(x, yf z»z)))
‘L(\|+X2,)’l M2, 2yt2)

=((xitx)+1, 2(y,+ +

—— Yity2),z)+z;)
L(x) + L (y) ==(Xi+1, 2y,,z)) H(x,+1 | 2y1,25)
=((xtx2)12 . 2(Y1ty2),z1t+2z,) _

Thus L( x +y) # L(xX)+ L (y) L isnot linear transformation

Example: LetL: R'—— R’ be defined by

L(x)=rx ,ris real number To determine whether L is linear
transformation or not

we let X=(X,,Y1,2) and y=(X2,Y2,2)
Than L( X+Y)=L({(xi,yi,z) T (x2,Y¥2, %))
=L (xitx2, Yitya, 21t2)
=(r(x)+x2) ,r(y1ty2).1(z1722))
=(r X, ,ry),rz)+( rxa ,rys, rzs)
=rL(x) +rL(Y) Lis linear transformation
Example : Let L: R*—— R’ be defined by

|
L( } =10 ( J L is linear transformation since
))
|

|
( ] e [ )ThanL( x+y)=L(("'“3]) = |0
Vs ¥ =) |

|
L(x)+L (y)=|0
|

Example: V= C[0,1] set of all real —valued function that are

continuous function is vector Space
let W=R and L:V — W s

L(f) = j (x)dx Lislineartransi‘orn"aation Ch?
0




Theorem .
Let L:V—— W Dbe linear trans formation then

L(CIXI +02X2 Yo tC n X n )= C I—‘(X| )+ CEL(Xz ), ....... + C, L(X " )

For any vectors X, , Xy .......... , X, and scalars ¢, ¢y, ....... -
Proof:
L(Clxl +C2X2 y st +C n X n ): L(Cl XI )+ L(C2X2 ) """" 'FL(C” X " )

= Cj L(X| )'i' C_)_L(Xg ), ....... gt L(X,,)
Theorem :

Let L:V—— W be linear trans formation then
(i) L(0Ov) = 0w

(HL(X-Y)=L(X)-L(Y)for X,YInV
Proof :-
(1) We have Ov=0v +0v,so L(Ov+0v)

L(Ov) + L(Ov)=L (Ov) .if
We subtract L(0v) from both sides we obtain L(Ov) = 0w
(i))L(X-Y) = L(X+(-Y)) = L( X) + L(-Y)

= L(X) -L(Y)
Theorem :
Let L:V—— W be linear transformation of an n-dimensional vector
space V into a vector space W. Also let S=={X;,X;, ....... , X }bea

basis for V . if X is any vector in V then L(X) is completely determined by
{ l‘(XI )7L(X2 ), """ ’L(Xn )}

Proof :-

Since X is in V, we can write X= ¢, X +€2X5, ... tc, X,
Wherec;,cy, ....... , ¢, are real number

Then

L(ciX; +c,X5, vvevees +c, X, )= L(er Xy )t L€ Xz ) ... +L(c, X,)

=C L(Xl )+ CgL(Xz ),

Exercises :



_ ¥ Xty
Ql)IsL linear transformation where L ([ y|)=] v | ?

Z X—2
Q2) Let L: R*—— R’ linear transformation and L(H)-’{ 2}}
| —

And L({ﬂ )={l} What is L({i}) ? What is L([ﬂ) ?

Q3)Let P, —— P, linear transformation and L(1)=1,

L(t)=1t2, L(t*)=t'+t
Find L(2t°-5t+3) , L(at’-+bt+c)

The Kernel and Range of linear transformation:

Definition :A Linear trans formation L:V » W is said to be
one- to -one if forall X;, Xain V. Xy X, implies L(X;) # L(X2) .
An equivalent statement is that L is one —to-one if for all X, , X;in 'V, L(X))

= L(Xz) implies that X] = Xz i

Example :
Let L :R2—— R’ be defined by
L(x,y) = (xty, X-y)
1€ determine whether L is one -one , W€ let
X, =(x1,y)) and Xo=(X2,Y2)

then if L(x,) = L(x2)
X, tyr=xXaty:

Xi-Y1=Xa- Y2
adding these equation , we obtain 2X; = 2X; OF X| = X)
which implies thaty, = y» Hence X, = Xz and L is one —to -one.

Example :Let L :R’ — R’ be the linear transformation defined by

L(x,y,z)=(x,Y)
Since ( 1,3,3) # (1,3,-2) but



L(133)=L013-2)=(13)
we conclude that L is not one-to-one .

pefinition :

Let L:V_T—g W A linear transformation . The kernel of L. denoted by
ker (L) - 1S tPIe subset of V consisting of all vectors X such L(X)=0
Ker L= { XEV /L(X) =0} .

Example : )
Let L:R'—— R® defined by L(x,y ,z)=(x,y)

The vector ( 0,0,2 ) is in ker L, since L(0,0,2) = ( 0,0)
However the vector ( 2,-3,9) is not ker L , since
L(2,-3,9)=(2,-3) to find kerL,we must determine all X in R’
So that L(x) = 0 that,

However L(x) = (x),X2) thus (x,x3= (0,0) So x,= 0, x= 0
and x5 can be any real number . it is clear that

ker L={(0,0,r) ,r is real number}

Consists of the Z-axis in X,y,z three— dimensional space R’

Example:

Let L:R? —— R’ be defined by

L(X,y) . ( Xty , X-y )

Then ker L Consists of of all vectors x in R’ such that
L(x)=0 thus we must solve the linear system

xty =0

x-y =0

for x and y . the only solution is x =0 So ker L = {0}

Example:
Let L:R* —— R? be defined by

| el {x + )}

Z+ W

Then ker L ={ x in R%L(x)=0}  kerL Consists of of all vectors in the
[ F ]

r

form where r,s any real numbers.




eorem:1f LtV —— Wis i .
11!‘\/ near trans formation . then Ker [ is a subspace

proof -
First . observe that Kgr L. is not an empty set since Ov is in ker L
Also . let X and y be in Ker L .Then since L is linear transformati.on ;

L (xty .) - L (x) + L(y)=0w + 0w =0w So x+yisin KerL .
Also,ifcisa scalar . Then since L is linear transformation

L(cx)=¢C L(x)=cOw=0w,Socx isinKerL.
hence Ker L is subspace of V

Example :
LetL :R2——> R? bedefined by ~L(X,Y)=(X+Y, X-Y)
Then Ker L ={0},dim(KerL)=0.

Example :
LetL:RB——% R? defined by L(x,Y zZ)=(x,Y)

Ker L= { X€ R?/L(X)=0} ={(0,0,r): r€ R} . dim(KerL)=1

Example:
Let L:R* —— R? be-defined by

sk } ‘The basis for KerL is and | thus

Z+ W

L(X.,y,Z,W) = {

dim(KerL)=2.

Theorem:1f L:V——W is linear ransformation . then L(X) is one —one if
and only if Ker L={0, ks

Proof :-

Let Xe Ker L then L(X)=0 also L(0, )=0, Thus L(X)= L(0,)

Since L(X) is one —one , hence X=0, Then Ker L={0,}




Exal]]ple . Let L: Rz\_) R3
X+y be defineq by
X)) _
LL J—‘ X=y LlSl
) Il
’ 2x+3y i ransformagjop, since

" [T] 's any vector in R’ the“m“ 7. To
' M +}’H 50 that

1 0
—_—

_xi(| !y L 1o
0 y i ) =X|] +y -1 = . [XJ
2 3 2 Y
Coordinate vectors:

Let L:V—— W be n-dimensional vector space V with basis

= { :
S= {Xi ,Xzf ....... ,X” }oif X= a,X|+(12X2+ ______ +a, X
Is any vector In V then the vector '
! 'a i
1
a,
[X].=| - in R" is called the coordinate vector of X with
4, ]

respect to the basis S .The components of [X] called the coordinates of X

with respect to S

Example : Let S={ X; . Xz, X,} be basis for R’ where

Xl: -1 ,XZ: 11, X}: - |
0 ]

|
If X=|2| then to find [X]

3

we must find ¢, €2, € such that
5



s [ 3] —

= Gy Xy + oy Xs 4
TR Rt X, thus . ol |
e =
- YU ]le] |3
The solution 1s 62D, o, =3 \
2 g i 0= s
Then [X]s =3
-1
Example : Let 8= (X, x
ANS I
vector space V then since X, 1bea basis  be n-dimensional
K= IX H0X %+ L +0 X X =
n 11y J
Ene - A B s v s E 'V abasis for R

Example :Let S= {t,]1 } bea basis for P, if P(t)=5t-2
Then

If T= {t+1,t-1 } bea basis for P,

Then 5t-2= %(t +I)+%(t-l)

Which implies that [P() ], = {1

W be n-dimensional vector space V into an m-
(n¢0,m¢0)and let S= {X), X2, 0enens , X )
es for Vand W, respectively . then the

is the coordinate vector [X;], of L(X)
h L and has the following property :

Theorem : Let L:V —
dimensional vector space W
and = {YI,YZ,YJ,...Y,,,} be bas
mxn matrix A whose j th column
with respect to T is associated wit



Eigen values And Eigenvectors

ition: Let A be ann xn matrix. The real number A is is called an

|
: pefin
!
tigt‘" value of A il there exists a nonzero vector X in R " such that
| AX=AX .1

ro vector X satisfying (1) is called an cigenvectors

fyery nonz€

"{A'associuled with the Eigen values 4
!

: Note:

‘[ x=0 always satisfies Equation(1),but we insist that an eigenvector X be a nonzcro veclor.

=]:and every nonzero vector in R" is

|
y eigenvalue is A

Gf A is identity matrix | n then the onl

Example 1
ated with the eigenvalue A=1:

an cigenvector of A associ

n X=1X.

0 3
Example 2: Let A=L 0}

AR

L. : ;
0 that X ,:L is an eigenvector of

o1 ML :

I . : _
is an eigenvector of A ) the cigenvalue 4, =

—_—————
—

1

A associated with the eigenvalue 4=

associaled witl
| also. this illustrates

So that ,\’3=[
d X, and AX, are paralle

Figure 5.1 shows tha

et that if X is an eigenvector of A, then X
5.2 we show X and AX for the cases

( X, and AX, arc parallel, ar
and AX are parallel.
1>1,0< A<l,and A<0.

e ——— ——— e —— o — e ——— —— ——

e |
I‘n figure

—_
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Oil is an eigenvector of A associated with the eigenvalue

So that X,=|:

A ,=0.also,

0]. : . :
h P [] is an eigenvector of A associated with the eigenvalue A,=1

Example 3: points out the fact that although the zero vector, by definition, cannot be an

eigenvector, the number zero can be eigenvalue.

I
Example 4: let A={ }
-2 4

We wish to find the eigenvalue of A and their associated eigenveclors.
Thus we wish to find all real numbers A4 and all nonzero vectors X=[‘ ']satisfying(l),lha[ is

[ GG -

[-quation (2) becomes

X,

X, +X )= A X,
2x,+4x,= 4 X,
or
(A-1)x,- X5 =0
2x,+(A-4)x,=0
m of two equations in two unknowns. the homogencous system in (3)

The homogeneous syslc
and only if the determinant of its coefficient matrix is zero: thus it and

has nontrivial solution if

only if

1-1 =l
2 A= 4\

This means that (A-1) (1-4)¥2=0

=0




l)L,ﬁnition: let A=la,,j be an nxn matrix. the determinant

A-a g -a,
. _-azl /1_02-) -a

f(/l)_:‘/l]" - A |—‘ - 2n (2)
_arll _'(,7”2 )t—'a

s called the characteristic polynomial of A. the equation

fAY=[AL, -4 =0

is called the characteristic equation of A.
Example S: let

I 2 =1
A=l 0 1
4 -4 5

The characteristic polynomial of A is (verify)

i-1 -2 -l
(a)=|ar, -4 |=| -t A0 | =462 +114-6
_4 4 A5

Theorem: The eigenvalue of A are the real roots of the characteristic polynomial of A

Proof: : : )
l e?O; be an eigenvalue of A with associated eigenvector X. then

AX=4 X
. -ewritten as
Which can be rewl AX=(A L)X
Or sy -A)X=0 (3)

stem of N equations inn unknowns. This system has a nontrivial solution it
A homogeneous sy

: “i1s coefficient matrix is zero that \,{I -A \:0
. - te[‘lnlnanl O’ 1 "
and only if the de

4 real root of the characteristic polynomial of A, then

) Al - A =0, sothe
Conversely, if A 1S . : : : ' \

s system (3) has nontrivial solution X. Hence A is the eigenvalue of A
homoger;-enodl the Eigen values of a given matrix A, we must find the real roots of its characteristic
Thus to 11

polynomial f(A)-



